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Abstract

[n this work we formulated and an .
treatment of Lassa fever. The :};ZZCIIJC?J':? Zthselz;t]nfah:i"de] o Spl‘eaq’and
pifferential Equations, in which the human g ) 9 et O.rc.]er O,rdma'?/
utua lly exclusive COmpartments o popu.atlon is divided into six
ely; Susceptible Humans (Sk), Exposed
humans(Er) Asymptomatic Infected humans (An), Symptomatic infected
pumans (Ii) , Treated humans (Ty) and Recovered humans (Rr). And the
reservoir population is subdivided into two mutually exclusive compartments
namely; susceptible reservoir (Sg) and Infected Reservoir (Ir). The equilibrium
states of the model were obtained and their local stabilities were analyzed by
using Jacobian matrix approach coupled with Routh-Hurwitz condition. We also

analyzed the global stability of the disease-free-equilibrium using Castillo-

Chavez, Feng and Huang approach. The result shows that the disease-free-

equilibrium state is both locally and globally asymptotically stable since it
satisfies the aforementioned criteria. The result of the numerical simulation
shows that at high treatment rate, the number of recovered individuals increases

and the virus can be eradicated completely.
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Introduction . . e family (Centre for Disease
Lassa fever is a viral infection belonging ' d in the town of Lassa in

Control and Prevention, 2013). It was ey near south end of Lake

. o a .
1969 in Borno State, Nigeria In the Yedear ) transmitted to humans through
rine or faeces (

Chad (Frame et al, 1970)- The Lass
€Xposure to food or household item
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reservoir of the virys j

World Health Organization, 2000). .T};;;:za;reas (Eze, o
mastomyms rats which are commOgr‘lnin West African countries such as Nigey;,
2010). Lassa fever i_s mf)stly C‘);nrr;ierra Leone, and, Benin (World Health'
Ghana, Guinea, Liberia, Ma "p rson transmission of Lassa virus also OcCcurs
organization, 2017). Perfon-to' € ine, faeces, or other bodily secretiong
through direct contact with the blood, urine, ization, 2017). Nosocom
fluids of an infected person (World health Organi ’ ention and Mial
transmission may occur in hospital lacking adequate prev o contro]
measures (World Health Organization, 2017). Aerosol tr.a]nsmflssmndof Lassa
fever often occurs in the dry season because dust par.nc es Irom dead ratg
carrying this virus are more mobile and making it easy to inhale. In some Places,
the rodents are eaten as delicacy, hence providing extra exposure to the infected
rat blood, as well as allowing ingestion of potentially infectious meat (Ezel etal,
2010).
In general, disease-induced death rate is 1% but it is approximately 15% among
hospitalized patients (World Heaalth Organization, 2017). This virus attacks the
liver, kidney, nervous system and spleen, causing them to bleed. The incubation
period takes between 6-21 days for the symptoms of Lassa fever to be obvious
(World Health Organization, 2000). 80 % of the cases are asymptomatic (Centre
for disease control, 2013).The symptoms of Lassa fever include fever, facial
swelling, muscle fatigue, vomiting, cough, meningitis, and hypertension (Omilabu
et a, 2005). In some patients neurological problems such
transient or permanent and tremors have heen describe
People with highest chance of acquiring the infection
rural areas where the Mastomys reside (Keelyside et a/ 1983).
Nearly 500000 individuals are affected with about 5000-10,000 disease-induced
i e o e o o S 623
with Edo and Taraba having the highest | 5;‘“’5 o 36 states in e
occurs egularly tn Wout e, Witf th‘ number of deaths.Lassa fever outbreak

€ most recent one in Nigeria (Amy, 2018).

» about 1495 suspected cases and

hearing loss may be
d (Omilabu et a/, 2005).
are the people living in the
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Literature
okuonghae et al, (2006) developed ang analyzed
transmission of Lassa virus. They obtaineg the e

and analyzed them for stability. They gave
endemic and also calculated the r

an SIS model for the
quilibrium states of their model
the conditions for the disease to be
eproductive number for their model, They
concluded that the best strategies to stop the spread of the diseases are isolation
pelicy and the control of rodents carr

ying the virus. But they didn't consider
treatment and recovered classes.

Bawa et al,(2014) formulaed a mathematical model which incorporated vital
dynamics, standard incidence, disease induced death due to human infection,
reservoirs Rand aerosol (airborne) transmissions . Their analysis revealed that
the disease can be control if the basic reproduction number Rois strictly less than
unity. Their work didn’t take into account treated and recovered humans.
Mohammed et al, (2014) carried out sensitivity analysis on a Lassa fgycr
deterministic mathematical model. This was done to ascertain the most sensitive
Parameters in the model and they discovered that the most sensitive p;u‘alnyc?‘cr.}s‘
“¢; the human immigration, human recovery l‘f,\te and t:hcx;x '}1S1~s‘0‘1; (l;(; ::;!l;(::
“ntact rate. They concluded that control strategies sl}m“xld b:, :\:::‘i t(‘ orson to
Mmigration, effective drugs for treatment and vd\g mn‘t: ‘; :
11SOn contact, But their work didn't include t\‘f\ixt”l“‘t‘}“: Ik“(:\;r disease dynamics.
AMes op al, (2015) formulated an SIR mnd‘el o! l‘"};i;\\m states were caleulated
e diseaSe free eq‘ui]ibriun] and the g\,ndo“\‘ll‘ m‘(m}\“f qh(\\:\-’ 4(]““ the disease free
Manalyzeq for stability. The result of thelr ‘mi‘l“;\:f" the human population is
equmbrmm will be stable any time the birth rate

ate of the mastomys-
N also when the pirth rate ol t\h“ !
) ' than the death rate and alsc Sion, In o wark, they ¢

catalensis is smaller than the whole popu!
Qns‘ ) .
e the rodents population.
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irus sexuall
transmission of the virus among sgxua'”vfty sl o1 e et o1 o
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ting the virus in humans. 5e m
transmitting the vin

hasic reproduction number is most sensitive t,
Ml Shewes ﬂmt‘-the - bi ‘th condom efficacy and compliance rates,
parameters repres;ntmg h:'e':j;:w;:y ;;nalYSis of the dynamical transmission of
canni et al. (2 ran sen: . _
ﬁ:::‘:e;;zntisﬂ';hl)s was done to discover the m'ost sensitive ;)arametters or? Fhe
transmission of the disease. Their findings indicated that the most sensitive
ﬁarameter is the progression rate to active Lassa fever (y), f()”("“.’Ed by the force
of infection of the susceptible individuals with the infected individuals (). They
also discovered that the least sensitive parameter is the treatment rate of
infective class (8).they concluded that the parameters (y) and () that have great
sensitivity to the transmission of Lassa fever be put in check. But they didn't
consider asymptomatic infected compartment,
Suleiman et al,, (2018) formulated a mathematical model for the transmission
dynamics of the Lassa fever virus infection by splitting the infectious human
population into symptomatic and asymptomaticinfectious
the rodents do not recover from the infection. They obt
states and analyzed them for stability. The also obtained

v al, (2016) formulated a se

Onuorah ¢ ted @ 56
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Model Formulation

nfected resel voirs (Iu)

patv

ova——
study stems from

count

Formulation of the model for the spread of Lassa fever in this
the ideas of the models reviewed in chapter two. This model takes into a¢
salient aspects of the transmission dynamics of Lassa fever. We analyze and
investigate the effect of treatment on the Lassa fever transmiss The

jon dynamics. §
mutually exclusive

model subdivides the human population into six (6)
compartments, which are; susceptible humans (S), exposed humans {Ea).
(An) symptomatic infected humans (),

aSymptomatic infected humans
Treated humans (TH) and recov
population is subdivided into two

are; susceptible reservoirs (S&) and ‘
Figure 3.1; Schematic diagrarm of the model equation
»—" Flow

ered humans (Ru). Gimilarly, the reser
P

(2) mutually exclusive compartments. Wi

Interaction --"°-

The poputation of & ncreases {h!'i‘mgh the rm:rm?.mwm
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the E \;M.ht{'%}
S}

The population of the susceptible humafn (S!f)' x
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here &€ [O' 1] rereasec )
treatment at the regtf:;“;xposed humans compartment (£r) decreases due y,
The population o

d also due to movement to infected classes afiq,
natural death at the rate #1and a Proportion of a move to the symptomagj,
incubation period at the rate o. A m:: while the remaining of the Proportion
infected compartment ( /”) attierate pa; nt (An) attherate (1) ~pa, where
move to the asymptomatic infected compartn.w. focted compartment deerene..
gt The populstion of the asympioimakc Miseie | death at the r l( )
due to treatment at the rate 7, also due to disease-induced death a rrate (¢),

| death at the rate(p1) .
-?}11: a;z(;sll;i;onnz;utr}?e symptomatic infected compartment decreases due tq
treatment at the rate y, also due to disease-induced death at the rate (¢), and alsq
due to natural death at the rate () .
The population of the treatment compartment decreases due to recovery at the
rate &, also due to diseaseinduced death at the rate (#), and also due to natural
death at the rate (u1) .
The population of the recovered compartment decreases due to natural death at
the rate (u1).
The population of the susceptible reservoir (Sk) increases through the
recruitmentof reservoir into the popul
rate 2. The population decreases a5 susceptible reservoir movye to the infected
reservoirs compartment ( Ir) through inter
reservoirs (Sz) with infected reservo
rate v, and due to natural death at the
The population of the infected resery
and due to naturs] death at the rate y

ation by birth or immigration at a constant

action between the susceptible
Irs (/r) at the rate 2, due 1o hunting at the
rate uy.

0irs decreases due

to hunting at the rate v,
2.
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MODEL VARIABLES AND PARAMETERS
Table 1; Model Variables

-
(Z)

&
(5)

(6)

umans at time t

infected human attimet

Variable  Description

S Susceptible human attime t

By Exposed humans attime t

?: Asymptomatic infected h

oy Symptomatic

R Treated humans at time't

S, Recovered humans at time t
R Susceptible reservoir at time t

Infected re

~____ attimet

iviij-///-——’_
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Aode Farameters
Dexcription

Fatanetst .

= Recraitment rate tnto susceptible b,

N l;(lltlllnlli(1li
Recruitment rate into susceptible rodeg

‘\\
population
Natural death rate of human population

W

} Natural death rate of rodent population

2 Transmission rate in the susceptible
human population

¢ Transmission rate in the susceptible rodent
population

& Reduction rate in transmission due tg
treatment in human population

h Progression from of exposed class to
infectious class

& Proportion of exposed individuals that
Progresses to symptomatic infectious class

1 2 ) - A S . -

=g Proportion of exposed individuals that
PTOgress to asymptomatic class

@ hat At e . .
Death rate due to Lassa virus in human
population

.)' rlwr‘ ) ) : ) )
‘ t‘at‘ment rate of asymptomatic infected
mndividualg
Treatment .
. .mnt rate of Symptomatic infected
individualg

A )
Recove

ry rate due to treatment

T —— Rate at which roens are hunted
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DynamiCS of Model Properties

this section, we start .
InlutionS of the model the analysis of the model by showing th '
50 _ ?YStem are positive invariant i g that ali feasthle
The total human populationis N, =S, E + 4, 47 +7 1R in a proper subset of D.
' iy vl +K,

; &)
And the total reservoir populationis N, =S, +/
R R

(10)
Where,
dNy 95y  9Ey 44y  dly AT,  dR,
o dt  ar  dt .da A dt
ANy ¢ A —uN
7 SA — HiVy (1
Similarly,
ANy _dSp Ay
dt dt dt
dN
R AT LN (2)

The positive invariant region can be established by using the following theorem.

Theorem 1
The solutions of the system of equations (1) through (8) are feasible for t> 0 if
they enter the invariant region D.

Proof
Let D=(S,,,E,,.A“,I,,,T,,,R“,SR,IR)G R,

Be any solution of the system of cquations (1) to (8) with positive initial conditions Ny(@)=Nip and

Ng(0)=Ngo

. . as in (Laks :ckantham et al, 1999
From equations (11) and (12), using standard comparison theorem a3 in (Lakshmick ‘“:‘ .
_ D3 gre the carrying

ies that ﬁ—‘mﬂ
” i, (v + 1)

A A, o, which imp!
We have 0< N, =~ and 0S Ny sm "~

I 1 respectively. Henee the

capacity as well as the upper bound for the human & N
model  cquation (1)  through @) has feasio®

nd the reservoir populatior '
solution  that enters  the  region

159



ARY ACADEMIC CONFERENCE

ro rva rc i tional on Inclusive and Integrateg Stratep:
45, blications Interna and Integ
_— d Research and Pu | 7 No. 2. 15th August, onferen
Book of P) g ceedings; Ha nt: Multidisciplinary Approa.ch, Vol. vt - 2019.
fordimear Devc’(//a p‘:r:’;i(:y of Abuja Teaching Hosp! tal, Gwagwals FCT, ce
nI e e et e et — et

e

THE 5™ INTERDISCIPLIN

Hajy

9 >k <1 N < Ny LW h‘fh is .
L E 1) ’-.Rz:..\».l’;,:”. Vg S P Py, ne
{ 7o R Sed )c;[l*{»:.\".f:".f!”. b By i \
D -"1(5::-/5;1--’u-/u-’n- ek drle i

5";1‘.,:

'l‘ f d ne to Ht\thco[p 9 7 g' lll:‘ "I()dc Cqua!‘cl 1S ‘ i ) [h' ou h (6] arg “"‘P
i t l i ! ( ' l ©h l ! g L4 pOS{}d
ln\‘ﬂl‘lmll sct. ihere 0‘0, accor = (5

mathematically and epidemiologically.

Disease-Free-Equilibrium State N
\ i s with re me I8
At equilibrium, the derivative of the state variables with respect to
, dl,

ds, _dE, dd, dl, dT, dR, _ ds _ {h -0
1.€ et = el = L L - o " .

di di dt dt di e e obtain the diseuse fee eauilibe .
Solving cquations (1) through (8) simulteneously at equilibrium, we obtain the disease free equilibrium stade.
as

. A 1’\: O‘, ”3\’
Uy =[Su-Eys Ay 1y Ty Ry Sp 1] =| 25,0,0,0,0,0.——

v+,
Local Stability Analysis of the Disease-Free Equilibrium State (DFE? |
In analyze the stability of the disease-free equilibrium, we obtain the jacobjay
matrix of the model equations (1) through (8) and the basic reproduction
number for both the humans and the reservoir populations. The Jacobean matrix

=

-H, 0 =P -p =8p 0 0 -p
O ¢ p» p sp 0 0 ,
0 (-pa -r o 0 0 0 0
0 pa 0 - o 0 o0 0
JWU)=| 0 n v =-—-u 0 90 0 {14)
0 0 0 « -1, 0 0
0 00 0 o o _, Aa,
v+,
L0000 o 4 v
of the system of €quations at disease-free equilibrium state gives
Where
p=f =(atp).r=(n
P Hy vr—(W+¢+il,).-v=(r+¢+,u,),
U=(K+¢+‘u'),x:(V+uz)‘.‘;=&_v+# (15)

\‘+'u‘

oduction number is a
, then the disease-free-
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From ( 19), we have

i I nil=p)
B (red e m)
__BaU-pa o Bapa o (pmrdm))
FACES T URN RS R R T P ST ; {0+ 1)+ + ) \ -
: W e+ X+ ) ) °
Q

0

0

Thercfore,

J ’?(‘ "‘p)

.‘ P N i\-‘ﬂ’,j‘ (BAX )
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Therefore, ’
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Q o 0 & -~m-e o 0
" I : - |
L@ o e 0 o & e A2
A LS l‘\é
;e o o 0 0 0 0 vewl
We obtawn the eigenvalues
(ab =, N g @ W) o @ ourm e i) N & LAt L
ANy oo i)

*“‘*‘(ﬂ*Q“&\&’l‘&*u@ ot @ a=x=-0 o) GEW BV o
aad 1 \tandmhx! i\* <(¥ o 30, ) and
“**E@&Q\«g«&.w <O ad ey < -
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Global Stability of the Discase-Free Equilibrium State

Theorem 3 (Castillo-( haves, Feng and Huang Theorem)
Constder epidemological muodels written in the form

oy /("/‘,‘,/)!

ur

2 h
dE: =gl ) :
dt

dl, M, k1)

dr
GENES OF é’:‘.vfy../f,,.»":' L. ICCOvErEs Zpy

Where xcR". FeR®, 1eR" 1, 5. n =0, The components of x represent the <f
other non-infected classes. The compenents of E represent exposed and [atent classes znd the con
represent infected and infectious classes,
Let equation (25) be written in the form

Where xeRm denotes uninfected classes and IeR® denotes infected

including latent and exposed, and infectious classes.

Then;
The disease-free-equilibrium state h(¥,0) is globally asymptotically stab]

provided Ro<1 and the following two conditions (H1) and (H2) are satisfied.
% 2 g
(H1) For Z]: = F(x,0),x" is globally asymptotically stable

(H2)  Gx,1)= Al - G(x.1),G(x.1)>0 for (x.I)cD
Where A=Gi(x", 0) is an M-matrix(the off diagonal el

L 0) i 2 gonal eiements are nonnegative) and D is the recion wimer fe
model makes biological sense. l e st
Proof
in this study, the gJ.obal stability of the diseasc-free-cquilibrium is established using the two conditions (E1
and (H2) as stated in (Castillo-Chavez ct al, 2001) must be satisfied for R.<1 T S

For the first condition, We write our cquations of the model () through (8} in the f
‘ (8): o

2 Fx
di > -

dy
W:G(X,)’):G(X.O)=O
{28}
Where X=(S,,,R,,,S,,) and Y=(E,,,A,,.I,, 7,.1.)
- ' TR
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N

h the elements XeR3 representing th
g the uninfected compartments and the

wit
5 : :
jements YeRS representing infected compa
r - r
[ A-#Ss ] partments. From (25), we have
X _FX.0) 40
& §a.ﬂ'-” -v *H;)S,j 29
From equation (29), we have
ds
Sh=m" pis M
di (30
Equation (30) can be written as
({Su ~
o @Sy =M .
;’ﬁ Myl i (-‘n
The integraiing factor (1F) of (31)is €™ (32)
Muluplying both sudes of equation (31 by ( 32) gives
_ds ; ,
o= ;’-‘("‘Saf = A" (33)
dt :
Equation (33) can be written as
4.5,0= A (34
ntegranng both sides gIVes
S = Aijt'”';df +C
F™
Y 35
s - Lie” +¢ ol
",
. , (36)
= 8,0)* s ce™”
H
From equation (30} for Si(0y<Swe ¥ have .
( —-(‘Sin' ‘”il' - ¢
J“g
Substituting equation {37) mto (36) gV
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A i f 0
LGRS (R [F
J

! . (i)
AWy e 5, (1) + Il‘,
Shmdarly, front equation (249), wa hive
I8 (39)
Wy Ay w4 /,f),“,"_
lr
Fguation (39) ean e webtien aw
] (40))
By WS, =,
dt )
The integeating factor of (A0) i o0
Multiplying both sides of equation (40) by (41) pives
aY t/,\'” .y Iy ol "S,, Y (42)
ar
Bepuntion (42) ean be wrinen s
-l_l (4,. ,,1\ 1 n)M A .l'“ i h (4:”
dr "
Integrating both sldes pives
r/ LN/ 1 Ty
o (Syel" ey, N!!’ "l gk
(8™ iy D0, v ]
" ) (Vi/l;)‘ t h {44)

Equation (44) can be Wrilten ng
S (1) A* e o g g b
" ) (v /l:-) 4+ e 'y (45)

From cquation (45), for S,g(())i'»“Sm, we have

y Py
hm§, o D2

o (46)
Substituting equation (46) into (45) piveg
,‘;‘l ()= . A’ (] e Ay L8 e
q (Vb g1y M R AL (47)
AS [~y Spry s L0
W) (48)
For the secong condition (H2), G(X,Y)= Al-Gy Y), we have
~(or 4+ ) I A 6 Jij
O-pyo ey bk p1,) 0 0 0
A=
/;)r/. 0 7 +d+p)) 0 0 (49
. z Y =K+ gh 4 ) 0 )
0 l "'(V 4 /_‘2 )
BlA, 41, 46T, 4 I)(1-8,)]
_ 0
GX, Y= 0
. 0 (50
JL /'./,,(le‘,,)

Clearly, from equation (49). A ig

an M-marix and from equ

‘ Ation (50), ;. v,y
= | VN )3‘,().
Hence U, (X7,0) 2[ /:'".f).(h 0,0,0, .2

'

.,‘0 3
H Vi, J * kiabally SYmplotica Stablg
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Numerical Simulations

In this section, we graphi .
Table 3; shows initgi;} g: ‘Ca.n_y Simulate the dyn
nditions for each pj ynamics of the mode}
ot and TR
parameters and Value and parameters values.

State Source
variables
$a(0) 1000 T
0 Assumed
Er(0) 7000 A
, ssumed
An(0)
| 5600 Calculated
Ia(0
o . 1400 Calculated
i
Tu(0) 6500 Assumed
% Ru(0) 5500 Assumed
Sr(0) 3000 Assumed
| 1r(0) 700 Assumed
A1 1200 Assumed
A2 400 Assumed
a1 0.02 CIA (2015)
2 0.08 Assumed
B 0.02 Assumed
A 0.03 Assumed
5 ' 0.2 Assumed
. 0.05 Agsumed
10 2017)
> 0.2 wHO (
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Figure 2: Graph of
treated individuals
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& 9000} From Figure 4, jt
observed that the numper
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Conclusion

In this study, we formulated 3 mathematical model for the spread and treatment
of Lassa fever. We obtain the disease-free equilibrium and analyzed it for local
and global stability. It was revealed that the disease-free equilibrium state is
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