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In this paper, terrorist irvopipin _—

) 7 : membership is treated as an infection that spreads through
the bmr community by social contact. We developed and analysed a new mathematical
Snaiat Jor the :r{\?zamim of terrorism in a population, incorporating the effect of extreme
ooy P ublic enlightenment campaign, Reality Therapy (RT), and Aggression and
Replacement Training (ART) as control measures. We obtained the effective recruitment
mumber (R:j"} which can be used to control the recruitment of terrorism and hence,

established the conditions for local and global stability of the terrorist-free equilibrium.
Bifircarion analysis was carried out using centre manifold theory which revealed a
condirion for forward bifurcation for the model. Numerical simulations validated the
amalvrical results and further reveals that sensitisation only at any coverage rate does not
hnve much impact on the control of terrorism. Instead, Reality Therapy (RT) should
targe: more of the dissidents that are not yet exposed 1o extreme ideology.

1. INTRODUCTION

A terrorist is somebody who uses violence means not limited to bombing, kidnapping,
reate fears in the minds of others (usually innocent and helpless),
often for political purposes. Dempsey (2006) posit that ‘terrorism’ is a failure of political
srocess that begins with inequalities, corruption and injustice in a given political system,
and moves ﬁm;n 2 frustrated attempts at reform that breed fear and anger, to political
confrontation and conspicuously erupted into violence.

The word “terrorism’ was first coined in the 1970s during the French Revolution, which
gave the label “The Reign of Terror” to the period between 1793 to 1794 and since then,
terrorist activities have been increasing globally. It was the terrorist act of the 28" June
1914, which lead to the assassination of the Archduke of Australia and his wife that
precipitated the World War 1 (Martel, 2003). The world has recorded at least 120,000
terrorist attacks in the span of 43 years from 1970 to 2013 (Global Terrorism Database in
;\O:Izga the year 2013 alone, there was 8 record of about 10,000 terrorist attacks in the
world which resulted in the death of more than 17,9(}0 ichent people. Over 70% of
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these terrorist incidents occurred in Iraq, Afgh‘mﬁg}m? ’morbidity and mortal'xty in 2013

five countrics mentioned above have suffcrcd’ 7012, the worl d’s terrorist inci ettty

When compared with the terrorist records of ‘h'; 4'01"\/65 as a bad indicator for globg]

increased by more than 40% in t,hc year 2013. This

peace (Global Terrorism Index, 2014). . itment I8 10 understand how terrorigg

A first step toward hindering terrorist recru whom they target, and wh

- ; they use
organization work - where they rccrmt,'\’\/hﬁt w?]s : ty roc’e ss could help 1o deyel
they terrorize. A clearer picture of this recruitment p

. 2 ahili eplenish and ingre;
strategics and interventions to counter terrorist groups -dblllilge;ot(f 5 et the sisjng Criijz
their numbers. The development of strategics an‘d public po I modeling. Mathematicy]
rate is vital and thercin lays the strength of math?maﬁc’a aches 1o Tescarch o
modcling and numerical simulation augment the tr@dltlf)l’lal appro data and relativc}e
they help organize cxisting data, identify arcas with missing nont. (Kana, é/
inexpensive and more practical than carry out an actual experim p an

Brandcau, 1994)

Policy makers are susceptible to what Ball (2003) calls linear thinking an.d 1h_13 'has led to
the development of lincar models of human behaviour. Yet human. behavior 1s inherently
non-lincar (Brown, 1995) and thus we assume that terrorist behaviour al?d crime may b.c
best described by non-lincar system. The choice of an infections disease model is
motivated by research suggesting that the best model for violence may be that of a
socially infectious discase (Bingenheimer, 2005). ‘Terrorist membership is treated as an
infection that multiplics due to social interaction or contagion whereby terrorist members
co-opt the vulnerable and dissidents through verbal and non-verbal communications,

During the last decade, Udwadia et al. (2006), Erika and Christian (2007), Saperstein
(2008), Gutfraind (2010), Charlinda and Todd (2013), Cherif et af. (2010), Choucri et al.
(2013) have designed mathematical models on terrorism and provided long-term
predictions regarding terrorism prevalence and contro] in various regions. Considering
the work of all the authors mentioned above, we developed a new mathematical model

improving on their works by Incorporating the following factors which are vital in the

i) Sensitization coverage enhanced by public enlightenment campaign;
ii) Counter-extremism strategies (different from counter-terrorism ,strategicé)

iii)  Standard incidence function;
iv) Terrorist induyced death due to suicide i
L € bombin ST
activitics; g and/or counter-terrorism
V) Exposure to extreme ideologies

2. MODEL FORMULATION
We formulate a model for tpe spread and control of torrgrice. «

for th ITorism ‘
with the total population size at time, given by N (r). ?hihioli:fn ;Epicl)igﬁlig

compartmentalized into 6 cpidemiological classes. The model Incorporated sensitization
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The corresponding mathematical equations of the schematic diagram can be described by

a system of Ordinary Differential Equations (ODEs) given below:
| —ey)V \
LN L AT | Gl A S SO 3
i dt N
|
dD D,+B,D,.+LB.T)l—-ey)V
’E dtN —_-('B‘ v+ 5 EN’B3 )( W) —(oy(l-eyw)+o,+u+6,)D,
| dD | |
! th =0,(l-ey)Dy—(4+0+p+6,) D,
o r ()
E=6DE—(1+,U+52)T
dR
ED—zo'zDN +¢D; — (@ +U+6)R,
d
: —ﬁ%er—(a)2 + 41+ )R,
where | )
N(2)=V(t)+Dy(t)+ Dy (2) + T(t) + Ry()+R,(t) @)
So that
dN
—=A—(u+d, & : :
= (4+6)N+(6,-6,)T 3)

in the biological-feasible region:
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(V) Vo,
1;)N [”‘)N & (),
), " 5
€ == 4 1;13 ¢ RO .1315 & O,
! ' 20, . (4)
R, R, =0,
\ B ) " Ry 20,
) Dy 4 Dyt T+ Ryt Ry <N |
Setting
ky = pu+6, )
ky = o8+ a, + 4+ 6,
ky=¢+0+ 1+,
ky =7+ p1+8, . )
ks =@, + pu+ 3,
ks = @, + p+ 8,
G=l-ey
System (1) becomes
' 9
irf. =A- (ﬂlDN + ﬂzDE r ﬂ3T) W -+ w]ARD + a)zk’r “'/CgV
dt N
dDy _(BDy+PDy + IV kD,
dt N
dD, — kD
a 09Dy, — k3L » ©
dT
— =0D,-k,T
dt ey
é&:o’sz+¢DE”‘kst b
'd"& = TT""' kGRT
dt

which can be shown to be p

ositively invariant with respect to the system.

3. MODEL ANALYSIS of equilibrium points; computing the cffective

We now determine the €Xl

fecruitment
Points,

stence

blishing the conditions for stability of the equilibrium
a .

number; and est
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?»xjtmi\m\im whebdv Wi it ol el ok s bt ik slids ydbisis 1o &4

Ayl e,y

O A B B B

()
Lot . e

K, (fﬁ;g%iﬁ"g“?ﬁgtﬁﬁv ‘ ! ‘s
AL il e (14 eiilihiinm wate Thus, subgidating (1) wis 45 sk

DU a0, we abtained i tegonisl e il vins grves by

Gy [ A
n a Jil 53‘
:&\1
i 0
/ }l’» . '} };,i
,!\\l - u -
wel] !
R it J 0
R

A2 Ettective Recruitment Number, ( ’y)
Using the approach of Dickinann and Hevsterbeok (2N}, we FPruied e oilsve
recruitment number (ls‘,,,) of the system (6) which is the Yokt s rabes of fre ser

peneration matrix, ¢/, je Ry~ pti, where €5 - Pyt

Now
A AN
F<l 0 0 0 | (i
00 g |
and
k, 0 g
o, ky 0 {11
0 -0 ik .

Then
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o
. )
Kk 9 o
yi=| @9 1
kk, § O (12)
\k2k3k4 k3k4 .IZ
Thus ’
kk
Ry _ (ki +k, %159+ 3,809)9
kok k, o

33 L(’:ﬂ Stabllity of Tcrronst—Frcc Equilibrium Point (F /)
We used the Jacobian stability technique to determine the local stability of the system.
Lincarization of the system (6) at terrorist-frec | cthbnum pomt (F ), gives the
]acoblan matrix <

. ;
k, -B9 B3 B9 o o }
0 —(kz - ﬂx'g) ,32'9 ﬁ39 0 0
JE)=| D ¥ ko000
s 0 0 0 —k 0 0
0 o, ¢ 0 -k 0
L0 0 0 0" —k) (14)
But
0vs0 [1374!]
e .
Then (16)
k2>ﬂ1l9 . (15), we have
. _transf{ormation on )
Using clcmcntafY(f_OZ ranst 59 B8 B9 @ @)
0 -—(kz"ﬂl.'g) ﬂzlg ﬂ3‘9 0 0
| o M, -M, 0 g an
_ _ 0
o 0 0 —ks
0 . 0 0 0k
0

where
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_ kB3 —kykes + O'lﬂg‘gz
Bk
_ 0B (1%)
2 ,319—k2
k40'1ﬂ2‘92 —k,kk,
_(ﬂﬂ@&¢+hhﬁ3]
> oS -kk+kpY |

M,

and clearly, the eigenvalues are

A1=_k‘< °

Ay ==(k,-59) - v
e[l :
. (k, - B9) P ﬁ%
L Ay=—M.

A =~k <0 |

A, <0, 4, <0since from (16), k, > 5,9
For A, to be negative, then
__(k40-1ﬂ2‘92 —k, ki, + 0-“830.92 + k3k4ﬁ|‘9J <0 20)

0'1182'92 _ksz + ksﬂl‘g
and
R, -1

=<0
k, (kz —ﬂl‘g) —-0.59 ) @1)
‘ (22)

R <1

Reg
Obviously, A, is negative if R, <1, is negative, implying all the eigenvalues have
negative real parts, we thus, established the following result.

-

Theorem 1: The terrorist-free equilibrium of system (1) is locally asymptotically stable
(LAS)if R, <I.

The epidemiological implication of the theorem is that terrorist can be eliminated
(control) from the population when R, <1, if the initial size of the sub-populations of the

model are in the basin of attraction of the terrorist-free equilibrium point.
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waytpAaotie stabilty of the toe WL aporoact fn o sudying the global

4 i J Of the f;f;;’%ﬁtigﬁ- omaid e i - '%, g’i ~
and Cuimel, 201055, T SRR v wprorisie Zyspymyy Tunction (Garbz
Theorem 2;

11}'@5 mtf ,__tﬂ e . e
Histfree couitioring (£,) of toe moiecl is GAS 10 0 i B, <1

Proof: To prove the hotval asvrmes )
' iy @ Bympaotic stability of fee P
Lyapuniov function zs shour i} i Yy of fie mode], we ponstruct an appropriate

L = 0” i 3‘9[) (1 A kio D £ ¥ kzkff

tvative of @3)
The derivati ve of ( ?;3; along the solutions of fie mode] cqations i
6"%’?% (£D, - p.D, ‘"'&T}W-}B Tl
L N 2w
L = +k29(‘0;3§j‘_..%0£) t? s
| }
From (6), we have
- kkT |
Y 0,80 .
kT
-
ituti i implifying gives
Substituting (25) into (24} and simplil} ‘ |
4 (k3k4ﬂs +ko0 f.5+ 5,085 ) _;‘ T o8
=kt Ik kN |
V¥ hat
ince — < —, we have
Now, since TN
(kK P +ko B8+ p.oo9) —I}T in
L' <k,kk, EEIN
g 28)

L' <l (R —1)T
| the model are ponnegative, it follows that when R, <1, L<0;
e moade

Since all parameters of s when R, =1 and J=0. Therefore, the largest compact

the equality L=0 ho
477



Pmceedings of Septempber 2016 Annual National Conference

invariant set {(V, 12\»,135,R03R1,T) eR; :L’=()} is the singlcton{]:‘j}. Hence, by the
LaSalle invariance principle (LaSalle, 1976), £, is overall globally asymptotically stable
in M, and henee, the proof’is complete.

The above theorem shows that corruption will be under control regardless of the initia]
profile of the subpopulation in the community if R, can be brought down to a level less
than unity.

3.5 Existence of Terrorist Endemic Equilibrium State, (E “) :

The endemic equilibrium State is the state in which terrorists persist. That is the
coordinates should satisfy the conditions:

N

((V \ V20,
>
D, Dv20,
E7=ql F <R - T20 f (29)
R, >0,
RD
RJ R, >0,
T V+DN+DE+T+RD+RTSNJ

At the endemic equilibrium state, et
20!
DN *x

=

{y
I

%

D :
- ™ . (30)
R

D

=k

RT
N‘* J
Substituting (30) into system (7) and solving gives
{ kk,o,0, + k0,94, }
e A N +hstw,0,09 -k kkkk [ | ..

(31)
] 0,09k kik, ,
kk,

o ke | (32)
A 0,90 :

D" ZZC_,,_ - (33)
oo

R “: k3k40'2+k40'219¢ T«: (34)
P 0,90k, '
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(35)

e

Tn =J +k4o-l,9¢
o +k.1o,0.09
hkoksk kok,o,09N" — r (36)

+Ak,

" L skso'latg(k3k4ﬂ13+k4013ﬁ232 +0-10ﬂ3v92)J

Since all parameters

R, >1 which resulteiirei riltisl;med t0 be nonnegative, it follows that 7™ >0 whenever
I equilibrium state where each of the sub-population is

%r::::xer: ;hlan ’[?}f;orh:ggls, We. established the following result.
System (1) has a unique endemic (positive) equilibrium whenever

Rg 21 .

(R -1) (k2k3k4k5k5 ‘k3k40'2w1 J |

3.'6 _Bifurcation Analysis
) ms;?o?zzfﬁ'e mﬁ}nifold theory as described in Castillo-Chavez and Song (2004) for
variables. Let ysis. In order to apply the theorem, we make the following change of

V=x ]

D, =x,
D, =x;

T=x, | (37

4
R, = x;
R, =x, |
further by using the vector notation, we have
(38)

‘X':(x”xz,xpx“xs,xs)T
the model system (1) can be written in the form
r T
f: = F=(for fos forSor S5 o)
such that

(39
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3

(ﬁxxz + foxy + Xy )Sx, + @ X5 + Oy X ™ ke xy

dx
anl e A - .
dt =5= N
=f= (Bix, + Boxs + BiX, )‘9’c1
N

dx
-;;;t:f; =0',\9x2~ 3 Xy r
174

r4 /; O.XJ - k4x4

= fo = 0X, +Px;, ~ksXg

d
dx,
T =Jfo =%~ kX, / (40)
Where
N =X +X +X, + X, + X5+ X
“n
Now, the Jacobian of the system (40) above at the terrorist-free is given by:
[k, -p9 =AY B9 @ o }
0 —(,-B9) B9 B 0 0
o 0 o9 -k 0 0 0
, J E - i 3 ‘42
( s ) 0 0 0 -k, 0 0 e
0 az ¢ 0 ~k5 O
0 0 0 T 0 -k y

\
Let # = /4, be a bifurcation parameter and if we consider the case R, =1 and solve for

B, =f"from (13) since using R, dircctly as a bifurcation parameter is often

inconvenient,

Hence

e _ kzkxk.; "‘(k4/]2 ‘*"/}.10)0:‘9 :

! Pk k, “3)
The system (6) with g, = 4" has a simple zero cigenvalnes, hence, the centre manifold
theory will be used to analyze the dynamics of the system near f3, = ﬁ; .
Let V' and W be the corresponding left and right eigenvectors associated with the zero
cigenvalues of the Jacobian matrix (42) at g = B (denoted byJ )} chosen such that

JJ(E_) 0 and J f)ii- with VW =1 where V= [1,1;2,13,1)4,\)5,116] and

N SO t
W .-[u-i,'.tz,ug,wa,ug,WG] .

Computing the left eigenvectors, we have
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<V, f1,5 + v,3,9 - Vek + VT =) ( =
=y =0

Vo, ~ vﬁkg w ()

V’(fg{; 4 Vsqi *Q

Solving (44), gives
V=V, =y, = 4]
_kevy
vy = }};5 >0
v, = Ky U‘z - ﬂig}v{ >0 i @3
ﬂ)ai‘gz
v, >0 (a free left *'figcnvcctor)J
Similarly, we have the right cigenvectors as
— (Qg - Qg_)_‘f_;_ | «
' kkk,o,09

W, =it 50

g 1 (46)
w, > 0(a free nght eigenvector)

(k,k.a, + k,o,95)w, 50
"= ko 09

o

0, =kka (ko:+ 0,9¢)+ k0,097,

Where } =
0, =k kkS(kpf +0 £.9)+ k k0,09 B,

Computation of a and b:

o mf &h (0,0
a= ‘E‘lv‘wiw:, Ez:&,_ 3

Computing the associated non-zer
we have:

(48)

partial derivatives of F atthe E_forthesignof a,
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49
a= 2;\);:9 (Wzﬂ1 +w, 0, + W4/83)W1 i
Thus, a<0 when Q <,
Similarly, forb , we have
z 2 50
b:kaw,.g g;(o,o) (50)
k,i=1 x,‘ - .
And thus, computing the associated non-zero partial derivatives of F atthe E . for the
sign of b, we have:
p=25 50 : . (51)
N*

Thus, a<0andb >0. So by Theorem 2 of Castillo-Chavez and Song (2004) the

following result is established. fe

Theorem 3: The positive endcm-‘ié:':: 'équ'i_librium state of system (1) is locally
asymptotically stable (LAS) when R . >1butclose to 1.

4.0 RESULTS AND DISCUSSION )
In this section, we presented some numerical simulation to monitor the dynamics of the

full model (1) for various values of the associated effective recruitment number in order
to confirm our analytical results on the global stability of the equilibrium points as well

as the occurrence of a forward. '

4.1 Variables and Population-dependent Parameters Values

A major difficulty in modeling is estimating values for the model parameters in order to
determine model prediction. Owing to the difficulties in obtaining police and sociological
records due to the sensitive nature of this research (Sooknanan et al., 2012), hypothetical

values are used where necessary.

Table 4.1 Variables and population-dependent paramet.er values

o | Yo Ve
1 V 6,100
2 D, 3,000
3 Dy . 800
4 T 100
5 R, 0

6 R, 0

7 A 150
8 H 0.019
9 ﬂx 0.35
10 B, 0.15
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| N{ 0.0
| el L 10000
Table 4.2 Values of Population. I—
x| ndependent parameter
SRl Parametey T
B e | Value
S| 0I5
i a. S o
; 0.33
o ] 0.20
L4 0
s T 0.05
= hon and e (0.1)
N 0.00012
R 0.15
s
|
“n ‘
g |
§ o |
£ |
Zwm t
E ]
3 |l
Efm |
N _
0 s 190 1% 200
[ 110y - 1001 = - 103 - o]
Time (Year)

rrorists  with different initial variables conditions:

. 3 y ’I"c
Figure 2: Total number of | parameters used are as in Table 4.1 and Table 4.2

7(0)=100 and 7'(0)=1000. Contro
With G 0’2 e ¢ == 0,3 WhiCh givcs Rnﬂ = 07076 .
profile converges to the terrorist-free

ytical result of local as well as global
=0.7076 and diffcrent initial

t the solution
We clearly sce from Figure 2 thg},rms our anal

¢quilibrium in all cascs, This © or} ¢ cquilibrium for Ry
asymptotical stability of terrorist- r;:l il
(4 9y I ™ ¢ 3 2 i i c o
onditions for the variables as 10 Ta
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yonn

200

ey s — - oo -

500

Total Number of Terrorists
=
>
Q

200

0 0 100 150 200
[—Tmi i ) — TG mmﬂ
Time (Year)

Figure 3: Tota] ‘humber of Terrorists with different initial variables conditions:
7(0)=100 and 7°(0)=1000. Control parameters used arc as in Table 4.1 and Table 4.3
with €= 0, =¢=7=0.01 which gives R, =3.9493.

Figure 3 shows the local as well as global asymptotic stability of the endemic equilibrium
for R, = 3.9493 and different initial conditions for the variables as in Tablc 4.1.

5.0 CONCLUSION

In this paper, we have presented a mathematical model which incorporated very
important factors which play significant role in the recruitment dynamics and control of
terrorism. These factors are: Sensitization coverage given to only vulnerable individuals,
Reality Therapy (RT) given to dissident individuals and Aggression Replacement
Training (ART) given to both dissidents that are exposed to extreme ideologies and the
terrorists in different ways as ART1 and ART?2 respectively. The effective recruitment

number (R e/f) was obtained and the analysis revealed that for R, <1, the terrorist-free

equilibrium is globally asymptotically stable even though the cancerous nature of
terrorism cannot allow it to be totally eradicated, but it can be curbed to a bearable
minimum. And for whatever reason that make R . >1, the terrorist-free cquilibrium point

is unstable and the endemic equilibrium emerges. -

Finally, there is the need to apply the model to a country of interest incorporating ITigh
Counter-Terrorism Feasible Reforms (HICFR), which include but not limited to justice
which is the soul of peace, public awarencss on the dangers and consequences of
terrorism, transparency and accountability. Though, HICFR is possible only when the
government has the political will to curb terrorism and there is moderate standard of
living. The authors have started a work titled “Effect of Different Control Strategics on
the Spread of Terrorism in Nigeria”
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