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1.0. INTRODUCTION

"}"il;:erculosw (TB) is.a contagious bacteria
b ,?Se caused by inhaling the tubercle
tlf:l cl;lrsn ::o;hi: (irdfpiltet nucleus form. Like
ait. An infocted spreads through the
: ' person may have latent TB
1nf§cnon or active TB infection. Only
actively infected people who are sick with
TB bacilli in their lungs are infectious.
When infectious people cough, sneeze,
talk or spit, they propel TB germs, known
as bacilli, into the air. A person needs only
to inhale a small number of these to be
infected (World health Organization,
2007). A latent TB infected person does
not show any symptoms of the disease and.
cannot infect others, though may live as
long as possible without it degenerating

into active TB (Sepkowitz, 1996).

Tuberculosis and other
s in the last decade has
been closely linked with environmental
and social structures that are used as
defensive mechanism against disease. It 1s
a proved fact from the .

epidemiological studies that there exists @
direct relationship of tuberculosis with
ove and  under
'II)'uberrtc};losis occurs in the pporest atrllld
most underdevelopefl ‘cou-ntnes of thz
world and within societies, 1t occurs 1n

The spread of
infectious disease

previous :

development.

most socio economically deprived sectors,

where factors contributing to its spread

exist in overcrowding, malnutrition and
lack of access to Health care services.
Overcrowding increases the chance of
infection by prolonged exposure (Miranda,
2003, Adetunde, 2009 and Gannon,

2000).
Niger state in Nigeria, houses two hydro

electric generating power stations. Electric

current is generated by the force of

flowing water from a dam built to
accumulate water from River Niger. The
accumulated water is then discharged
under controlled speed which turns the
blades of turbines thereby generating
electric current which is then distributed to
the nation.

However, when there 18  €xcess

accumulation of water in the dam as a
result of heavy rainfall, the dam releases
excess water which over flows the river
bank; the riverside settler are displaced
from their place of settlement and are
forced to find safety in camps until the
water level subsides.
The over flow of the Niger river bank have
forced occupants of riverine settlements
into safety camps as internally displaced
people. Most of these camps are
overcrowded ~ with extremely  poor
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sanitation. Overcrowding, Cold, Sleeping
rough and poor sanitary conditions ensures
rapid transmission of Tuberculosis within
the camp and treatment of tuberculosis
which lasts for approximately -eight
months is quite costly in areas far ffom
hospitals. (Dorsey and Opeitum. 2002).
Preventive care and treatment
tuberculosis is less available and less
extensive and effective due to low access
to quality health care services and because
of this, some cases go untreated and those
affected often die. There are very limited
spaces in these camps for human activities
and the tents that people occupy are not
properly ventilated to ensure proper
sanitation. Displaced people are at a
greater risk of becoming infected with TB
due to close contact with infectious
mdividuals. In this study. the researcher
mvestigate the effect of population density
on the dynamics of tuberculosis.

2.1. Model flow diagram

of

Federal University of Techmology. Miwma

2.0. MATERIALS AND METHODS

Presentation of the Model
To help analvze the density dependence of
the dvnamics of tberculosis. the

researcher make use of the mechanism of
transmission as in the *ecez of (Song et 31.
2006) and formulate a mathematcal mo

Incorporating a parameter for the size oi

the area occupied by the population being

studied in the transmission of tuberculosis.

The author assumed that all immigrants
and new bom babies arc uninfected and
therefore join the suscepuble category, the
author further assumed that there s
homogeneous mixing of population where
every one in the population under smdy
have equal chance of been infected by
infectious individuals through contact. The
initial population of 1.500 individual was
considered and distributed over the whole
settlement (in the specified area).

Figure: 1 Schematic presentation of the model

U )7

2.2. Model Equations.

Based on the assumption and interrelations
between the variables and parameters as
described above in the compartmental
model, the researcher described the model
for controlling the spread of Tuberculosis
in a density dependent population with the
following set of ordinary dlfferentlal

a{uatlan

as aSI

a_ s @1
@ P

dl oS BRI

eI s L 4= 2.2)
3 3 (u+y+7)L+ 3 (
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i‘;l_;g, (u+8+8) 23)
R_gva-m-2L @.4)
Where P=S+L+I+R
2.3  Model parameters and variables

A — Total area of the camp.
p — Recruitment rate.

S (t) — Susceptible class

L (t) — Latent class

I (t) — Infectious class.
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R(t) — Recovered class.
M - Natural mortality rate.

S - Tuberculosis induced death
a - Susceptible contracting rate.

S - Recovered individuals’ contractin
rate. :

y - Progression rate to active Tuberculosis
7 - Latent recovery rate.

¢ - Infectious recovery rate.

The ‘susceptible population changes as a
result of recruitment into the camp at the
rate p. This is further reduced by the

natural mortality rate ‘uand infection

Fhrough respiratory contact with the
infected population. In the same way the
latently infected population dynamics
depends on the population of susceptible
that got infected by the infectious
population and this is reduced by the
natural death, break down from latent class
to the infectious class and recovery of the
latently infected individuals. It is also
important to note that there is possibility of
 the recovered individuals becoming
infected again after recovery, this however
adds to the population of the latent class.
The infectious class depends on the break
down from latent class to Infectious class
and this is reduced by natural death rate,
Tuberculosis induced deaths and recovery
from the infectious class. The recovered
class depends on
recovered latent and recovered Infectious
individuals. This diminishes by natural
death and re infection after recovery
through respiratory contacts  Wwith
infectious individuals.

3. Methods of Solutions .

The researcher applies tWO different
methods 1O obtain solutions tO the rpo@el.
The analytical solutions at egmhbngm
states and the numerical solutions using

the population of

Fede s .
deral University of Technology, Minna

P paw— awy _ . Euler’s numerical
A method and  the

_ results displayed
using Maple mathematical software

package.

3.1. Equilibrium Solutions.

Let the equilibrium states be given by
{(S(v), L(), I(1), R} = {W> X, Y, z}= 10,0,
0, 0}Equations (2.1) to (2.4) give(3.1)

-a—y———(y+y+r)x+-ézf‘=0 (3.2)
;oc—(,u+5+s)y=0 '(3.3)

vc+-ey—/,z——'8—j—?—)=0'

3.1.

For as long as there is continuous
movement into the camp, the population
will not be wiped off by Tuberculosis.
Hence there exists no Ze€ro equilibrium
state. i.e. (W, X, ¥,2) # (0,0,0,0).

C(3.4)

Zero equilibrium state

3.2 Disease free equilibrium state.

The disease free equilibrium state- is the
state of complete eradication  of
tuberculosis. At this state there will be no
latent and infectious TB classes. This
implies that (X, y) = (0, 0). Substituting
this into equations (3.1) to (3.4) gives Eo =

(E- , 0, 0, 0), The author define So as the
'u . e

asymptotic carrying capacity of the

population. =

3.3. Stability analysis of the Disease Free

Equilibrium State. .
To investigate the stability of the disease free

equilibrium state Bo = (% 0,0, 0), we obtain

the Jacobian matrix at Eo, This gives,

‘—-L
N

v
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(2 0 - ﬂ(%) -

e = 0 =(uty+r) ﬂ(ZAI) 0

0 ¥ ~(u+d+8) 0
\ 0 T & 0,
If A are the eigen values of the Jacobian matrix at the disease free equilibrium state, then
_ %
(A+ u)? det (u+y+r)=2 ﬂ('ﬁ) =0=(A+u)’=0(@41)
¥ ~(u+d+e)-A
Or
. .
—(u+y+7)-A Za
det . B 4 =0 (4.2)
¥ —(u+o+e&)-1
From (4.1)

To determine the nature of eigen values in (4.2), we apply Routh-Hurwitz theorem.

—(u+y+7) ﬂ(%—’)

4 —(u+d+¢)
Then from B, we have

Det (B)= (u+y +7)(pu+6+£€)- 7ﬂ(%)

And
Trace (B

positive. .
For the determinant of B to be positive, we should have

/A <~(,u+7+ﬂ y+6+5)
\4) y N P
Hence the disease free equilibrium state will be stable if

(4) y Y B 4). . o
— |> where | — | is the area occupied by the individual also referred to
) u+y+t \u+o+e g

as characteristic area, [

Let B=

) =—(u+y+7) — (u+6+¢), obviously Trace (B) <0 since all the parameters are

7

is the probability of survival from latent infection to infectious
u+y+t

infections produced by a typical infectious individual

stage and is the number of latent
U+O+é€

during mean infectious period.

B defines the critical area size required for eradication of
H+O+E

The term ( -
HEY+T

Tuberculosis.
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L® = 1) = 0. In this e Pics that
population is n this case, the total
P=S+R.

Hence the . .

to ¢ model equations will be reduced
as _

a P HS

R UR

dt

Solving these equations gives
S(t) Ly (So - —e—)e"“’ and
H H

\

R(t) = Re™

Where So and Ro are the initial number

susceptible and recovered individuals
respectively.

S() ~ £ | where L

H H
carrying capacity of the total population.
Also R(t) — 0 whenevert — hence the
whole population will be comprising of
only susceptible individuals.

is the asymptotic

34 Data Analysis and Numerical
Simulations.

Nigeria still have problem of adequate
record keeping, this however made 1t

Federal University of Technology, Minna

:ri?fozsiblc to obtained the required real-
. ata' to process the model, hence
ypothetical values were used for the

paramctcrs in the model insi
into the dynamics of th'::o r};?;llzlm:s]g}i‘:x
(Koriko and Yusuf, 2008; Adetunde, 2009
and Sirajo, 2009). ’

The system equations was solved
numerically using Euler’s Numerical
method and using Maple mathematical
p?,ckage, we  obtained  numerical
simulations for the model using the
following values for the parameters and
the results displayed in graphical forms.

p ‘Recruitment rate =1,500 per year,
(Aparicio et. al., 2000)

4 : Natural mortality rate = 0222,

5. Tuberculosis induced death = 0.365,
(Snider et. al., 1994).

a - Susceptible contracting rate. = 2 ,
(Song et. al., 2002).

B- Recovered individuals’ contracting
rate.= 2, (Song et. al., 2002).

y - Progression rate to active Tuberculosis
=0.00396, (Aparicio et. al., 2000).

r- Latent recovery  rate= 1.5,
(Styblo,1991).
¢- Infectious recovery rate= 1.5,
(Styblo,1991). '

Fig. 2: The effect of size of the area occupied, 4 on the sizes of the different epidemiological classes
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(c) Infecteds, | with changing to Area size, A
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4. RESULTS AND DISCUSSION
In this research, the effect of population
density on the dynamics of tuberculosis is
discussed. It should be noted that
population density determines the level of
respiratory contact in a community and
this level directly determines the infection
rate of airborne diseases like tuberculosis.
Overcrowding is most in urban areas and
now settlement camps such as internally
displaced peoples’ camps and refugee
camps. In order to carry out the
investigations, a mathematical model was
formulated that incorporated the size of the
area occupied by the population being
studied and areas with very high
population densities were chosen for
estimation of parameters.. The results
suggested that the observed trend in
tuberculosis incidence was partly as a
result of explosive population growth due
to urbanization and resettlements (for the
case of Internally Displaced People’s
Camps).

In the qualitative analysis of the model, the
existence of steady states and their
stabilities were analyzed. The analysis
showed that a disease-free equilibrium
point existed and was found to be globally
asymptotically  stable provided the
characteristic area per individual is greater
than the product of the probability of
survival from latent stage into the

(d) Recovered Population, R
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(d) Recovered Population, R with changing Area Size, A
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infectious stage and the number of latent
infections produced by a typical infectious
individual during the mean infectious
period. Based on the results of the findings
in this study, if tuberculosis is to be
eradicated, it is recommended that the
characteristic area per individual to be 0.25
square kilometres.

The effect of size of the area occupied, A
on the sizes of the different
epidemiological classes is studied using 4
= 0.2 square kilometres, 0.9 square
kilometres, 2 square kilometres, 20 square
kilometres, 200 square kilometres. We
observe in Fig. 2a that when the size of the
area occupied, 4 is reduced from 2 square
kilometres to 0.2 square kilometres thereby
increasing the population density, the
population will first increase because of
the recruitment rate, p through birth and
immigration. It will there after decline
because of the increased disease incidence.
There are more infections resulting from
the close contact due to high population
density. When the area is increased to say
20 square kilometres or 200 square
kilometres, there is a slight deviation in the
population sizes in the two cases, implying
that there is a threshold area size.
However, in both cases, member of
susceptible class will increase because of
the reduced disease incidence and
recruitment.

O
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o };er 0.9_ Square kilometres harea
g gopulguon density, the I oy
Pm?ul'mon size of the Iatent}x'c?eise i
ividuals shall be faster thap mmlwed
nger cases. This is as 3 result of ilzutreas,au o
mfection rate due to a higher conté e
9f t.h‘? susceptible class with the inf tious
individuals. We further observe th:tc tlo'utlsl
lqwer population density (when th o
bigger say, ctres o

A4 = 20 square kilo
200 square kilometres), the nﬁﬁ ?:t:

Latent individuals increases
slowly. - »  though

T » r of Infectious
3nd1vxduals declines in a small time
interval, though at different rates. After a
Whlle, we observe that the population
increases in all the cases, with a higher and
faster increase when the population density
is higher. It is further clearly observed that,
at some point when for other area sizes the
number of infected individuals is
declining, it is on the rise when the area 1s
so small. This is because in a congested
community, there is a higher rate of
Infection and hence a big number of
susceptible individuals becomes infected
and progress t0 Infectious stage.

A delay in the mcrease of thc'population
size of Recovered individua_ls is observed
in Fig. 2d when the area is bigger (A4 ~ 200
square kilometres and 20 sqmu'e
kilometres). However an xr}cwasc is
observed in all the cases. These mcremems;
occur in the period when the n}npber 0
infected individuals 18 declining  as
observed in the first phases.

The results of numerical simulation where

remarkably 10 line with thnsc1 of &:::
M > ~ n
qualitative analysis of the 310(2; y éme v
they both cmphasized the Ongp {hc <o
y - . ’.u Cc
tuberculosis inciden n iy hence

population density in the co
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;htsdfealnoccupled by the population under
Y. Increments in the magnitude of the
recrmt‘ment rate were observed to come
l}an_d mn hand with an increased disease
p:cxdence and this is because of the
Increase in the level of contact due to a
higher population density.
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