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Abstract

The idea of multistep collocation is employed to reformulate the Hybrid Backward
Differentiation Formula (HBDF) for cases k = 4 and 6 into continuous forms which were
evaluated at some interpolation and collocation points. This gives rise to discrete schemes that
are combined to form the efficient block method for the solution of Ordinary Differential
Equations. The requirement of starting values and the overlap of solution model which are
associated with conventional Linear Multistep Methods are eliminated by this approach. A
convergence analysis of the derived hybrid schemes is presented to establish their

effectiveness and reliability. Numerical examples carried out further substantiates their
convergence.

Keywords: Linear Multistep method (LMM), Backward Differentiation Formula (BDF),
Block Solution, Implicit, Hybrid

Introduction
Consider the Initial Value Problem of the form
y'=flxy ¥{xe) = ¥o (1)

Where the solution y is assumed to be a differentiable function on an interval [xq,5], b < oo.
Many methods for solving (1) exist, one particular me thod is the Linear Multistep Method.
The Method require less evaluation of the derivative function f than one step methods in
the range of integral [x, b]. For this reasons they have been very popular and important for
solving (1) num erically. But these methods have certain limitations such as the overlap of
solution models and the requirements of a starting value. Other limitations include they yield
the discretely solution values 31, ..., ¥al hence uneconomical for producing dense o utput. A
continuous formulation is desirable in this respect. The collocation method is probably the
most important numerical procedure for the construction of continuous methods ( Lie and
Norsett, 1989; Awoyemi, Jator and sirisena, 1994; Onumanyi, sirisena and jator, 1999).

In this research paper, an attempt is made to reformulate the hybrid form of some BDF
schemes, specifically (k = 4 and 6) into continuous forms by the idea of multistep
collocation.

The Continous Multistep Collocation (CMM) Method

Lambert (1973; 1991) adopted the continous finite difference (CFD) approximation approach
by the idea of interpolation and collocation. Later, Lie and Norsett (1989), Onumanyi (

1994; 1999) referred to it as Multistep Collocation (MC). The method is presented below

a =(ag,ay s Qeam-1))7, () = (@o(x), @1 (X), o0 oo, @22 m—1y)T (2)
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where g, 7 =0, ......,t +m — 1 are undetermined constants, ©,{x ) are specified basis
functions, T denotes transpose of, t denotes the number of interpolation points and m
denotes the number of distinct collocation points. We consid er a continuous approximation
(interpolant) Y(x) to y(x) in the form

y(x) = BZ8 7 0,0,(x) = aTo(x) (3)

which is valid in the sub -intervals x, < x =< x,,, , where n = 0k...... ,N —k. The quantities
Yo=axy =bkmmnt and g, {x),r=01...,t+m—1

are specified values. The constant co -efficient a,.of (3) can be determined using the
conditions '

}'(xn-l-j) =¥n+;, J=01, .t -1 (4
¥ (%) = fas; 7=01, 0, m—1 (5)
Where

fasj =1 (xn+ja}’n+j) (6)

The distinct collocation points x4, ...... ...... -Xm-1, CaN be chosen freely from the set ERE
1. Equation (4),(5) and (6) are denoted by a single set of algebraic equations of the form

Da=F )
T
Where E = (J“myn-?-l “-'}"-n-i-t—l:ﬁzl fn+1,fn+m—1) (8)
a=D7'F (9
where D is the non-singular matrix of dimension (¢ + m) below
‘Pﬂ(xn) (a:i-m—l{xn)
ﬁoo{xnet-i) @:+m—1(xn+r—1)
D = (10)
4‘96@0) . {p;r'%m,.—l{.EO)
?’{'}(;Tm-lj ?D:E-i-m—](}m—l) 4
By substituting (9) int o (3), we obtain the MC formula
Yx) =FTCTo(x), x,<x=x,00 n=0k ..., N—k (11)
where
C=D'=(glti =1, t+m—1
Cy1 e Cie Cl,t'i‘l o Cyrem
C= €21 =+ Cz¢ Catr1l oo Copim
\Crem1 " Crime  Crimes1 o Crrmit+m

with the numerical elements denoted by cijlj =1, ...,k +m.By expanding C'o(x) in (11)
yields the following

Ei;?—lcr+1.1@r{x) \
y(x) =(F)T : (12)
Eii?'i Cr-é—i.k-i—m s (1)
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- i-— =y & 1— —-—m=—- C +.l|+‘
() = BT Cangerenn) + IR (ST o, (0) £ (13)

¥{x) = Zi=0 & (e s + RIS B () fras 5 {14)
where we construct a;{x)and 8;(x) explicitly by
a;(x) = LiZ0  Crag 0.0 j=0,1 ... .. t—1 (15)
Bl = Bt 'CH;”: @:(x)if = 0 i —1 (16)
a,can be determined as follows:
t-1 m=-1
¥x) = Z Ujprs1Vn+; + R Z Bir+1fues p0r{x) {17)
r=0 Jj=e

For K =4, the general form of the method upon addition of one off grid point is expressed
as;

&) =

10y + @ (Dyner + a3 Ypsz + ag(Dynas + ﬂ's(x))’"q.i +

Bo(x) frss

(18)

The matrix D of the proposed method is expressed as:
1 ¥ %2 % %3 i i 4 .
1 x,+h {(x,+R)? (x,+h)*? {x,+Rh)* (x, + k)5 a:. }’:;1
1 Xa+2h (u+20)2(x,+2R)*  (x,+2R)% (x,+2k)5 ||a; | Ynsz (19)
1 %, +3h (x,+30)2(x,+3R)3 (x,+3h)* (x,+3R)5 ||@:| Ynt3
Loxpgtin (g +i)? (a+3)°  (xa+i)* (x,+i0)° ;5 ez
0 1 2% +8h 3(x, + 4h)> 4(x,+4h)% 5(x,+ 4h)*] : fruns

BB bo=F

The matrix D in equation (19) which when solved by matrix inversion technique or Gaussian
Elimination method will yield the continuous coefficients substituted in (18) to obtain
continous form of the four step block hybrid BDF with one off step interpolation point.

('E ;_—(2388:1 + 9688n* + 13191x2 7% + 7666x3h% 4+ 1953x % h + 178x3) —
;—;%(4844!1 +13191x, 7% + 11499x2R% + 3906 x3h + 445x)x +
; 1 1‘3191?\'.’::993&wl""ii”l&\eh‘f‘iﬂeﬂ‘tq 2 1 3333?‘.*-.-3’506.\;1?1-8903,-1 !3 1 1953k +E8%0x 3
2388 ns x* 1154 RS 2388 ns i
' 5 Vs 1 2.2 3 Y
qwsx ) ,,+(358 }s(. n(1534Rh* + 4694x,, 73 + 3785x2h7 + 1139x3h+ 114x3))
mh:(rn (1536h% + 4694x,,h% + 3785x2h% + 113903 h + 1143 1) )x +
{1 4694R%+11355x0h° vezs-.x.lr-nher‘t:__lm3735h~+1555xnh,1110.vn 3 M}__usgh—sf"c.rnt_;
358 kS . 358 R : 358 RS
;1;;:. );,ﬂ,1+(—q—3-ﬂ—3 = (x:(7591x, 1% + 7978x3h? + 2837x3h + 314x} + 2136k%)) +
’I% — (7591, + 11967x3h? + 5674x3h + 7851} + 1068h*)x —
Iq 75914%+23934 0% +17 0-_xnh.;1*cxnx:+”iu_ 3939h-+567,_rnh+1=?0x§ % P
:3388 e e nE - 1191 hS
o e s )y (G (v, (4613x3R7 + 1893x3h + 2308 +
2388 hs 115+ P'5 5570 kS
4038r,1h3+1088h ))—T;{l3839rnn +7572x3h+ 1150x% + 785x% + 8076x,,h°

ft - 13835%xnk" 'IIJDSth'-DOG'u.vl +4038x5 - 1 -rle.""?T'ST':_\n?"‘—_JCD.tn 3
1088h )y + = s x - = X3+
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1 18935+1150x z 32 1 . - -
Byt =SS )y o+ (— o (xaf25xi + 262x 3 + 947x2R% +

5370 s airhsl = 2985 RE V' z ! B
1382x,1% + 672h%)) + — — (125x}% + 1048x3h + 2841x2h% + 2764x k% + 672h*)x —

n 2585 KS n n n n
32 250x3+1572x3R+2841xnh*+1382R% 32 250x3+1048xph+947AK" o 32 125x,+262R o+
2985 hE 2585 RE ' 29gs kS ’
160 -

=) - h
e )}nﬂ/: g
( 1 xntlt?lé‘le%h-&:Sx?lh:+.‘-’3xah=+6h“)+ 1 Sxd+26xir+42x3nT+23xpn 4303
. 358 i L _ . 199 R n4
_1 20xh+78xfht84xnn®+238% o, 2 axﬁ+13xnh+?h‘r3_—1— 10xn+13hx4 + 1 xs)f ]
398 , R ’ 199 hd ‘ 398 k4 T T il S
(20)

Evaluating (20) at points x = x,,. .and its derivative at
X = Xns3X = Xpgq, , X = Xpp2,X = Xpyqy; Yields the followin g five discrete hybrid schemes
which are used as a block integrator;

784 568 2352 i +3o72 147 LB hf
e }’n+19qs1qq)n+z s Jn+3373"n+4 = Eﬁv;-a-:/z —13;33}" 199 Unts
-
“Vntt T ogedete Y ooTYnia Y00 Yneay2 = o0V — S M + 5 e
6350 . 942 3968 _ 825 zsssh 45 b,
2308 Yn+1 — Yns2 ,Hn_‘}ni-a 22n53n+1,«’2 T 2anEZ" aane fn+2 aang  Intd
15125 18075 14208 3275 8570 450

i N e 7 — VY, +_—"'.;.',='—"' “"_h e L
qeen Vnzt GRE3R Yn#2 = Vns3 Py Jn.:,f: qggg}n 5re3 fn+3 - hfn-!—-;

204750 31675 5838 53025 ’ §5520

'n+ e YA == + V¥pe1/2 =— = h i
,1:5855)"'1 1258880 7*2 T 1aspsg 2 ntd T Yns1/2 125e88° " 12s8ee Fas1s2
125888 hfass (21)

Equation (21) constitute the members of a zero -stable block integrators of order (5,5,5,5,5)7
<5 227 241 2B3 1561

with €, = S e N s ’305554] as the error constants respectively. To start the
integration

process with n=0, we use (21) and this produces y;, y 5, ¥, ¥3 and y. simultaneously
without the need of any starting method (predictor).

For K = 6, the general form of the method upon addition of one off grid point is expressed
S . . : )

70 = ay (), + @2()ynss + @3(Dynsz + s (e + ag(Xynss + 2 (X)Ynss +

4 (x)}"n-;.-f 2 hﬁ[.\(x)fﬂ+5

(22)

Recall from (7), Da = F

The matrix D of the proposed method i s expressed as:

[ X, xZ X X5 X5 25 x;
1 x,+h (x,+h)? {x,+h)3 (x,+h)* (x,+R)> {x,+h)¢ (x,+h)’

xp+2n (at 207 (e +20)°  (x, +20)* ‘;xn+2h3f (ra+20)¢ (x,+ Zh)i

x,+3h (x,+30)2(x,+3R)° (x,+30)* (x,+3h)° (x,+30)¢ (x,+3h)7

Xntdh (x,+3h)? {(x,+4R)° (x,+4n)* (x,, + 4h)5 xp+4h)¢ (x,+4h)7 (23)

Xnt 5k (x,+50)2 (X, +51)°  (x,+5m)*%  (x,+5k)° &n+5ME (x,+5K)7
1, 4 . @ @ i , € 7

bRt Gt kP DY (kIS (ra+dh) (x4 ln)

b 2xp+12030x, +60)° 4, +6R)% 5(x, +6R)* 6(x,+6R)5 7(x,+6h)

O = = s
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The matrix D in equation (23) which when solved by matrix inversion technique or Gaussian
Elimination method will yield the continuous coefficients substituted in (22) to obtain
continous form of the six step block hybrid BDF with one off  step interpolation point.

1 1
y(x) = (1-55549 Pyn+ Sose @ne1 t R}m) =

(312.26360 Syns3 1945414 asas Inia T 625320 Uy nts) i

(oo Vinesn + s Wiiase) (24)

where

P = (1250640n7 + 3-254)5,{ + 71281xﬁh + 624077x3h% + 2?98515x§h3 + 68333441x3h% +
8892484x2hS + 5552148x,,h¢) +

(427686x3h + 3120385x2h% + 1194060x3h3 + 20500323x2h* + 17784968x,h° +
5552148R5 + 22778x5)x + (8892484 h5 + 1069215x 2k + 6240770x3hZ + 16791090x2h3 +
20500323 x,h* + 68334x5)x? — (6833441 h* + 11194060x,,h® + 6240770x2h% +
1425620x3h + 113890x4)x3

+5(559703h3 + 624077x,h% + 213843x2h + 22778x3)x* — (624077h* + 427686x,h+
68334x2)x5 + (10183 + 3254x,)x6 — (3254)x”

Q = (4475x5h + 36586x3h% + 147569x h® + 302152x3 h* + 283124x2h5 + 82320x,h% +
214x7) — 2(13425x5h + 91465x%h? + 295138x3h3 + 453228x 2 h* + 283124x,,h5 +

41160h5 + 749x8)x

+ ((283124!15 +67125x3h + 365860x3 7% + 885414x % h3 + 9064561, 7% + 44949:,5;))

—2(151076h% + 295138x,,h% + 182930x2h% + 447501:311 + 3745x: )x3
+(147569h3 + 1829303:,,_}:2 + 67125:{3& + ?490x2)x

262x7) +2(15657x3h+ 996701-‘*}; +291868x3h3 + 388995x 2 ht + 198767x,h5 +
25230h5 +917x5)x

- ((198767h5 +78285x3h + 398680x3h? + 875604x2h3 + 777990x h* + 5502x§;))
+2(129665h* + 291868x,,h° + 199340x2h% + 52190x3h + 4585x 3 )x°

+(145934h3% + 199340xnh2 + 78285::};}1 +9170x3)x*
+2(19934h2 +15657x,h + 2751x72)x% —(5219h + 1834x,)x® + (262)x’

S = (57449x3h + 410920x3h% + 1384805x 1 h® + 2240896 x3h% + 1603076x2R5+
390480:x,,h® + 3034x}) — 2(172347 x5 h + 1027300x k2 + 276961033 + 3361344x2R% +
1603076x,h° + 19524%5 +10619x8)x

+ ((1603076h5 +861735x3h + 4109200x3h? + 8308830x2h3 + 6722688x,h* +
53714x§))x2

+5(276961h3 + 410920x ,h% + 172347th + 21238x3)x“

—2(205460h% + 172347x,h+ 31857x2)x5 +7(8207h + 3034x,)x5 — (3034)x7

T = —(16855x5h + 113399x3h% + 358609 xh% + 551291x3 h* + 381184x2h5 + 91020x,,A5 +
938x7)+ (101130x5h + 566995x£h? + 1434436x 313 + 1653873 x2h* + 762368x,,h° +
91020h®+6566xDx
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- ((381184h5 +252825x3h + 1133990x3h% + 2151654 x2h% + 16538731, 4% + 19698x3))x=
+(551291h% + 1434436x,,1% + 1133990x3h% + 337100x3h + 32830x4)x? ]
—(358609h° + 566995x,,h? + 252825x2h + 32830x3)x*
+(113399A% + 101130x,, A+ 19698x2)x® ~(16855h + 6566x,)x° + (938)x?
U = (12287x5h+78574x5h? + 238385x3h% + 355672x3h% + 241268x2 K5 + 56976x,h% +
718x7) - 2(36861x5h + 196435x 3h? + 476770x3h° + 533508x2h* + 241268x,h° +
28488h° + 2513x7)x W
+ ((2?4—I268h5 +184305x3h + 785740x3 1% + 1430310x3A% + 1067016x, h* + 150-7:8x;$;))x2
~2(177836h* + 476770x,,h* + 392870x2h* + 122870x3h + 125652
+5(47677h% + 78574x,,h% + 36861x2h + 5026x3 )2} —2(39287h% + 36861x,h + 7539x2)x"
+(12287h + 5026x,)x5 — (718)x7 =
V = —(1049xEh + 8875x3h% + 377153k + 84076x3 k% + 91916x2h% + 37680x,h6 +
49x7) +(6294x3h +44375x,3h? + 150860x3 1% + 252228x2 h* + 1838322, 15 + 3768016 +
L SRR T P e

- ((91915}15 +15735xph + B8750x3h? + 226290x2 13 + 252228x h* + 1029::-,%)) x3
+(84076A* + 150860x,h? + 88750x2h2 + 2 Ox3h+ 1715x5x

ht343x0xt +(8875A7 +6294x,h + 102952

—(7543h3 + 8875x,h? + 3147x2
—(1049h + 343x,)x5 + (49)x7

W = —(31x5h + 185x3h% + 535x3h% + 77323t + 514x3h% +120x,h® + 2x2) + (186x3h +
925x3h* + 2140x3h% + 2319x2h* + 1028x .15 + 1200 +14x8)x |

— (51415 + 465x3h + 1850x3h? + 3210x243 + 2319x, h* + 42x3) )x2

+(773h* + 2140x,, 2% + 1850x2h% + 620x3 1 + 70x3)x3 -

—5(107h% + 185x,h% + 93x2h + 14x3)x* +(185h2 + 186x,h+ 42x2)x5

~(31h + 14x,)x5 + (2)x7

Evaluating (24) at points x = x,+¢ and its derivative at

X = XpisX = Kpgod = Xnaz)X = ¥nt2d = Xnt1, ¥ = Xnyqyy Yields the following seven

discrete hybrid schemes which are used as block integrator;
- 3025 9880 ' 6050 2840 .

40560 1210

e AEOE e VRN P ... .. ==y, —
2“393},"“ a73 Y42 T o V43 1351 7% T 737 Vnts T Vnse 12153 712 = 57 Vn

L
= Afuss

v .. _ 119280 46173 15390 . ' 2821 217088 2626
) ¥ :c:sl 1067857 112 T oo Y3 1067852 "+4 T Togrgs I n#s T Jpoec Yty = 106785 0"
45

h + ——kf

106785 ,,f"ﬂ, 106785 f”"’ﬁ_ o - o R
74350 27098 11790 ) 1532 3bBE4 6272

— vy —_ i, — =y . —— - =—"""4

£510 ° el }';gf' 6510 0713 T ggip Yntd T oo Ynds T s Yneasa 65107
| -1

6310 hfn+2 - 6510 hfn+6

S7aeTs 540800 36075 45385 342016 esess
322616 2 "1 T 3226160 1%2 T Yn#3 T e Vs o= Ynss 3226162 745 322616 07

729540 2100

D hfss 2

322616 11143 ¥ 33g1¢ Mnte

758520 931580 1348048 ) 183848 183328 95853
vy A ——— —_— —_— —_——— 2 —— g = s
7033052 "1~ 703305 7 7#2 T Jo3aps Yn#3 T Vntd T oo Vnss 70330577+~ 703305 07
729540 5880
703305 I+t T Sgazee Mnte
713475 7Bt 914340 ss1s0 ATIN0 %6054
158521 0"t T imesan V2 T Gogany Mn8 T ggeay Yntt T Vnss 4585217 n4s  asesn On

243180 12600
b
458521 f“‘"s sz nte

P9| 225
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83679750 22759700 10588116 3779325 716870
" saze1z1e 71 T sanio1e Y72 T Sazerare Y73 T Sazmizis /ot T sazeizie S T y"*
14124495 31127040 54100
_ 542812167 54281216 ! ?‘*‘ 54281216 f"'“
- S ———— . 555
Equation (25) constitute the members of a zero -stable block integrators of order
2
(7 7,7,7,7,7,7)with Cq ~[* 1:2; '"'""'13:9 ,?';-1 = 29:: Sr,rlf:sg. 35:55 3 143291] as the error

constants respectively. To start the integr ation process with n=0, we use (25) and this
produces yy, yy 20 yz,yg,y4, ,¥s: and e simultaneously without the need of any starting

method (predictor).

Stability Analysis
Following Fatunla (1992;1994), that defined the block method to be zero-stable provided
the roots R;; = 1(1)k of the first characteristic polynomial p(R) specified as

o(R) = det |Z A® RH: (26)

satisfies |R;| = 1,the multlplmty must not exceed 2.

The block methods proposed in equations (21) for k = 4 are put in the matrix equation
form and for easy analysis the result was normalized to obtain

100 0 ¢ 00 e 0T
10 1 0 o0 g 0 06 0 1
A°=10 0 1 O ; AA=10 0 0 0 1
{0 0 0 1 0O 0 0 0 1
L0 0 0O 0O 0O 0 0 0 13
And ,
242 —4807 2197 —1427 1519
225 5760 5760 5600 5760
2008 —179 115 —-79 59 0 0 0 0 o
1575 360 360 600 2520 0 0 0 O O
»0 _ | 1856 4 41 -15 11 s 1 ‘
23_157.5 a5 E_E_EE‘B_OOOOO
216 4 63 Ss1 3 0O 0 0 0 O
175 %0 30 200 280
256 8 s2 88 16 0 0 0 00
L3225 5 35 75 35

The first characteristic polynomlal of the block method is given by
p(R) = det(RA° — A1) .Substituting the A° and A? into the function above gives

1 0 0 0 O 0 0 0 0 T
01 0 0 O 0O 0 0 0 1
p(R)=det|lR|0 0 1 0 O|— |0 0 0 0 1
0 0 0 1 O 0O 0 0 0 1
bbb L @ 0 0 0 17 WO 0 0 O 1
R 0 0 0 O 0 0 0 0 1
0O R 0 0 0O 0 0 0 0 1
=det [o 0O R 0 o|l—j0o 0 0 0 1
0O 0 0 R O 0 0 0 0 1
to o0 o o R 0 0 0 0 1
R 0 0 0 -1
O R o o -1
=detl0 0 R 0 -1
0 0 0 R -1
e 0 0 0 R—1

—RIRR-1)-0=0
:R = 0 (four times)orR =1
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The first characteristic polynomial of the block method is given by
p(R) = det(RA® — A1) .Substituting the A® and A1 into the function above gives

10 0 0 0 0 0 0 0 1
01000 (00001
p(R)=det/Rl0 0 1 0 O|— {0 0 0 0 1
100010 0 0 0 0 1
00 0 0 1 0 0 0 0 1
(27)
R 0 0 0 07 10 0 0 0 1 R 0 0 0 -1
O R 0 00| |0 0001 0 Ro o -1
=deti]l0 0 R 0 0O|/—|0 0 0 O 1||=det/0 0 R 0 -1
0 0 0 RoO| (000 0 1 0 0 0 R —1
00 00 R p oo o1 L0 0 0 0 R—1

=RPRR-1)-0=0

R1 =R;=Hg =R4=OOTRS=1

From (3.0) and equation (27) the hybrid method is zero stable and consistent since the
order of the method p = 5 > 1. And by Henrici (1962); the hybrid method is convergent.
Also, the block methods proposed in equations (25) for k = 6 are put in the matrix equation
form and for easy analysis the result was normalized to obtain

405980 _ﬂ 30235 —3630 &050 —4E840 1 \ yn+£
12159 198 579 ATET 1351 ATET =
( 247088 _1 =319280 46172 —~1EX80 =831 0 y?l+1
106785 106785 iD&7es A057TES 06785
s - —&T096 11790 - 3932
::s:“ :s’;a =1 €510 6510 6510 0 Yns2
—5T487S 240800 o —366075 45395 i
i::::: :zx:u 332618 w,lo_‘, 322616 322816 0 VYn+3 =
-:a-su:s zsss:o -7_::{:_:3;0 Sorsos —1 -;::::-;z 0
331335 -:701.'375! 731200 318840 230150 0 Vst 4
FrTTIT 458522 asEs21 U 132521 ¥
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(28)
The first characteristic polynomial of the block method is given by
p(R) = det(RA® — A') .Substituting the 4° and A* into the function above gives

1 0 0 0 0 0 0] 00 0O Q0 0 1
0 1 00000 loo0o0o00 01
i 0 0 100 0 0 0000 00 1
p(R)=detlRl0 0 0 1 0 0 0/={0 0 0 0 0 0 1., (29)
0 0 00100 |00000TO0:71
0 o 000 1 0 000 O0O0O0 1
| 10 o 009001 ooo0oo0 o0 0 1
R 0 0 00 0 07 [0 O O 0 0 0 1
1o R 0 0 0 0 o 000000 1
f 0 0 R 0 0 0 0 0000 OO0 1
=det|{|l0 0 0 R 0 0 o|—|0 0 0 0 0 o0 1
0 0 0 0 R 0 O 000000 1
00 000 R O 0000 O0O0 1
'0o 0 00 0 o Rl loooo oo d
R 00 0 0 0 —11
0 RO OOTO -1
0 0ROOO -1
=detflo0 0 0 R 0 0 -1
0 000 R O -1
0000 0 R -—1]|
l0 0 00 0 0 R—1

=R5(R(R-1))-0=0

=R =Ry;=R3=Ry=Rs=R¢=0o0rR,=1

From (3.0) and equation (29) the hybrid method is zero stable and consistent since the
order of the method p = 7 > 1. And by Henrici (1962); the hybrid method is convergent.

Numerical Example

To illustrate the performance of our propose d methods we will compare their performance
with exact results. Consider the initial value problem

Y =2 -0 +1,)0) =1 | o

The problem is stiff in nature for negative A values and it has exact solution y(x) =™ +x,
This problem is considered for 2 = —5, and A = —20 with step length & = 0.01. The problem

is solved using the Block Hybrid Backward Differentiation Formulae (BHBDF) for & =4 and
k=6.

Table : Proposed (BHBDF) for k=4,1=-5

N X Exact value Approximate value Error

0 0.00 1.000000000 1.000000000 0

1 0.01 0.961229424 0.961229424 5.03E—-10
2 0.02 0.924837418 0.9248374 18 3.9E—~11
3 0.03  0.890707976 0.890707976 4.27E —10
4 0.04 0.858730753 0.858730753 BE—11
5 0.05  0.828800783 0.828800783 74E - 11
6 0.06 0.80081822 0.800818221 3.17E-10
7 0.07  0.774688089 0.77468809 2.8BE—10
8 0.08  0.750320046 0.750320046 3.7E—-11
9 0.09 0.727628151 0.727628152 3.F7E—-10
10 0.1 0.70653 0659 0.706530667 2.86E — 10
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Table 2: Proposed (BHBDF) for k=4 1 = —20

N X Exact value Approximate value Error

0 0.00 1.000000000 1.000000000 0

1 0.01 0.828730753 0.828769259 3.8506896E — 05
2 0.02  0.690320046 0.690432454 1.12408945E — 04
3 0.03 0.578811636 0.578993079 1.81443769E — 04
4 0.04  0.489328964 0.489416887 8.7923593E — 04
5 0.05  0.417879441 0.417989621 1.10180194E — 04
6 0.06  0.361194211 0.361365196 1.70985282E — 04
7 0.07  0.316596963 0.316826495 2.29531969E — 04
8 0.08  0.281896518 0..282023466 1.26948875E — 04
9 0.09 0.255298888 0. 255440879 1.4199104E — 04
10 0.1 0.235335283 0.235532264 1.96981522E — 04

Table 3: Proposed (BHBDF) for k= 6,1 = —5

N X Exact value Approximate value Error

0 0.00 1.000000000 1.000000000 0

1 0.01 0.961229424 0.961229424 0

2 0.02 0.924837418 0.924837418 0

3 0.03 0.850707976 0.890707976 0

4 0.04  0.858730753 0.858730753 0

5 0.05 0.82880078 3 0.828800783 0

6 0.06 0.80081822 0.80081822 0

7 0.07 0.774688089 0.774688089 0

8 0.08 0.750320046 0.750320046 0

9 0.09 0.727628151 0.727628151 0

10 0.1 0.706530659 0.706530659 0

Table 4: Proposed (BHBDF) for k =6,1 = —20
N X Exact value Approximate Error
value

0 0.00 1.000000000 1.000000000 0
| 0.01 0.828730753 0.828730765 1.2E - 08
2 0.02  0.690320046 0.690320059 1.3E-08
3 0.03 0.578811636 0.578811645 9.0E—-09
4 0.04  0.489328964 0.489328973 9.0E — 09
5 0.05 0.417879441 0.417879445 4. —-09
6 0.06 0.361194211 0.361194228 1.7E—08
7 0.07  0.316596963 0.316596981 1E -08
8 0.08 0.281896518 0..281896533 1.5E— 08
9 0.09 0.255298888 0. 2552989 1.2E-08
1 0.1 0.235335283 0.235335293 1.0E —08
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It would be observed from the results in tables 1 and 2 that the error alternates, that’s for
BHBDF 4 for A = —5and A = —20 respectively. The BHBDF6 with 1 = —5is the best in terms
of performance and accuracy as indicated in table 3.In table 4, the BHBDF6 with A = —20
shows an alternate in error, but is of hig her accuracy in comparison with results in table 2.
However all the block methods produce accurate results when compared with exact results.

Conclusions

We have derived the hybrid form of the Backward Differentiation Formulae (BDF) for k = 4
and k = 6. The idea of Multistep Collocation (MC) was used to reformulate the derived
hybrid formulae into continous form which were employed as block methods for direct
solution of y' = f(x,¥). A convergence analysis of the discrete hybrid methods to establish
their effectiveness and reliability is presented. The methods were tested on some stiff IVP
and shown to perform satisfactorily without the requirement of any starting method.
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