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INTRODUCTION
assa fever is a viral hemorrhagic fever whose symptoms include
fever, sore throat, headache, facial swelling, muscle fatigue,
vomiting, muscles pain, cough, bleeding, meningitis, and
hypertension (Omilabu et al, 2005). In some cases neurological problems
such hearing loss may be transient or permanent and tremors have been
described (Omilabu et al, 2005).
Diagnosis of Lassa fever is usually difficult because of the variation in its
symptoms and difficulty in distinguishing it from other viral
haemorrhagic fever (World health Organization, 2017).
Currently, there is no vaccine that inoculates against the infection of
Lassa fever. The only drug that is used for the treatment of Lassa fever is
Ribavirin. The antiviral drug Ribavirin appears to be an effectual
treatment for Lassa fever if given early on in the course of clinical illness.
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There is no evidence to support the function of Ribavirin as post-
exposure prophylactic treatment of Lassa fever (World Health
organization, 2017).

Main transmission of the Lassa virus from its host to humans can be
prevented by avoiding contact with Mastomys rodents, specifically in
places where epidemics occur. Covering food in rodent-proof containers
and keeping the home clean help to discourage rodents from entering.
Ingestion of these rodents as a delicacy is highly discouraged. Setting
traps in and around homes can help reduce rodent populations;
however, the wide distribution of Mastomys rats in Africa makes
complete control of this rodents reservoir impractical (Center for
Disease Control and Prevention, 2015)

Bawa et al.,(2014) formulaed a mathematical model which incorporated
vital dynamics, standard incidence, disease induced death due to human
infection, reservoirs R and aerosol (airborne) transmissions . Their
analysis revealed that the disease can be control if the basic reproduction
number Ro is strictly less than unity. Their work didn’t take into account
treated and recovered humans.

Mohammed et al., (2014) carried out sensitivity analysis on a Lassa fever
deterministic mathematical model. This was done to ascertain the most
sensitive parameters in the model and they discovered that the most
sensitive parameters are; the human immigration, human recovery rate
and then person to person contact rate. They concluded that control
strategies should be focused on human immigration, effective drugs for
treatment and education to reduce person to person contact. But their
work didn’t include treatment class

James et al., (2015) formulated an SIR model of Lassa Fever disease
dynamics. The disease free equilibrium and the endemic equilibrium
states were calculated and analyzed for stability. The result of their
analysis show that the disease free equilibrium will be stable any time the
birth rate of the human population is smaller than the death rate and also
when the birth rate of the mastomys-natalensis is smaller than the whole
population. In their work, they didn’t consider the rodents population.
Onuorah et al., (2016) formulated a sex-structured mathematical model
which subdivided the human population into males and females, and the
animal reservoirs into active and inactive reservoirs. They considered
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sexual transmission of the virus among sexually active humans as one of
the means of transmitting the virus in humans. Sensitivity analysis on the
parameters of their model showed that, the basic reproduction number
is most sensitive to parameters representing human birth, condom
efficacy and compliance rates.

Akanni et al., (2018) ran sensitivity analysis of the dynamical transmission
of Lassa fever virus. This was done to discover the most sensitive
parameters on the transmission of the disease. Their findings indicated
that the most sensitive parameter is the progression rate to active Lassa
fever (y), followed by the force of infection of the susceptible individuals
with the infected individuals (A). They also discovered that the least
sensitive parameter is the treatment rate of infective class (0).they
concluded that the parameters (y) and (A) that have great sensitivity to
the transmission of Lassa fever be put in check. But they didn’t consider
asymptomatic infected compartment.

Suleiman et al., (2018) formulated a mathematical model for the
transmission dynamics of the Lassa fever virus infection by splitting the
infectious human population into symptomatic and asymptomatic
infectious and also assumed that the rodents do not recover from the
infection. They obtained the equilibrium states and analyzed them for
stability. The also obtained the basic reproduction number of the
humans' population and carried out sensitivity analysis on the basic
reproduction number of which they ascertained that are most sensitive
to the transmission rates, recovery rates and the natural mortality rates
of the humans.

In this study, we analyse and investigate the effect of treatment on the
Lassa fever transmission dynamics.

METHODOLOGY

Model Formulation

The model subdivides the human population into six (6) mutually
exclusive compartments, which are; susceptible humans (Sw), exposed
humans (Eu), asymptomatic infected humans (Ax), symptomatic
infected humans (I4), Treated humans (Tw) and recovered humans (Rw).
Similarly, the reservoir population is subdivided into two (2) mutually
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exclusive compartments, which are; susceptible reservoirs (Sr) and
infected reservoirs (Ig).

The population of the susceptible human (SH) increases through

constant recruitment "t of individuals into the population by birth or
immigration. The population decreases as susceptible human move to

the Exposed compartment (EH) through interaction of the susceptible

humans (3 ) with either infected reservoirs (¢ ), asymptomatic infected
humans, symptomatic infected human or humans undergoing treatment

at the rate #, and further decreases through natural death of human at
arate!. Infection rate is reduced due to treatment at the rated, where
Se[0,1].

The population of the exposed humans compartment (EH) decreases
due to natural death at the rate #I and also due to movement to infected

classes after incubation period at the rate® . A Proportion of a move to

the symptomatic infected compartment (]H) at the rate %, while the
remaining of the proportion move to the asymptomatic infected

compartment (AH ) at the rate (1=pa , where pe[0,1]. The population of
the asymptomatic infected compartment decreases due to treatment at
therate’, also due to disease-induced death at the rate (#) ,and also due
to natural death at the rate (#4) .

The population of the symptomatic infected compartment decreases
due to treatment at the rate 7, also due to disease-induced death at the

rate (#) , and also due to natural death at the rate () .

The population of the treatment compartment decreases due to
recovery at the rate x, also due to disease-induced death at the rate @)
, and also due to natural death at the rate (w) .

The population of the recovered compartment decreases due to natural
death at the rate (44) . There is permanent immunity after recovery.
The population of the susceptible reservoir (SR) increases through

constant recruitment “2of reservoir into the population by birth or
immigration. The population decreases as susceptible reservoir move to
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the infected reservoirs compartment (/%) through interaction of the
susceptible reservoirs (#) with infected reservoirs (/#) at the rate4,

also decreases due to hunting at the rate V and due to natural death at

the rate 2.
The population of the infected reservoirs decreases due to hunting at the

rate V, and due to natural death at the rate H
This leads to the following system of ordinary differential equations.

%z/\l_ﬁ(]R+IH+AH+5TH)SH_/UISH (31)

dA

TZff:(1—10)05Eh,—(77"‘¢"‘/v‘1)AH (3.3)

3-3

dI '

Tf:paEH_(7+¢+/‘1)]H 9

dd&ﬂ/lH 1Ay =K+ ¢+ )T, =)
t

dR °

TtH:KTH _IulRH (3 )

Br _ A8, (v + 1),

" (3.7)

e 38,0, -0+ w)i,

" (3:8)

The Positive Invariant Region
The positive invariant region can be established by using the following
theorem.

Theorem 3.1
The solutions of the system of equations (3.1) through (3.8) are feasible
for 1> 0if they enter the invariant region D.

Proof

N, =S8, E,+A4,+1,+T,+R,

The total human populationis ' # (3-9)
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And the total reservoir population is Ny =S8y +1;

(3.10)
Where,
dN, _dS,  dE, dA, dl, dT, dR,
dt dt dt dt dt dt dt

Ny =~ Ny (A, + 1, +T))
dt (3.1)
Similarly,
N, _dS, dl,
dt dt dt
dN,

—A, - N
" Ny —(V+ )N, (3.12)

Lot D=(Su-Epys 4y 1y Ty Ry Sy A ) € R,

Be any solution of the system of equations (3.1) to (3.8) with positive
initial conditions.
Suppose there are no disease-induced deaths, equation (3.11) becomes

—H <A —uN

a "R (53
i.e

N, + N, <A,

dt (3.14)

The integrating factor (IF) of (3.14) is €

Multiplying both sides of (3.14) by € gives

ot Wy, we"' N, <e'' A,
dt (3:15)

d(N, ") < A" dt
( H ) 1 (3.16)

Integrating both sides of (3.16) gives

A
N, e <—Le" +c

# (3.17)

N, < AT
# (318)
Applying the initial condition t = 0, Nx(0) = Nuo in equation (3.18) gives

A
—L+c=N,,

# (319)
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VAN
=>c=N,,——
H (3.20)

Substituting equation (3.20) into (3.18) gives

N, <L (N, — Dy
Hy H (3'21)
Equation (12) can be re-written as

Ny +(V+ )N, <A,
t

(3.22)
The integrating factor of (3.22) is €

(Vi)

2

Multiplying through (3.22) by el gives

dN
eVt R (o YN < VT A,

(3.23)
d(N """y < e dt

(3-34)
Integrating both sides of (3.34) gives

NRe(V“',Uz)[ < Le(‘/"ﬂuz)l + C2

) (3:35)
= N, <22 +e,e
(V +1u2) (3.36)
Applying the initial condition t = 0, Nr(0) = Nro in equation (3.36) gives
(v +u,)

Nio +c,

Ny

RO
(V +/u2) (3'37)
Substituting equation (3.37) into (3.36) gives

C, =

VAN A\
=> N, <—2— (N, ——2—)e ")
) T v (3.38)
Therefore, as t=%® in (3.21) the human population Ny approaches

A A A
—=K, N ,—>K =) K =—

# (That is, # . the parameter  *iis called the
carrying capacity of the human population.
Similarly, as t™ % in (3.38) the reservoir population Nr approaches

A =K, Ny =K, = A, 2 = A,
v+ ) (That is, (V+£4)"  the parameter V+ i) i
called the carrying capacity of the reservoir population.
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Hence all feasible solution set of the human population and the reservoir
population of the model equations (3.1) to (3.8) enters the region,

A
D:{(SH,EH,AH,IH,TH,RH,SR,IR)eR8+:SH,EH,AH,IH,TH,RH,SR,IR >N, <=L N, <—22 }
H (v+u)

Therefore, the region D is positively-invariant (A region is positively-
invariant if the solution that starts in it remains in it V/>?). And if

A A A A
Ny (0)<—L Ny()<—L Nyt <—L  Ny0)<—-L
A then - since A if # ) Also, if
Np(0) < —22 Np <—22 Ny <—22 Np(0) < —22
v+i) - then, '+ 44) since V) jf '+ t)

therefore the region D is positively invariant) and equations (3.1) through
(3.8) are epidemiologically meaningful and mathematically well-posed in
the domain D. Therefore, in this region it is appropriate to consider the
dynamics of flow generated by the model (3.1) through (3.8). In addition,
the usual existence, uniqueness, and continuation of the results hold for
the system.

Positivity of Solutions
Theorem 3.2
Let the initial data be

{SH (0),E,,(0), 4,,(0),1,,(0),7,(0), R, (0), S (0), 1, (0) = O} eD
Sy>Eps Ay Ly Ty Ry Seo 1 } (0)

H>"H>

Then the solution set { of the system of

equations (3.1) to (3.8) is positive forall >0

Proof
From equation (3.1), we have
‘S—tf' = A =B +1, + A4, +5T,)S, — S, >~ +1, + 4, +0T, +*1)s.
(3-39)
as
7;{ 2=+ ¥y +%)SH
(3-40)
Where,
Ve =Py, =PU, + A4, +0T,) (3.41)

Separating variables and integrating both sides of (40) gives
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Bt 5 4y + i
Sy B (3-42)
In(S,,) = —(w, +yy +&)Z+C
p (3.42)
‘(WR‘H//H“'%)[
S = Ae (3.43)
Where A=¢’
Applying the initial condition ’ = 0.8 (0)=5840 o (3.43) gives
Sio 2 4 (3-44)
Therefore,
_(V/R+'//H+%)t
SHZSHOe >0 (3.45)
Similarly, from equation (3.2), we have
dE
TH =pU,+1,+A4,+35T,)S,, —(a+u)E, =—(a+w)E,
! (3.46)
dE
dH 2—(a+m)E,
! (3.47)

Separating variables and integrating both sides of equation (3.47) gives

dEE—” > —(a+ w,)dt
g (3.48)
In(E,))2—(a+u)t+¢

(3.49)
EH ZBe_(a+/ll)t (3.50)
Applying the initial condition, ’ = 0.8, (0)=Epyo o (3.50) gives
Euo 28 (351
Therefore,
Ey 2 Eype (3.52)

Similarly, it can be verified that the rest of the equations are positive for
all £>0 since ¢ >0
Forall 7€ R

Existence of Equilibrium States of the Model
Disease free Equilibrium States of the Model
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Theorem 1: A disease free equilibrium state of the model exists at the
point

[SH’EH,AH’]H’TH’RH’SR7IR]:[ﬁ’oaoaoaoaoa /\2 ’O}
H v+,

Proof:
Atequilibrium, & di dt dt didt dt dt (3.53)

This implies,
AN=PBUp+1,+A4,+T,)S, — 1S, =0

(3:54)
By +1y+ 4y +0T,)S,; —(a+m)E,; =0 (3-55)
(1=p)aE, —(m+¢+)4, =0 (3.56)
paEy = (y+4+p), =0 (3:57)
rly+ndy —(k+¢+ 1)1, =0 (3-58)
«T, — iR, =0 (3:59)
Ay = ASly =(V+ 1), =0 (3.60)
ASply=(V+ )1, =0 (3-61)
From equation (3.56), we have
_ (1-p)ak,
Yoot m) (3.62)
From equation (3.57), we have
_ pPaE,
T d ) (3.63)

Substituting equations (3.62) and (3.63) into equation (3.58) gives
(A-p)ak, _ paky,

= DTy,
n+o+u) (y+o+u) (g (3.64)
_ 7 _ ey +nad+nop —npag —npop, +ypad + ypouu 1E,
" 7+ G+ )y ++ 1)K +¢+ 1) (3.65)

From equation (3.61), we have
Lo (A8, ~(v+ 1)) =0

(3.66)
=1 =0 (3.67)
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S, = V+ U,

A (3.68)
Substituting equations (3.62), (3.63) ,(3.65) and (3.67) into equation
(3-55) gives

U-pla_ _pak,  dlnay+nap+nap-npag-npa +ypod+ypap] | o
(n+g+1) (7+9+m) (D +§+ 1)y +§+ 1) +9+ 1) "E=0
-(a+ 1)
=>E, =0
" (3-69)

_ (a@+p)n+¢+p)y+é+m)K+o+ 1)
" Bnay +nag+naw, —npad —npo, + ypod + ypous )i + ¢ + g, +5)

(3.70)
Substituting (3.69) into (3.62), (3.63) and (3.65) gives
4 =0 (3.7
f=0 (3.72)
T =0 (3-73)
Substituting (3.73) into (3.59) gives
Ry =0 (3-74)
Substituting (3.67) into (3.60) gives
/\2
S =
v (3-75)
Substituting (3.67), (3.71), (3.72) and (3.73) into (3.54) gives
L
# (3.76)

Equations (3.67), (3.69), (3.71), (3.72), (3.73),(3.74), (3.75), (3.76) give the
disease-free equilibrium state.

That is,

[SH=EH’AHJHaTHaRH,SRJR]:[ﬁao,o,o,o,o,—“ ,0]
Hy v+ N,

(3.77)
Existence of Endemic equilibrium state

Theorem : An Endemic  Equilibrium  state exist at
(St,EH, Ay lH,TH,Ri, SrylR)=
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(@+u)m+P+p)y+o+u)k+o+u)
B(nay +nag+nau, -npag-npau, + ypap+ ypou )k +¢+ i, +5)’
4 (-p)ad pad  [nay+nap+nop —npad—npap, +ypap + ypays 14
B (n+¢+m)B (y+¢+um)B’ 1+ @+ 1)y +¢+ 1)k + 9+ 1)B
k[nay + nag +nap —npag—npow, + ypag+ o4 v+, rA=+u,)’
mm+P+u)y+P+ )k +¢+u)B A AV +u,)

Where,
e (Alﬂl(v + w1, )may +nag + o, —npad —npop, + ypad + ypoyy Nk + @+ iy +6 )J
—(o+ 1)@+ G+ )y + P+ 1)K+ P+ B, =V + 1))+ AV + 1)
and
B =My + ) e+ pm)nay +nog +now —npad—npap, + ypod + ypauy [k + ¢ + 1 +6)

Proof:
Substituting (3.68) into (3.60) gives
_/\22,—(1/+,uz)2
CAv)
(3.78)
Substituting equations (3.62), (3.63), (3.65), (3.70) and (3.78) into
equation (3.54) gives

[Azz—<v+uz)2j+ (-p)aE, . pak,
AWV + 1) m+o+w) ~ (r+o+mp)
85 [nay +nag +now —npap —npaw, + ypad + ypous 1E,

n+P+w)y+P+w)K+¢+ 1)

[ (@+ )0+ -+ )y + 4+ 1)k +§+ 1) J

Bmay +nag+nap, —npag—npow, + ypad + ypous )k + ¢+ p, +6)

( H(a+ )N+ ¢+ )y + ¢+ 1)K +d+ 1)

B(nay +nag +nap, —npad —npap, + ypap + ypog )k + ¢+ i, +6)

1

: (3.79)
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[ A1B(nay +nag + nay, —npag —npop, + ypad + ypau )k +¢+ 4 +8)
@+ )N +P+ 1)y +P+ )+ + 1)
d-pa  __ pa
(Azi—(wyz)zJ_ +p+1) (r+o+u)
AV + 1) [y +nag +nap, —npag —npoys, + ypad + ypoy, |
+o+p)y+o+p)K+d+ 1)

+

Hy

(3-80)
[ A B(ay +nag+nau —npag—npop + ypad+ ypap )k +4+ i +6)
(@+m)n+o+ )y +o+ )k +P+ )
(A-pa  __pa
B (/\zi—(v+,u2)2)_ _ | (14t m) (44 u) E
AV + 1) U nay +nag+nap, —npag—npay, + ypog+ ypau]
(77+¢+ﬂ1)(7+¢+ﬂ!)(’(+¢+ﬂ1) i (3.81)

[ A BAWV + 1) (nary +nag + oy = npag —npo, + ypad + ypoyn Nk + 9+ 44 +6) |
AWV + )+ w)m+ P+ )y +P+ ) K+ 9+ 1)
(+ ) +d+ )7+ + 1)K +P+ 1) B(A, = (v + 1)) + AV + 1,)]
AW+ ) e+ m)m+¢+w)(y +¢+m) Kk +4+ 1)
Blnay +nag + nop, —npad —npow, + ypad + ypoyy )(x + ¢ + 14+ 6)E,
L (77+¢+/11)()/+¢+/11)(K+¢+y1) i (3.82)

(Al BAV + w, )nay +nag +naw, = npad —npaw, + ypad + ypau, )k + ¢+ i, +0 ))
_ _(a+/11)(77+¢+.u1)(7+¢+,u1)(’(+¢+.u1)[ﬁ(/\z _(V+ﬂz)2)+ﬂ1’1(v+,uz)]
"B o)+ ey +neg + nag = npag—npagi + rpad + ek + 9+ 4+6) (3 83

Substituting (3.83) into (3.62) gives

A PAV + o )(may + nad + na, —npad —npap, + ypad + ypau,)
(K++pm+0)—(a+m)m+o+m)y+o+u)K+o+ 1)

_ (1-p) [B(r, = (v + 1)) + AV + p1,)]

T (b )| PAV+ )+ p)ney + o+ e, —npad —npog, + ypag + ypap,|
(K+¢+p+0)

(3.84)

Substituting (3.83) into (3.63) gives
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A PAV + 1) ey + o + oy, —npag —npag, + ypad + ypop,)
(k+¢+m+0)—(a+m)n+d+u)y+o+u)x+d+u)

__ pa [B(r, _(V+/’2)2)+ﬂ1/1("+/‘z)]
(g | PAV+ ) e+ p)nay +nad+nap, —npad —npow, + ypas + ]
(K+¢+u,+0)

(3-85)
Substituting (3.83) into (3.65) gives
[ [nay +nag+naw, - npag-npaw, + ypag+ ypoy]
A PAV + ) npay +nag + o, = npad - npog, + ypad + ypap )k + ¢+ py +5))
—(a+ )N+ + )y +¢+ 1)K+ + 1) Bn, = (v +1,) ) + 1AV + 1))
(+P+ )y +0+ p)(k+ 4+ 1)
A + )@ + )y + nag +naw, —npag —npay, + ypod + ypopy (i + g+ 14 +9)]

- | (3.86)
Substituting (3.86) into (3.60) gives

" k[nay +nag+nap, -npag-npow + ypagp+ ypa]

NPV + w, )may +nag +nap —npag—npa, + ypad + ypoags ) (K + ¢+ i +6)

1 e ) g )y + 9+ )+ 4 B, = (v + 1)) + AV + 1))
M+ P+ )y + P+ 1)K+ + 1)

[BA(V + i, )a + )y +nad +nap, =npad—npop, + ypap+ ypopy [k + ¢+ 1 +96)]

I 1(3-87)
Equations (3.68), (3.70), (3.78), (3.83), (3-84), (3-85), (3.86), (3.87) give
the endemic equilibrium state.

That is;

(er Ex, AH, In, Th, RH, Sk, ,R)=

(atu)n+d+u)y+o+u)c+o+u)
Pliay +nog +nag, - npag - npaw, + ypod + yag )k + ¢+ gy +6)”
A4 (I-p)ad pad_ [nay+nag+nop -npag - npa, +ypad+ ypap, 14
B (n+¢+m)B (y+¢+u)B’ (n+ 9+ 1) (7 +9+p)(x+9+1)B
klnay +nag+naw, ~npag - npau, + ypag+ o 1A v+, AA=(V i)’
w9+ )y +o+p)+o+u)B A M)

)

Where,
e A PAV + ) nay +nad +napy —npad—npags + ypad + ypop )k + @+ +5)j
_(a+:u1)(77+¢+/u1)(7+¢+lul)(’(+¢+lul)[ﬂ(/\2 _(V+:uz)2)+,u1l("+,u2)] (388)

B = AWV + i) + w)lnay + nag +nap —npag —npau + ypad + oo (& + ¢ + i +5) (3.89)
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CONCLUSION

We have studied a Mathematical Recipe for Controlling the Spread of
Lassa Fever, The solution set of the model remain positive for all t>o.
There exists a Disease Free and Endemic Equilibrium States of the model
signifying the possibility of total eradication of the Disease from the
population.
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