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ABSTRACT

In this work, a mathematical model of Typhoid Fever was developed
incorporating the effect of carriers on the spread. The population was
divided into four compartments namely Susceptible, Infected, Carrier,
and Recovered compartments. The stability analysis of the disease-
free equilibrium and the Endemic Equilibrium states were carried out.
The stability of the Endemic Equilibrium state implies that for as long
as carriers exist in a population, Typhoid fever cannot-be completely

eradicated.

Keywords: T yphoid fever, Carries, Equilibrium. state, Stability
. analysis.

Introduction
Typhoid fever is a critical disorder jand are then spread to other

related with fever caused by the 'in the area. Typhoid fever infects 21
salmonella typhi bacteria. It can i‘imillion people and Kkills 200,000
also be caused by salmonella | worldwide every year.

i a related bacterium that 1:;?";As'ymptomatic carriers are believed

i in the
usually causes 2 less severe 'to play an essential role in

disorder. The bacteria are deposited evolution and global transm1551lon
| od by a human carrier of typhi, and their presence greatly

people

paratyph

in water or fo
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hinders the eradication of typhoid fever using treatment and vaccination
(Roumagnac et al., 2006).

Typhoid fever is contracted by drinking or eating the bacteria in
contaminated food or water. People with acute illness can contaminate the
surrounding water supply through stool, which contains a high
concentration of the bacteria. Contamination of the water supply can, in

turn, taint the food supply. The bacteria can survive for weeks in water or
dried sewage (WebMd.Com, 2017).

The bacterium that causes typhoid fever is spread through poor hygiene
habits and public sanitation conditions, and sometimes through flying
insects feeding on fees. Public education campaigns encouraging people
to wash their hands after using the toilet and before handling food are
important component in controlling spread of the disease.
(medicinnet.com, 2017) |

Even after treatment with antibiotics, a small number of people who
recover from typhoid fever continue to harbor the bacteria in their
intestinal tracts or gallbladders, often for years. These people, called
chronic carriers, shed the bacteria in their feces and are capable of
infecting others, although they no longer have signs or symptoms of the
disease themselves (mayoclinic.org, 2017)

Due to the cost of typhoid fever treatment, prevention stands the most
effective strategy in controlling the spread of the disease. There are two
major preventive measures namely; behaviour change and vaccination.
Behaviour change includes washing of hands after using the toilet
improvement in sanitation. (Anna, 2014).

Typhoid fever vaccine is safe, effective and available. However despite
their public-health benefit, individuals often refuse or avoid vaccinations
which they perceive to be risky. Public enlightenment campaign on
positive behaviour change and vaccination may have a positive effect on
the disease transmission through decreasing effective contaminated faces

food, and drinking water and increasing effective immunization coverage
rates.
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During the 1a
st
Mushayabasa (3;%311’; Adetu'nde (2008), S. Mushayabasa et al., (2013)
Zaman, et aj (2012), Lauria et al., (2009). Gonzalez-Guzman (198:))~
> A ). developed mathematical models to evaluate thé

effect of :
public health pro :
regarding Typhoid Fever.p grams and provided long-term predictions

MATERIALS AND METHODS

The Model

The ' 4

Compz(r)t;;ﬂatlon was partitioned into four compartments: Susceptible

e ent S(t), Infected compartment I(t), Carrier compartment C(t),

e Vhere@ compartment R(t). This can be shown as a flow diagraxh
ch the circles represent the different compartments and the arrows

represent the transition between the compartments.

Figure 2.1 Schematic presentation of the model.

the susceptible class increases with constant
ment of individuals from the Recovered class into
e rate was a result of winning off of partial

immunity after recovery, the population of this Class decreases when
individuals move from the susceptible class into the infected class 1 via
interaction with Infected and Carriers at the ratea and further decreases

with natural death at the rate u .
The population of the infected Class increases wit

from the Susceptible class via interaction of the

The population of
recruitment A, move
the Susceptible class at th

h individuals coming in
Susceptible individuals
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g e rate o and decreases
with the Infected and the Carrier individuals at the 12

with individuals recovering due to treatment at the rate ¥ : pr 0% :::W
into the Carrier class at the rate o since a small ngmbef o peaoy: Mj
recover from typhoid fever continue to harbor the baczin - ‘ﬁ;;k
intestinal tracts or gallbladders often for years, This Class x ‘hf'
decreases with death due to infection at the rate 5and natural death at the
rate u. T
The population of the Carrier class increases when the Infected mdrr;dﬁazz:,
progress from the Infected class into the Carrier class at the ra{:e: o ax:c
decreases as members of the Carrier class recovered the rate p, This Class
further decreases with death due to infection at the rate g and natural death
at the rate ﬂ‘- “

The population of the recovered class increases with recovery of Infected
and Carrier individuals at the rates  and prespectively. The population
decreases as members of the Recovered class move into the susceptible

class at the rate o as a result of winning off of the partial immunity and
due to natural death at the rate 4.

Model Equation
%=A+wR—(aI+aC+,u)S 2.1
%:aIS+aCS-(W+G+#+5)1 (2.2)
%%:a[—(p+y+5)c (2.3)
dR
T pC + vl - (@+ )R (2.9

Model Analysis

Existence of Equilibrium E*

At disease free equilibrium state;

LetS=x, I=x,, C=x;, R=x,
dx, dx, dxy _dx, _
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From (2.1) to (2.4)

A Fox, = (ox, +ax, + p)x, =0 (2.5)
XX, + 0y x, ~ (W + o+ pu+8)x, =0 (2.6)
ox, =(p+u+8)x, =0 (2.7)
Xy +y, —(@+ p)x, =0 (2.8)
Solvi ; '
olving (2.5) to (2.8) simultaneously, we obtained
(x505,) = 2,00
25X %) 00,0 (2.9)
as the Disease Free Equilibrium State and.
_ W+o+u+d)p+u+o)
a(p+u+d)+oa e

o(p+p+8) e+ p)(pd-B)

wB(op+y(p+ p+6))—(w+ u)a(p+p+d)+oa)d (2.11)

Xy = (0 + p)(puA - B)o
3 (a)B(O'p+t//(p+/1+5)))__(a)+#)(a(p+,u+5)+O_a)A (2.12)
x, = (op+y(p+p+8)(pd=B) (2.13)

wB(op+y(p+u+8))—(@+pNa(p+u+d)+0oaq)
as the Endemic Equilibrium State.
Where 4= (t//+0'+,u+5)(p+y+5) and B = a(p+,u+5)+cra

Stability Analysis of the Disease —Free Equilibrium (DFE)
Recall that the system of equation of the model at equilibrium state 1s;

A+a)R—(a1+aC+y)S=O 3.1)
oIS +aCS —(y +o+p+0)I =0 (3.2)
ol —(p+pu+06)C=0 , (3.3)
pC+(//I—(a)+u)R=0 (3.4)
The Jacobian matrix of the system of equation is given by;

[—(al +aC + ) —aS -aS o |
= al +aC —(w+o-+,u+5) asS 0

0 o —(p+p+9) 0
L 0 v P —~(@+ H) (3.5)
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N Al
The characteristic equation 1s given bY|{ |

as #
—(al +aC+p)-A -as S 0 0
a(l +C) ~(y+o+pu+td) -4 5)— A 0 B
—(ptpt
0 N p —(w+p)—A
0 4
/+C) as 0
—(w+o+u+8)-4 as 0 +asa((; —(p+u+8)-4 0
[~(al+aC+ u)- 4] o ~(p+p+6)-4 ¢ 0 ) ~(0+
. . - p _(0)4.;1)—/1 - M)~
o U+ A as
+aSa([(;LC) -W+o+u+d)-4 g ma([(;c) W+ - —(p+u+8)-4=0
- =
0 v ~(w+u)-4 0 ¥ g

[~(@I +aC + )= A{[~(w + o + u+ 8) = A][~(p + u+ 8) - A][~(@ + )~ A] - aSc[~(w+ 1) - ]
+as {[a(l +O)][-(p+ p+8) - A|[~(@+p) - /1]} + aS{[a(I +O)]o[-(0+ 1)~ /1]}
~o{[at+ O)[op-y (~(p+ u+8)-2) ]} =0 (3.6)

(@ +C)+ p) - A][~(@+ p) - A]{[—(y/ +o+p+8)-A[(p+pu+8)- /1] - aSa}
+aS[al+O[-@+ p)- A{[~(p+ u+6)- 2]+ o) (3.7)
—w{[a(1+ C)][o;o—u/(—(p+y+5)—ﬂ)]} =0

Recall that at the disease free equilibrium;
(S919C9R) = (x1’x29x3’x4) = (A,O,O,O)
. B 2 /l

Substituting (3.8) into (3.7)
We have

(8

P#‘iu%w+u%wﬂﬁﬁw+0+#+&—£H%P+u+5%wﬂ—aén}—O (3.9)
Either g

[_ﬂ_;b]zo (3.10)

or

[~@+m-4]=0  (3.11).

or
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[‘(W + O+ :
S - ,1][._.‘..(/, + " A
M= Al -t q =
] (xﬂ(r-.()(3.12)

(3.13)

=
A =y
2,
: (3.14)

==(® + 1)
From (3.1 2)

W +o+ y )
:“‘*'‘5)(;0'%,uv*"é)—k(l//+0'+/,4+6)/1+(,o+u+c5')ﬂ.+1u2 e

el =0
A+ + .
[ °'+/4+5)+(p+,u+5)]/1+{(z//+o+y+5)(p+,u+5)—3/_\£}-o
A+ .
[(W+O‘+,u+5)+(p+'u+5)]/1+(‘//'*'0"*'#"'5)(,0"'#“'5)*0”\0' 0

MAY + ul(yw + =
[(‘/’ O'+M+(5')+(p+,u+é‘)]/1+(y/+o-+/1+5)(p+/1+5)—aA0'=0

Uy +o+
e [ ,U'HS)+(10“',t‘*“s)]‘\/(,u[(v/+a+,u+5)+(p+;1+(5)])2 —4;1[(://+a+;z+§)(p+;z+é‘)—m\a]

(3.15) i

A= —,u[(l/!+O'+;1+5)+(p+/.1+5)]+\/(y[(y/+o'+,u+5)+(p+,u+5)])z ~4u(y +0 +u+ X p+ p+6)-aho]
2u

(3.16)

From (3.13) to (3.14) 4,4, and 4, <0
A, will be negative if and only if

\Ku[(w+a+y+5)+(p+y+5)])z —4u|(y+0+pu+8)Yp+u+d)-aho] <p|w+o+p+8)+(p+pu+d)

Hence, the disease free equilibrium state is stable if

\[(71[((//+0'+p+5)+(p+ﬂ+5)])2 —4u[(y/+a+u+5)(p+y+5)—od\o-] <y[(1//+0'+;1+5)+(p+/1+5)]

(3.17)
otherwise it will be unstable.

Stability Analysis of the Endemic Equilibrium State (EE)
We apply Bellman and Cooke’s theorem of stability (Bellman and

Cooke, 1963).
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Theorem 4.1
Let
H) = N2.e')

| ‘ rm
Where a(zw)is a polynomial with prine ipal t¢ ary parts
Suppose #(i), v e Ris separated in to real and imagl (4.2)
HEW) = F() +i6() R,

' S ‘ +s_then zeros of F(y) and G

[fall Zeros of #(2) have negative real parts, then zei v V)
are real, stmple and alternate and @3)
FOGO = F @GO ~0 ForallyeR h

(@.1)

We consider the characteristic equation (3.7) in the form #/(4)
+ a\\‘[«m’ - (‘)][: @+ 1)~ Q]{[ (o pu+d - bﬂ" ﬂ‘}
el « O e ~w(=(o s+ ) - »ﬂ!} =0
Expanding and rearranging in ascending powers of 4
\( L4V e e + )4 ,M)l
HAD= ;‘f(p@ A+ ON@+ ) +& 3 &({,@ SO e ON O+ f SN+ 4
ﬁm; O g ON@+ 1)+ (@+ 0) '
s g«r(h(“nu)(ew Do+ uecNa(l + O+ )|
A"
*(ml + O+ @+ (0 + 1+ SNl + O) + W-aSe+ @S +0)
E(&(I O+ N+ W+ + 14 o+ i+ el + O)+ ;o)l !
+ 4 1-«:\0{&(1 +O + @) =(@+ i’ S+ O) - aSo@ + ) ]

f(g;.(pvp w+Nat S +0) - or® \\(1 +()

HO+ X+ 1+ ST O - oo+ S +O - aSata(l + O+ W@+ )
Substituting A = ip we have,
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Hiip) = (i)’ ' (@I +C)+ p)w+ p) (eI +C) +
V4 14 8Y e+ 1) + (ip)’ Hy+o+u+d)p+ ,u+5)(a)+:1;)} ‘

Hy +o+ u+ 0w+ 1)+
+(ip)’ @7+ )+ )+ Wy o+ u+ (S')(a((?+C)f),u) o
‘ Ha(l 4 C) + g+ 1) (p+ i+ 8)al] + C) + i) — aSo+ 12a>S(I + C)}
) (iiils* 0) +ﬂ)[a)~k W+ + p+8)p+ p+8)a(l +C)+ p)
So(a(/ +C) + 1) = (w+ e’ S(I + C) - aSo(w+ 1)
Hp+ 1140’ S(I + C) - o S(I +C)
@+ 200+ p+ O)a S(I + C) = o(w+ ) S +C) - aSo(a(l +C) + p)w+ p)

H(p) = p*(p+ p+ )@+ 1) = ip* L+ + 0+ p+ 8)(p + p+ 6)w+ 1)
| Hy+0+p+ 8o+ W+ (@+H)
2 @I +C) + p) @+ ) (w + 0 + p+ 8)a(I +C) + 4)
Ha(l +C)+ )@+ ) (p+ p+ )l +C) + y)—aSa+/13ar’S(1+o} (4.5)
@ +C)+ p) @+ ) (y + 0+ p+8)(p+ p+6)all +O) + 1)
+ip{ ~aSe(a(l +C) + p) - (w+ wa*S(I +C) ~aSo(w+ 1)
Hp+ p+8)a’SUI +C)-oa*S(I +C)

+(@+ u)(p+p+0)a’SU+C)-o(w+ L)*S(I +C)—aSo(a(I +C)+ )@+ 1)

Resolving into real and imaginary parts

H(ip) = F(p) + iG(p)
Where F(p) and G(p) are given respectively as
F(p)=p'(p+u+0)@+H)
5 (104 +C)+/,¢)(a)+,u.)(u/+0'+,u+5)(a(I+C)+,u)
f {+(a(1 +C)+ )@+ p)(p+p+O)al +C)+m-asSo+ A S + C)}
25(1 +C)-aSo(a(l +CO)+ W@+ 1)

@I +C)+ pi)w+ p) (I +C) +/1)}

+(w+ p)(p+ 1 +8)a*S(I +C)-o(w+po

(4.6)
and
@ +C)+ o+ +C)+H)
G(p)=-r" Ky +o+u+8)p+pu+o)o+H)
+(t//+0'+,u+5)(a)+/t)+(a)+/1) | (4.7)
(a(1“+o+u)(w+h)(w+a+ﬂ+5xp+p+5xaa+cv+p)
+ py—aSo(a(l + C)+u)—(0+ we’SI+C) —aSo(w+ 1)
+(p+u+5)azS(I+C)—oazS(l+C)

africascholarpublicaticns@gmail.cor’t;
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Differentiating with respect to p we obtained

F'(p)= 4pi(p+ M+ @+ nw)
. [@(Z +C)+ u)e + a)(w + 0 & gut N
&Py . N » " d

NCUALLE )

)

- aso + 'Sy )
(4.8)
and
[@(Z +O)+ sXe+ ) (@l + ) + ,,n)‘l
G(p)=-3p t’ HY +a+u+ N+ pt SN+ ) |
L‘(v +a+u+SNo+ @) o+ ) | (4.9)
@ +O)+aX @+ ) (v + o+ + S+ i+ AN +O) + ﬂ)l
+1-aSa{a(l +O) + W) —(@+ @’ S +C) - aSo(w+ )
Ho+ru+ NS +O) -’ +0) [
Setting p = 0 we have
FO) =(o+w)(p+u+ NS +O) =0+ w)a’ S +C) (4.10)
—aSo(a(l +0)+ )@+ u)

G(O) =0 (4.11)
F'(0)=0 (4.12)
G0 =@U+0O)+u)e AW+ i+ p+ u+ SNl +C) +u)

—aSa(a(l +O)+u) - (0+ WS +0) ~aSo(@+ ) (4.13)

Ho+u+ NS+ O)-ow’S(I +0)
The condition for stability according to Bellman and Cooke’
stability is
FO)G'(0)-F'(0)G(0) >0

s theorem of

Since  G(0) =0, (4.14) becomeg (4.14)
FO)G'(0)>0 )
The condition for (4.15) to hold 1S (4.15)

SignF(0) = SignG'(0)
Recall that at the Endemic Equilibr

, y ~
S = YT p st g)
a(p+ u+ O+ o

um State

— Tt U+ 8+,
@B(op +y(p.+ PRV e l.}iﬁrl-« B)

150 — |
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(:‘?:x3 =
(@B(op+y(p+ 4
R=x4 =

(@ + ) (ud-B)o
+ 5))) (0 + /l)(a(

pru+dyroma 18
©B(op + V/((Gi HY(p+ 1+ 8))(ud - B) o)A
Where A P 'u+5))‘((0+ﬂ)(a(p+u+5)+o_a) (419\

=(UI+G+#+5)
(P+u+s _
From (4.17) and (4.18) "0 and B=a(p+u+8)+ o

I+C= o (@ + p)(uA-B)o(p+ i+ 6) + o)
Substituting (4 1‘/’(/3 Y+ 0)) —(0+ m)alp+ ut &)t omyd H20)
, g (4.16) and (4.20) into F(0) and G'(0), we obtained

(rv+uxp+u+6)a2((“’+"(+u+5)(p+u+5) (@ + u)ud - Bo
a(p+ pu+0)+oa wB(o; ~Blalpr p2 ) v el \
D+ W - e i
F(0) = —o(@ + et | WO+ 1+ 8)p+ p+ ) w(o+ i+ 8=+ ilalp 8+ aund |
a(p+u+d)+oa (@ + p)pd-Blo(p + u+8)+a)
wB(o-p+l//(p+)u+5))"((~')+ﬂ)(a([’+lu+(s‘)+m)41

_ | Wwro+u+é
L a[ a(p+y+)5(';)++;;+ 6)}6(0{ (@ + p)(uA-B)o(p+p+8)+0] ‘
o N mB(Gp+W(p+IHJ))—(a”“)("’(PHHé‘)+aa)A}+”)(“"* H)%

(4.21) |
and

{
|
S

(a( (0+ p)(uA-B)o(p+u+d)+o]
“’B(OP+v/(p+u+5))—(w+y)(a(p+/,+,g)+W)A)+#)<w+#) (w+o+u+d) 1

(p+,u+5)(a( (a)+/1)(/1A—B)[O'(p+,u+5)+o-]
wB(0P+l//(,0+/l+5))—(w+y)(a(p+ﬂ+5)+M)A)+.U)

_a((w+ac;+ﬂ+5)(p+#+5)] a(a( (@+ i) pA-B)o(p+ +8)+0) }
D+ u+08)+00 - [+ 4)

wB(op+y(p+ p+6))—-(0+ u)a(p+ pu+8)+omd
Lot {(u/+0+#+5)(p+u+5))( (@+u)(uA-B)lo(p+u+)+al \
a(p+u+06)+ox wB(op +y(p+ 1 +6)) —(o+u)a(p+u +0) vou)d )

—a((w+d+ﬂ+5)(p+ﬂ+5)ja(m+u)
a(p+u+o6)+ou

G'(0)=1

o+ O ((V/+U+# +8)(p+p+ 5)]( (@+ p(uA-Blofp+ u+d)+ol W)
a(p+ p+90)+ou wB(op+y(p+ U+0)) —(+p)a(pt+ut S+o)d )

_w;(wfi)(eﬂiti‘l Lw/ﬂ“ﬂ}
t a(p+u+06)+ox wB(op +y(p+ u+8)-(@+ (a(p+ o)+ o)A

(4.22)
In order to have insight into the signs of F(0)
eters using a mathematical software

and G'(0), we used

hypothetical values for the param
(Maple 16).
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G'(0)
Maple Codes for Computation of 7(0) and

> restart

> Computation of F(0) and G(0)

.§:=0.001:0
= 610i= 0.02:y = 0.15:p = 0.1 :j = 0.014:D
=01 @ = 0.5:

forifrom0to9do o:= 0.1 + o; Kl ‘=W+G+“+5:K2 =P
tH+8:4:=KI'K2:B:=oawK2+00:S
KIk2
K2+ o0 -
(0+p) (wA-B)-(cK2+0) :
®B-(op+ yK2) — (0+p) (0Kl + 0°0t) 4

9 s
H—

Fi= (0+p)-o’ 8 lc-(K2 - 6) — o-§-0-(avle + p) (0 + B); G
= (ole+ 1) (0 + p)-K1-K2-(ordc + 1)

—oSo (ade+p) — (0+p)-of-Sic— oS- (0+p) + K2
o*-S-Ic — -0 S-Ic; end do

Table 4.1: ‘Computedh Values of F(0) and G'(0)

G:=0. F:=0. G :=0.000001911617400
G :=0.1 F:=-0.0005950742099 G := -0.01410697297
6:=0.2 F:=-0.002213130972 G := -0.02479854296
0 =03 F:=-0.003994386356 G := -0.034840683]4
G :=0.4 F:=-0.005831710251 G := -0.04464076489
G:=0.5 F:=-0.007694885431 G := -0.05432366512
G :=0.6 F:=-0.009572094474 G := -0.06394082790
6:=07 F:=-0.01145776778  G:=-0.0735173903g
c:=08 F:=-001334893754  G:=-0.08306710927
©:=09 F:= 001524387775 G:=-0,092598]5 g

CONCLUSION AND RECOMMENDATION
Conclusion .
In this study, we developed a model

for Typho; oy
Carriers on the spread. The stability 71014 Fever with effects of

analysis of the Disease Free
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Equilibriy

m State (DF

stable if ang only i(f E) of the model shows that it will be conditionall
1onally

(/J[(l//"—(l-{- ~+ +- I 4 | S)__
,Ll + U+ +0+ u+ + U+ O

The analys;

imp]iegilhysm of the Endemic Equilibrium State (E

CarmOt\ . at for as long as the carrier compartmen;
¢ completely eradicated from the populati

<U{(w+0+ p+ 8 Hp+uo)
E) is stable which

exists, Typhoid Fever
on.

Recommendation

Governm
ent
ransmic should create awareness and sensitize the public on the
ion .
and spread of Typhoid Fever. Prevention is still the best

control measure for T i
yphoid fever, hence emphasi
good sanitation and hygiene. prasis shosldheplacedon
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