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Abstract

In this research work, we are concemed with the construction and implementation of block
hybrid methods for solving ordinary differential equations using power series. We equally
develop a block hybrid method of step three (i.e. k=3) with two Off-grid points at collocation. We
also analysed the order, error constant and convergence properties of the schemes derived. A
numerical experiment of the block method was done on both stiff and non-stiff problems and
the results showed a high degree of consistency with the theoretical analysis.
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Introduction

The introduction of the continuous collocation method has been able to bridge the gap
between the discrete collocation methods and the conventional Multistep methods. Thus, it is
possible to write the Linear Multistep Methods (LMMs) in the form of some continuous
collocation schemes. (Okunuga & Ehigie, 2009).

Onumanyi, Oladele, Adeniyi and Awoyemi (1993), Adeniyi and Alabi (2006) as well as Fatokun
(2007) have all introduced other variants of the collocation method, which recently led to some
continuous collocation approach. The introduction of the continuous collocation schemes as
against the discrete schemes includes the fact that better global error can be estimated and
approximations can be equally obtained at all interior points.

Methodology
Consider the initial value problem;

y'=flxy); asxs<h  ya) =y
Onagivenmesh a=x5< %y <+ < Xp.. <Xz =b (1)

Where; h = x4 —x,n = 0,1, ...... ..., N where h is considered a constant step and kis the
step number of the method.

In order to solve the equation, Onumany et al. (1994) developed a linear multistep method
with continuous coefficients by the idea of Multistep collocation.
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let;  y00 = ZE3a;@y(xnsy) + hERG B O (%:5(%)) + Buf (X03) @)
Where; (%) = T 6k
hB;(x) = ;i?-i hBjissxt (3)
Also;
Hnss) = Ynrpf € (0L, . k= 1)
y (&) =floy(®))i =1, .om (4)
Satisfying the polynomial;
Ef::;‘ Cio; a
) :
cTo=| 5 gt ;: (5)
% J=1 erﬂﬂj ‘
z?=1 CJPD} ﬁ,

To get a,(x) and f;(x), Sirisena (2003) arrived at the matrix equation of the form;

DC =1 (6)
Where 1 is the identity matrix of dimension(t + m) x (¢ +m). D and ¢ are defined as;
(1 Xn x2 L. xirm-1 \
1 Xt gy - o - gl
D=1 Zpypy Thpewy « - - _ Py (7)
0 1 2xg . . . ({t+m-— Dl
\0 1 x5 o+ 2 @ bm= 1)f:,:'_”}'2/

The matrix (7) is the multistep collocation matrix of dimension (¢t + m) x (£ + 1m): whose

matrix € has the same dimension and whose columns give the continuous coefficients as;

ay,q @4 o Qr-1 hBoi e RBim-11
dp,2 1,2 A Ap—1,2 hﬁu,z e hBm- 1.2
= (8)
Loe+m Tipsm - + + Oeegeam MBosson o« ABumeirem

We defined t as the number of interpolation paints and m as the number of collocation

points used. And from (6) we noticed that; € = D1,
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Derivation of the Block Hybrid with Two Off-grid Points for k = 3;

The general form of the block method from (2) with two off-grid points at collocation for
k = 3 will be;

(x> = agymss + h{Bofuss + Pufnsz + Bofrss + Bafare T Bafnsdl (9)
The matrix of the proposed method with two off-grid points at collocation for k =3 is

designed as;

Al Fan Wha o S Fha o ) o Yr#1
0 1 2x,41 3x2. 4xi. Sx3g e, frs1
0 1 2x,42 3x§+2 -l-xg” ng_i X . fat2 (10)
0 1 2Xnes 3xe5 Mnyy Sxpey || 23| [ Tees
0 1 2xp4e 3x2,. 4x3,, 5x,,,,¢ s Jate
0 1 2xneq 3x%,, #ad,, Sxi./ 5 fusa

Solving the above matrix in equation (10), by using any of the different methods of solving
matrix method with the help of maple software, which when evaluated atx = x[n}+3 %A,

x-—-x{n]—f—g* hx=x[n]+2xh, x= :r[-n]+§-* A, x=x[n-]+%»ch and x = x[n] and where

c=1/2whend = 5/2, we are able to derive the following schemes;

23 44 17 16 lf‘
Yne3 = Va1 + n.fn-rl + hf‘r"“-" hfn'i-B 275 ”.fn-.-- 45 f,,+§
34 87 51
}’,‘%:f =Y¥n+1t+ 80 hfps1+ éahfnfl e~y 300 hfn+3 300 f,1+.. 160 fm_
37 19 31

Vp22 = Vo T TS—-O_ hfas+ hf:H-" Ho 300 hfnez— :}?0' hfn.,-..'; ~an ’Z-‘.fn +

323 217
}',,+% = ¥ne1 o= 720 hfnﬂ + 720 hfm-g 600 hfn+3 7200 T f,,+.';— 12440 hfﬁ..
257 79 i 1387 113
}',,..-,_-: =¥ns1— 7-,0 fn-rl 720hfn+2 T 500 J‘pn+3 7200 Zonn ! fn-.._ :.-[_-}_-}E f.,,;_..::

}’?‘n NT!. + 180 f;l—"’l 45 n’f;sz ’ fn-r:'l 450 hfﬂ -L- + h’fn += (11)

The above equation (11) shows that the schemes are zero-stable of order (5,5,5,5,5,5)7 with

A 1 g7 19 511 133 287 V¥ .
their error constants ¢, = [__ = bt Mo _ 287 ]
Ce 450" 51200’ 9600° 46000 ° 1353600 25200 respectively.
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Convergence Analysis .
The Fatunla (1991) approach states that, the block method can be presented as a single
block r-point multistep method of the form;

ALY, =T, AOY,_ + EE,BOF, (12)
The schemes of the biock hybrid method in equation (11) above for k = 3 are put in matrix
form as 4y, 41, Byand.B,. We also have to multiply the matrix vectors with the inverse of Ag

l.e. [4,]~* to obtain the normalized form A(%, following Fatunla (1992, 1994) as:

00001—10—10001 1 0 0 0 0 O
00 000 -11/0 -1 00 1 0 01000 0
A® -4 =14 {0 0010 -1/4o~-1.0100| (001000
Bies g o 5
0 010 0 -1/[0 -1 1 0 0 0 0 0 0 1 0 Q
0 1 00 0 =tjl1 -1 O 0 O @ 0 0 0 0 1 0
1 0000 -1/ % -1 0 0 0 00000 1
(13)

The above block method is the normalized form of the above schemes for two off-grid
points at collocation of order k = 3, according to Yahaya (2004) and Umar (2009).

The characteristic polynomial of the above block method is;
p(2) = de[A4(0) — 411}

1 0 0 0 0 0 0 0 0 0 0 1
01 0 0 0 0 000 001
._00-1000__0000"‘01
”(AJ“}”;000100 000001
0 0 0 0 10 0 0 O 00 1
0 0 0 0 0 1 0 00 00 1
A 0 080 —
0 A 00 0 —1
oo xr00 —1
PD=l 00210 i 2
0 000 &2 -1
0 0 00 0 2-=1
Solving the above determinant yields;
PN =BA-1)=0 (15)
This Implies that; &
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This implies zero-stability. The above block method is also consistent, since it is of order
p = 1, as stated by Fatunla (1994). Thus, the above block method is convergent.

Numerical Experiments
To illustrate the performance of our proposed schemes, we will compare the performance of
our schemes with the exact solution and the results obtained from Adegboye (2007).

Example 5.1: [CF: Adegboye (2007)]
Consider the initial value problem,

_1,1',: -y, y(O} =1
0=sxs2 h=0.1
exact solution: Hx) =g (17)

We have to transform the schemes by substitution, in order to get a recurrence relation.
Substituting for k =0,3,6,9, ......... and solving simultaneously, we obtained the required

result displayed in the table below.

Table 1: Example of IVP 5.1, for k= 3 with two off-grid poirits at Collocation. See

(11)
N X Exact Solution  Numerical Error Numerical Error
Solution (Derived) Solution Adegboye
(Derived) (Adegbaye)
0 0 1.000000000  1.000000000 0 1.000000000  0.00E+00
1. 0.1 0904837418 0.904837425 7.00E-09 0.904837328 9.04E-08
2 0.2 0.818730753 0.818730761 8.00E-09 0.818730668 8.56E-08
3 03 0.740818221 0.740818228 7.00E-09 0.740818069 1.52E-07
4 0.4 0.670320046 0.670320058 1.20E-08 0.670319906 1.40E-07
5 0.5 0.606530660 0.606530672 1.20E-08 0.606530472 1.88E-07
6 0.6 0.548811636 0.548811647 1.10E-08 0.548811464 1.72E-07
7 0.7 0.496585304 0.496585318 1.40€E-08 0.496585098 2.06E-07
8 0.8  0.449328964 0.449328978 1.40E-08 0.449328777 1.88E-07
9 09 0.406569660 0.406569672 1.20E-08 0.406569449 2.10E-07
10 1.0 0.367879441 0.367879456 1.50E-08 0.367879249 1.92E-07
Example 5.2: [CF: Adegboye (2007)]
Consider the initial value problem,
y =-9y, y(0)=e
0==x=<2 k=01
exact solucion: yx)=el * (18)
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We again have to transform the schemes by substitution, in order to get a recurrence relation
as above. Substituting for k=03689...... .. and solving simultaneously, we obtained the
required result displayed in the table below.

Table 2: Example of IVP 5.2, for k=3 with two off-grid points at Collocation. See

(11)
N X Exact Solution  Numerical Error Numerical Error
Solution (Derived) Solution Adegboye
(Derived) (Adegboye)
0 0 2.718281828 2.718281828 8 2.718281828 0.00E+00
1 0.1 1.105170918 1.106518698 1.35E-03 1.097149097 8.02E-03
2 0.2 0.449328964 0.450267761 9.39E-04 0.450937202 1.61E-03
3 0.3 0.182683524 0.183155068 4.72E-04 0.174522866 8.16E-03
4 04 0.074273578 0.074556106 2.83E-04 7.04E-02 3.83E-03
5 0.5 0.030197383 0.030338584 1.41E-04 2.90E-02 1.25E-03
6 0.6 0.012277340 0.012340802 6.35E-05 1.12E-02 1.07E-03
7 0.7 0.004991594 0.005023515 3.19E-05 4.52E-03 4.69E-04
8 -0.8 0.002029431 0.002044183 1.48E-05 1.86E-03 1.71E-04
9 0.9 0.000825105 0.000831511 6.41E-06 7.19E-04 1.06E-04
10 1.0 0.000335463 0.000338479  3.02E-06 2.90E-04 4.51E-05
Conclusion

From the tables of the results, we can conclude that, in solving both stiff and non-stiff
problems, the derived hybrid schemes with two off-grid points at collocation yields better
results than Adegboye (2007) hybrid schemes. Moreover, it can be discovered from the tables
of results that, the results of numerical experiment with the block method approach when
compared with that of exact solution yields an error that is significantly very minimal.
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