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The Marquardt-Lavenberg Algorithm for Estimation of
Analytical Covariance Parameters
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bstract: Gravity prediction for filling of gravity voids is an essential task in countries with sparse gravity data.
The least squares collocation (LSC) has been a preferred prediction tool for geodesists over the years for predicting
gravity values at unsampled locations. However, the accuracy of the LSC depends on the covariance function used
and by extension the method of estimating the parameters of such analytical covariance function. This study presents
a novel approach for the estimation of analytical covariance parameters by implementation of the Marqurdt-
Lavenberg (ML) algorithm in a non-linear programming (NLP) optimization approach. The suitability of the ML
algorithm for estimating the essential parameters of a covariance matrix is tested within a 1 degree by 1 degree gnid
within Ondo state (typifying a sparse data region). Results obtained when analyzed by Leave out (LO) validation
show that the ML algorithm is efficient for estimating essential covariance parameters with a RMSE 1.196mgals.
Furthermore, statistical analysis of the result indicate that there exists a very strong correlation (near perfect
relationship) with a Pearson correlation value of 0.93 between the predicted values and the known gravity values of
the LO points. It is therefore concluded that the ML method is a reliable method for estimating covariance
parameters for geodetic application even in regions with sparse gravity data.

Keywords: Covariance Function; Least Squares Collocation; Marqurdi-Lavenberg (ML) algorithm; Non-linear

programming (NLP)

1. Introduction
Sciemiﬁc probe of the local gravity signature have

served several useful purposes in different fields of

application which include geodesy (Torge, 2001),
geophysics (Idowu, 2007), geology (Telford, 1990) and
geodynamics (Ekman, 1989). Unfortunately, the dense
spatial gravity data coverage required for most of these
applications is often expensive to attain by field
observations (Ulotu, 2009; Klu, 2015); thereby
necessitating the need for spatial interpolation of gravity
data al unobserved locations. However, due to the
anomalous behavior of the local gravity field, gravity data
interpolations by mathematical techniques have been
studied by geodesists over the years with the Least
Squares Collocation (LSC) being the most preferred
method for gravity prediction in flat and gently sloping
areas (Kassim, 1980; Morrison and Doughlas, 1984).

The computational jinx of the LSC relies on the
availability of the covariance matrix (for the random part)
and cross covariance matrix of the signals and
observations. Solving this covariance matrix has been a
major research arca of geodesy (Goad, 1984; Bamsal and
Dimri, 2005) and many researchers have presented
methods for estimating the essential parameters of a
covariance matrix. FEarlier works on methods for
estimating covariance parameters include determination of
empirical covariance (Rapp, 1974; Moritz, 1976), fitting

24

empirical covariance with analytical functions via
anomaly degree variance modeling (Scharwz and
Lachapelle, 1980; Fashir er al, 1998), least squares
approximation methods (Paciorek, 2003), optimizing least
squares by objective functions (Fajemirokun and Orupabo,
1987; Idowu, 2007), Maximum Likelihood estimators
(MLE) (Jarmilowski, 2013) and linear programming (LP)
optimization approach (Gaetani, 2016).

Gaetani (2016) reduced the covariance fitting problem
into an optimization problem in Linear programming and
solved for the covariance parameters by the simplex
method. Unfortunately, the simplex solution algorithm
searches for solutions at the extremes of the feasible
region. This mathematical limitation of the simplex
method increases the chances for the solution to be
trapped in a local minimum hence a global solution might
not be obtained. Therefore, the non-linear optimization
problem is herein proposed in this study as a solution for
fitting of empirical covariance with analytical functions.

2 NLP for Covariance Parameters
Estimation

Non—linear optimization solutions are often more
robust and as such are well suited for areas with

rapidly anomalous gravity field. Unlike linear
programming problems whose optimal solutions are either
located at an interior point or on the boundary or at an
extreme point of the feasible region (Bohme and Frank,
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3. Study Area
Tlle suitability of the ML method br‘enmlng'
ial of a i matrix has been

tested within a | degree by 1 degree grid within Ondo
State (Figure l).TheseIectedyidﬁuw:bou'ndm~
order to get a well d ined estit -“ofd'le c
length based on the maximum spherical distance
consideration as earlier discussed by Sd::‘m '5;
Lachapelle (1980). Despite the sparse nature of gravit
dlhhrwos South Western Nigeria, the selected grid
consists of a total of 31 homogenous gravity anomaly data
points (shown in red dots in Figure 1) at average data
sptcingof.bomonemvitypointneveqzohnw

m etink the R

F gravity
and heights, the selected study area (part of Ondo state)
also affords the opportunity of determining mmbiﬁtym

After data homogenization a total of 1340 homogeneous
data points were identified across Nigeria with 212 of the
points located in South Western Zone of Nigeria. Post
adjustment characteristics of the 212 points are as
presented in Table 1.

Table | Post adjustment statistics of the data used
- Parameter

_SNo Value
i Standard Deviation (0') 0.0002mgats
2 Total Number of gravity data 212
3 Sum of squares of Resi. (SSR) 0341
4 Minimum Residual 0.093mgals
s Maximum Residual 0
6 Gravimetric datam IGSN 71
7 Parametnic datum WGS 84

Sixteen (16) | degree by 1 degree grid network (about
lz,owsqhnpe(pid)wfmmhm

of the presented method in hilly or i
(Featherstone and Kirby, 2000).
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topography on the free-air lies have been d
from the observed gravity data Furthermore, the
discrepancics observed b the empiricul and

make obtained results betier. In addition, Table 6 presents
a student-t test conducted which indicates that there 18 no

analytical covariance suggests that LSC would produce
maximum prediction errors of about §mgals for prediction
points that are 10km away from the nearest sampled point.
Table § presents o pari the predicted
points and the LO validation points. The observed
residuals range between -2 02mgals to | 24mgals. The
maximum residuals were observed at points B and D

e between the means of the observed
u':i predicted values at 99% confidence interval Given
that:

The Null Hypothesis Hg : There is no significant
difference between the means of both samples

Alterntive Hypothesis Hy: There 1s significant difference
between the means of both samples

which were located at IOkm‘;wny from wanmpvmm ‘Observed Pradi
This observed points with hi idual firms -
plot presented in Figure 2. 1t is seen that due to the My Qe 03004
presence of multiple sample points around the validation Variance 12,3874 14,0058
point, the residual values oblained at the validation points Observations N 4
that we; located 10km away from sample poinu:: l:: » ¢ o
up to & 8mgals. This confirms known claims that
accuracy of any predictive model improves  with i L
increasing number of input data. Figure 3 presents the of )
error histogram of the predicted values at each of the four ot Skk
LO validation points. e ks
1 Critioal one-tail 450

Tasla 4 irical and analyth i P(T<=1) twoail 07468

S/No Parumeter Empirical Analytical tCntical two-tail S R409
e s R
; :::'W 2202km !U”:. With  t statistic of -0.3544 which is less than the t-critical
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