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ABSTRACT

-

im 1815 wWOTK. @ deterministic model of Typhoid Fever was developed
mcorporaning the effect of carriers on the spread. The population was

P

gniges nio jour compariments namely Susceptible, Infected, Carrier,
ang Recovered compartmenis. The system of four non linear

girerennal eguarions was solved using Differential transformation

meinod. [T was observed thar the rate of progression from Infected
Comparmment into Carrier Compartment plays crucial role on the

spread of Tvphoid fever.

Key words: Salmonella Tiphi, Typhoid fever, Carries, Analytical
solution. Difierential transformation.

Introduction
Typhoad fever is a systemic
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mfection caused by Salmonelia
Tvphi. usually through ingestion of
conitaminated food or water. The
acute 1llness is characterized by

-~

prolonged fever, headache, nausea,

sometimes diarrhoea. Symptoms

are often non-specific and clinically

non-distinguishable from other
febrile illnesses. However, clinical
severity varies and severe cases may
lead to serious complications of
even death. It occurs predominantly
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loss of appetite and constipation Or ;In association with poor sanita

‘and lack of clean drinking water.
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estimates  (published in 2014),

approximately 21 million cases and 222 000 typhoid-related deaths occur

N
annually worldwide. (World Health Organisation, 2017)
About 3%-3% of patients become carriers of the bacteria after the acute

illness. Some patients suffer a very mild illness that goes unrecognized.

These patients can be\ome long-term carriers of the bacteria. The Bacteria

multiplies in the gallbladder, bile ducts, or liver and passes into the bowel.

The bacteria can survive for weeks in water or dried sewage. These
chronic carriers may have no symptoms and can be the source of new
outbreaks of typhoid fever for many vears. (Medicinnet.com, 2017)
Approximately 3 to 3 percent of people may still carry the typhoid fever
bacteria, even if svmptoms go away with treatment. In carriers, it is
possible for the illness to return or be passed on to other people. These
people are known as typhoid fever carriers. The most famous typhoid
fever carrier was Mary Mallon, the infamous Typhoid Mary (
, Diseases.emedtv.com, 2017).

The global burden of disease estimates for typhoid were based on a total
of 22 community-based incidence studies with 19 from continents other
than Africa and only three from Africa. On the basis of these data and a
prediction rule based on climatic and socio-economic features, continental
estimates of disease burden were derived (Crump et al. 2004). These
estimates suggested a moderate incidence of typhoid of 10-100
cases 100,000 person years 1n most African countries, with the incidence
highest in childhood

Differential Transformation Method (DTM) is one of the method use to
solve linear and nonlinear differential equations. It was first proposed by
Zhou (1986) for solving linear and nonlinear initial value problems in
electrical circuit analysis. The DTM construct a semi analytical numerical
technique that uses Taylor series for the solution of differential equations
in the form of a polynomial.

DTM 1s a very effective and powerful tool for solving different kinds of
differential equations. This technique has been used to solve different kind
of problems such as: Fractional differential equations ((Arikoglu and

According to the most recent
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Ozkol, 2007 - :

Riccatt diffarentiat - | , oustflfa, 2008), Quadratic
. .equatlon (Biazar and Eslami, 2004), Numerical

solution of Susceptible Infected Recovered (SIR) model (Akinb

al.(2014), Solution of prey and predator problem (Batiha, 2015) F(;:Jort}ft

order parfibolic partial differential equations (Soltanaiizadeh’ 2012)~

Volterra integral equations (Odibat, 2008) and Difference e’quations,

(Arikoglu and Ozkol, 2006). |

The main advantage of this method is that it can be applied directly to

linear and nonlinear Ordinary Differential Equations (ODEs) without

linearization, discretization or perturbation.

An arbitrary function f{7) can be expanded in Taylor series about a point

t=0 as
.

o

i
k1

_xds |
.f(r):};k!;tdrl | | BN(R
The differential transformation of f{?) is defined as
1[d 7]

F(it)=—| ——|

(1) ol | (1.2)
Then the inverse differential transform is
f(0)y=Y " F(1) | (1.3)

k=Q

Hassan (2008), listed the fundamental mathematical operations performed
by differential transformation in the table below where y(t) and g(1) are
two uncorrelated functions of ¢ and Y(k) and G(k) are the transformed

functions corresponding to y(®) and g(¥.
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V) = o (2) (k) = (k + 1)k +1)

\'(\f) e ‘i!‘(y) |

- P) = (kXK 2) PG+ 2)
u“: f\(f)

2oy L

V(&)= (hk + 1)k +2). .. (k+m)F(k +m)
d @)
\\‘(.’) - e

ot
( ) ! ) \ )’(/() = (5(/()
R
(1) = s V(&)= Sk ~1)
W\ am
. 1, k = m
() e em

Y(k)= 8k —m) = {

0, k =

\"(") = \f(")-‘:('() )'(‘k)m %(';(rn)./'(k — HI)

Py 3
P(t)= e Y(k) = 27

/ " . (e —1)... m—k+1)
V@)= (1+7) , Y (k) = .'.l'_(’._.,)n..k&_“_.__n_u

Source: Hassan, 2008

MATERIALS AND METHODS
The Mode]

COmpartment S(t), Infected compa
and Recovere( compartment R(t),
The population of the Susceptible clagg

recruitment A, movement of individualg from

the Recovered class into
the Susceptible class at th

of winning off of partial
1S Class decreaseg when

€ rate mag g result
, the Population of




?he population of the infected Class incre
from the Susceptible class via inter
with the Infected and the C

reases with individuals coming, in
it gctmn of the Susceptible individuals
arrier individuals at the rate o

rethe n ‘ ' and decreases
with individuals recovering due to treatment sion

' . at the rate i/, progression
;Iel:) \t‘:f gil;lflle;gszsidatfgz I'ractz nctri ;iun_cet a Tmall number of pgoplc who
intestinal tractsd or gallbladders ofteCn Ofo; arb.or.,th»c : bacufrm " their
. & years, This Class further
decreases with death due to infection at the rate & and natural death at the
rate u.
The population of the Carrier class increases when the Infected individuals
progress from the Infected class into the Carrier class at the rate o and
decreases as members of the Carrier class recovered the rate p, This Class
further decreases with death due to infection at the rate § and natural
death at the rate .
The population of the recovered class increases with recovery of Infected
and Carrier individuals at the rates w and prespectively. The population
decreases as members of the Recovered class move into the susceptible
class at the rate @ as a result of winning off of the partial immunity and

due to natural death at the rate 4.

Model Equation .
§=A+QR-(a]+aC+y)S (2.1)
dt

_Zi: IS +aCS—(w+o+u+d)  (2.2)

t

4C _or—(p+p)C (2.3)

dt - » |

dR (2.4)

o pCH+yl—(w+ R
dt

Analytical Solution of the Model Equations. . expandedim Taylor
Let the model equation be a function q(1), q(t) can

series about a point =0 as -
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(2.5)

aft)=srt)=i(t)=c(t)=r(t)
gro=srt)=i()=c(t, | ' .
The differential transformation of q(t) 1s de

l ;tiﬁ N ? 2'7)
o) = —| :I , (
= frfg_ dr Jeo
Where,
Ort)=S(1)=I(1)=C(t)=R(1) (;7..8)
Then the inverse differential transform 1s

g(0) = z £ 0(0) (2.9)

Using the fundamental operations of differential transfqrmatx;m mettil;(;(si
in table 1.1, we obtained the following recurrence relation ot equation:
(2.1) to (2.4) as

-

Sk+= TIJL\ +@R(k) - ai S(m)I(k —m)— ag S(m)C(k —m)— uS (k)‘ (2.10)
fk+)= k—il—-ag S(m)(k —m) +a§ S(m)C(k—m)—(v +0 + +5)1(k)é (2.11)
Ck+D)= Ei—{[o’](&) —(p+m)C(K)] (2. 12)
R(k+1) = ——[pC(0) +w I(D) - (0+ W) (V)] . - (2.13)

With initial conditions
$(0)=2000, I(0)=15, C(0)=20, R(0)=200. (2.19)

The parameter values are
A=27.0=05a= 0003, 1= 0013 p= 0.001.5 = 00]] (2.15)

Fork=0,123, .. (2.16)

Substituting k=0 into (2.10) to (2.13) gives

S =[A +@R(0) - aS(0)1(0) - aS(0)C(0) - uS(0)] (2.17)

1) =[aS(0)7(0) + aS(0)C(0) = (1 + & » 1 +8)1(0)] (2.18)
198
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#COY) (.10
p IO ~ (@ = IR0
RO (220
Subst{rutmg k=1 into (2.10) to (2.13) Qives

S(2) = =[A + @R — & SOV ~ SO -l SINC
’[ ( WO + SO - @[ ST + S(HCHH) a8

(2.21)

1(2) = —{alSOIQ) + SOIQ)] + o SOCW + SOCO] (v + o+ r ()] (2:22)
1

CQ2)=<[eI)-(p+ )] (2.23)
1 ,

R(2) = 5[ PCM+wIQ) (@ + @RO)] (2.24)

Substituting A=2 into (2.10) to (2.13) gives
SG) = 1T A+ @R2) —aSOIQ) + SMIQ + SO
3 —a[S(0)CQ2) = SMICQ) + SQICO] - 4SQ)
(2.25)
@3)= 17 a[S(0)(2)+ SN+ S O]+aSOC(2)
T3] £S(CM) + SQICO)] - (v + 0 + 1+ NI(2)
(2.26)
CcE)= ol - (p+ )]

(2.27)
RG) = g[ pC(2) +w1(2)-(@+mRQ)]

(2.28)

Substituting k=3 into (2.10) to (2.13) gives

)+ S+ S(3)/(0)]

1 A+a)R(S)—a[S(O)I(3)+S(1)I( :
SH =3 _as0)C@) + SHER)+ SQICM +SACOT- HSQ)
(2.29)
ooyt il.com
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L /(0 o
W72+ S+ SOIOL bt S
14) 1[&[5(0)/(3)+.S() (2) (

4| +aS(0)C(3) + SC(2) + S2)C () +SHCO)]
(2.30)

@ =< 713)=(p+ 1CE)]
2.31)

R(4) = 41[;7(.,‘(3) +y 1(3) = (w + 1)R(3)]

(2.32)

gajg.; 16,y =0.060 (Low rate of progression from infectious com partment
to carrier Ccompartment), -

(2.33) | '
Substituting (2.14), (2.15) and (2.33 ) into (2.17) to (2.32) using 4
mathematical software (Maple), we obtained,

§1=-109.000, /7= 208.500, C/=- 0.040, R/ = 81.400
(2.34)

§2 = -585.0990000, 12 = 609.2325000, 2 = 1.668280000, R2 =
488.2762720, (2.35)

§3 = -1087.686147, J3 = 1158.293205, 3 - 3.241454693. p3 =
5866.251763 (2.36) ’

59 =-828.8243364, 14 - 1343426957, ¢4 -
101175.0004  (237) 021827729, R4

Il

Substituting (2.14) and (2.34) to 2.37) ; i
gives, Yo ( ) into (2.9) USIng maple software

S()=3 Sty = 2000 - 109.000¢ - 585.0990000,2
k=0 -

1085.68614%‘ 82
" 628.8243364/% 4.,
(2.38)
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S() = 38U 2000 = 1090001 6160 wom000

fi 1)

. (2.56)

VIR AMOOTT - 3616 000,994,

) L5 ‘
(1) "2_,/(/( 1" =15 A 2065000 4 611.0%25000/7 4+ {168 o :
pr ) 0328000 17 4 S 105980405 17 4 §4672,944%%%,

...(2.57)

4

S ; ; )
c(t)ka(l(k)t = 20 + 0.5601 + 5834080000 17 + 11.357T8T14291 4 16352594417 F 4
0

...(2.58)

r(r) = RO = 200 - 38.6001 — 70.59090800 % — 27562142577 ~ 15764263921 +. .
/(r:v()

(2.59)

Results and Discussion.

Equations (2.38) to (2.41), (2.47) to (2.50) and (2.56) to (2.59) were coded
using maple mathematical software (Appendix A) and the results
presented as the following graphs.

20007~ ~m
4,
____c=0.016
S(g - 1000 \ oie
N | __ o=0.036 1y 2900
AT y=0.040
"ime (e GZ&X c=0.056
dme ( years; 4
ey % 00
- 10004 ,; 4
k4 o :é;zl ::egg; .: -
' ' : = . sfected
Figure 1: Showing graphs of Susceptible a2 e et
Comap.anments for C:se 1, Case 2 and Case3 Compartmentsfor Csae L Case 2208 Case 3
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Figure 2: Shew mg graphs of Carrier c,.,m-nﬂforca’t L Case 2 and Case 3

Compartments for Case L Case 2 3mé Case 3

Figure | shows the graphical profile of Susceptible Compénm?nt for Case
I, Case 2 and C a;e 3. It was observed that Susceptible 'mdfwdua}g
decreases with time in each case, but the rate of increment is %ngher in
Case 3 (i.c when 5 =00s6.4=0020 (High rate of progression from
Infectious compartment to Carrier compartment)). This is because with
High o and low v there will be more Carriers consequently leading to
Increase in the chances of infecting the Susceptible Compartment.
Figure 2 shows the graphical profile for the Infected Compartment for
Case 1. Case 2 and Case 3. It was observed that Infected individuals
Increases with time in each case. but the rate of decrease is higher in Case
3 (i.e when o =0.056. =0.020 (High rate of progression from Infectious
compartment to Carrier compartment)). This is because with High & and
low v there will be more Carriers consequently leading to increase in the
chances of infecting the Susceptible Compartment thereby moving them
into the Infected C ompartment.
Figure 3 shows the graphical profile of the Carrier Compartment for Case
I,‘ C as.e 2 f':md Case 3. It was observeg that Carrier individuals increases
with time in each case, but the rate of increment i higher in Case 3 (1e

When o =0056.=0020 (High rate of progression from Infectious

. This is because with High ¢ and
Ove into Carrier Compartment.

fthe Recovered ¢ Oompartment for
ed that Fecovery is higher in case 1

. Figure 3 shows the graphical profile o
Case 1, Case 2 and Case 3. We obsen
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b S

when o=0016.w=0060 {Low rate of
16.w =0.060 (Low rate of progression from 1

Compartment to Carrier compartment).

Conclusion

In this research, we presented a determinisiic model of the dvnamics of
typhoid fever. The analvtical solution shows that the presence of camers
in the population will make it difficult for Typhoid fever to be completely

eradicated once it is introduced.

Recommendation 7

In many developing nations, the public health goals that can help preve
and control typhoid fever such as safe dnnking water. improved samtanon
and adequate medical care may be difficult 0 achieve. hence vaccinating
high-risk populations is the best way 10 control tvphoid fever.

Appendix A (Maple codes for analytical solution of the medel eguanons)

b

> Restart

Restart

> A= 27:0=05:a=0003:y=0060:p = 0001:u
= 0.013:8:=0011:0 = 0016:

> g0 := 2000 :10 == 15:C0 = 20 :R0 == 200:

> 51 = (A + ©RO— aS0-10 — a-S0-C0 — u-S0):

S7 = -109.000

> 17 = (@ S0-10 + 0-S0-C0 — (w + & + u+3)-10);

11 :=208.500

> 1= (o-10— (p + p)-C0);

Cl:=-0.040

> Rl = (p-CO+ wi0— (@+u))-RO:

RI:=81.400

> §2:= L. (A+ @RI o (S0:11 + SI-10) — @ (SO-CL+STCY)

—u-S1):
§2 = -585.0990000

gmail.com
2017
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g g i

> ppim L oqae oot 4 rmm L 80C7 pren (w0

-4-;) A1);
2= 6092325000
> 2= %-(0-// = (p+n)Ct)
C2 = 1.668280000
~ R = ?l'(p-r:‘/ gt = (o k) )R
R2 :=488.2762720

o (80 €2

7S5 (A bR (80024 ST S0
+S1-CL+ 82:00) = 1 82):

33 = -1085.686147

> 3= %~(G\(S()~IJ+SI'H £ 8200) 4 o (S0:C2 4 §1C1 4 82
CO) = (W + o+ p+8)n),

73 := 1158.293205

>C3:= !

To(o2=(p+p) )
C3 = 3.241454693
> py._

R3 = ?~(p‘C2 2= (04 p))R2:
R3 = 5866.251763
> 1

§4:=—(A+0Ri-q

7 (A ORI~ (50134 5102 4 52.4 4 $3:10) ~ o (1
C3+81-C2+ 82.C) + §3:C0) - u-Sj)'

S4 = -828.8243364

> 1= L (0 (5003 2
2 5 +Sl~/..+SJ~II+S3-IO) +(x-($‘()-(j§+s/
-+ ’. 3 k .v | 2
=852 Cl+S~»~C())-(w+0+u+8)-13)° ‘
14 = 1543 426957
>0 1
C4 = " (6-13— (p+u)~C3);
C4 =4.621827729
> 1
Re:= — . (p.
: (p-C3+ y/3 — ((’H‘u))-R?-

bt |

R4:=1.011750004 10°

: . af!"icas
cholarpubﬁcations@gmaim

2017




> 4] = S0+ S+ 2.2+ 8530 + 541",
Al = 2000 ~ 109.0001 — 58S 0990000 1 ~ 1085 6RE1AT 1

_ QIR.824330641"

> gl =10+ 1114 122 4 130+ 1418
Bl := 15 + 20R.5007 4 60923250007 + 1158 2932051
+ 15434269571

> Q1= CO+ Cltt ca.+ c3L + Ccet
01 =20 — 0.0401 + | 6682800007 + 3.241454693 7
+ 46218277291

> pj = RO+ RI-1+ R2-2 + R3-L + R4
D/ =200 + 81.4001 + 4882762720 + 5866.251763 r
+1.011750004 10° /*
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