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ON INEQUALITY TO GENERATE SOME STATISTICAL DISTRIBUTIONS

A. F. OGUNTOLU"L, U. Y. ABUBAKARL?, A. ISAH?, L. A. NAFIUt AND K. RAUF2

ABSTRACT. In this work, we established Markov inequality via Binomial, Poisson and Geometric Distribution.
Results obtained were used to obtain probability bound for some random variables. Our results are in
agreement with the existing works.

1. INTRODUCTION

Markov inequality states that:

For any nonnegative random variable Xand a > 0, we have the following inequality

Pr(X >a) < E[:;{}

This is equivalent to the following inequality in measure theory:

pl{z € X: /@) > ) < - [ |fldn

Where (X X, 1) is a measure space, fis a measurable extended real-valued function,
and € = 0,

This definition is sometimes referred to as Chebyshev’s or Bienayme’s inequality in
analysis because it appearsed without prove in, atleast, the work of Pafnuty Chebyshev
who happened to be Markov’s teacher (Stein and Shakarchi).

Markov’s inequality (Markov (1884)) is useful in providing an upper bound for the
probability of a random variable with a non negative function which is greater than or
equal to some positive constant. It also relate probabilities to expectations.

In particular, it is applicable in proving Chebyshev’s inequality (Chebyshev (1874)) and in

showing that for a nonnegative random variable, the mean # and a median 1 are such
that " < 28,

In this work, we provide a simpler and better proofto Markov Inequality through Binomial,
Poisson and Geometric Distributions. Some applications are also given. For further work
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see Salo-Coste (1997), Ross (1976), Steliga and Szynal (2010), Feller (1966), Papoulis
(1991), Clarkson et.al. (2009), DasGupta (2000), McWilliams (1990), Pitman (1993),
Pfeiffer and Schum (1973).

2.0 Materials and Methods

This section consider the prove of Markov inequalityy and its application to some
properties of some distributions.

2.1 Theprove of Markov Inequality

THEOREM: Let X be a random variable and assume that its range is a subset of

non-negative real numbers. Assume that g[x ] exists. Furthermore let A be some

positive constant, then,

E[X]
A

Pr(X > A) <

Proof (Discrete): Let x be a discrete random variable. The proof is almost trivial; we

only have to recall the notion of the mean of a random variable. It is

E[X]1=Y Z,P(X =2Z))

Where z, is the sequence of the range of x .The right hand side contains just non-

negative elements, thus we decrease this sum if we restrict it to those z, > A

E[X]=Z *P(X =2)>Z *P(X =Z)=3 A*Pr(X =2)=A*Y P(X =12))

i zle ZIZA zle
We can rewrite

> Pr(X =1z;) as Pr(X = A),

;> A
E[X]> A*Pr( X > A) and

E[X]
A

Pr(X > A) <

Proof (Continuous): Let X be a continuous random variable, then,
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©

Pr(X >t) = jz‘*dx
t

Let U = x then du =dx and v = ¢ then dv = —¢ *. Hence,

Pr(X >t)=xt"

l

” +} x¢ “dx

t
=x{7 7 +E[X 2 1]
=t{" 4 E[X 21]
=t{7 "+ E[X]-E[X <t]

E[X]

= Pr(X >t)<

2.2 Properties of Binomial Distribution
The Binomial Distribution is given by

n

X

Pr[ X]—( ]PX.(l— P)" "

While the Cumulative Probability is

P X >0]=)" (HJPX.(l— P)"”

x=0 \ X

n 1

n: -
z —PX.(l— P)n X

= (n-x)IX!
f[a-P)" P@E-P)"" P" |
=n! + + ... +
nto!  (n-1)12)! O!n!J

By Binomial expansion, we have

n!
PILX 20]=—[1-P)"+nP@-P)" "+ ...+nP "
n!

P X >0]=(P+1-P)" =1" =1
" x!n! . ey
E[X]= P 1-P
v xz:o(n—x)!x(X—l)! ( :
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n!

_ —Px(l_P)n—x
oo (N = x)1(x =1)!

_ ! n(n _1)| p PX71(1 P)nfx

) Z (n-x)x-11

= nP &P“u—m“

S (n—x)(x -1)1

Mean=Eg[x]=nP (1) = nP

n

2 in! X n-x
E[X]=Y ————P"(1-P)

o (N — x)I x!

_ HX—MPX(l P)H*X
RN T

" (X_l)n! Px(l P)n—x i n! Px(l P)n—x
= _ + - _
;(n,l)!(x,l)(x,g)! go(n—x)!(x—l)!
_ WP.p.px‘z(l_p)”‘x_,_z&p'px‘l(l_p)"‘x

x_o (N = Xx)I(x—2)! vo (N = x)I(x—=1)!

( 1)P2n =2 pezg_pyn Py S
=n(n- _— - +n B L -

go(n—x)!(x—Z)! go(n—x)!(x—l)!

=n(n-1)P*@)+nP()

= E[X‘]1=n(n-1)P"+nP

Variance (¢ ?) = var [x] = E[X *]1-(E[X]D?)
o’ =n(n-1)P° +nP - (nP)°
=n’P’-nP’+nP-n’pP’

We have the variance as:

Variance (o °)=nP (1- P)

2.3 Prove of Markov Inequality from Binomial distribution

P X >a]l=Y} [HJ.P*.(l— p)" "

x=0 \ X

- iz ["].p*.(l— P)"*
XX:O

" X n-x 1
{ ].P (1-P)"" ==(nP)
X
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1 1
But, x=a= —< —.Hence,
X a
1 nP
Pr[ X >a]< —(nP) =
a a

2.4 Poisson Distribution

The Poisson distribution is given by

X , -4

Pl X]= :
x!

Cummulative Probability

¢ LA
P X 20]=) :g‘z_:é*w’
x=0 x! x=0 x!
E[x] i X./,fof}n 0 /,Lxefi
x=0 x! x=0 (X _1)I
/li x—lg—/l /M,ii /1x—1 ﬂg
x=0 (X_l)l x=0 (X _l)l

Mean = E[X]= A4

w© 2 X , =4

E[X 1= 3 XA i XA
x=0 x! x=0 (X_l)l
o (X—l).ﬁ.xé?l w© le—l
= +
o (x=1)! o (x —1)!
) ./,txé—/l o ﬂI)(—lf—/i
—+’12—
o (x=2)8 ST (x—1)!
[ x-2 0 x-1
= ,128‘12 '/1—+ ;M“Z “
o (X =2)! o (X —1)!
=A%+
E[X*1=A%¢"+ a0 0"
Variance (02):Var [X]

= E[X*]-(E[X)°*

=Var[X]=A"+4-1"=2

Hence, we have the variance as:

5/ 14
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2.5 The prove of Markov’s Inequality from Poisson distribution

A X2 At
P X >2al=>} =—=>
wea X! X s X!
1£ x4 12” A
Xx:a x! Xx=a(x_1)|
ﬂ © lx—lg—i ﬂ, © ﬂlx—lg—/{ ﬂ
= — < — = —
xga(x—l)! xxzzlo(x—l)' X

2.6 Geometric Distribution

The Geometric Distribution is given by

P[ X]=P(@-P)"
The Cummulative Probability is

> P@A-P) = PZ @a-rpry*

x=0 x=0

Let a=1-P=a-1=-P

> PA-P) =PY a’

x=0

i ) ax+1_1 1_ax+1 P(l_ax+1)

a = = =

v—0 a-1 1-a 1-a)

” " X P (a o l) X+1 X+1 x+1
ZPr[X]zPZa =——=—(a -1)=(01-a " )=[1-@1-P) ]
x=0 x=0 -P

As x+1— o where 0<P <1, 1-P)>0

S P X]=(@1-0)=1

x=0

Expected value is
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©

> ox Pl X]=3Y xP@L-P)"

x=0 x=0

Let a=1-P

> x. P X]=PY xa”
x=0 x=0

0

2

Zx.Pr[X]:P{ 2 (1—ax)+w+ +M+ax—|

- 1-a 1-a 1-a

©

z X.Pr[ X]=

x=0 1-a

P

[a(l—ax)+a2(1—ax’1)+.... +ax’1(1—a2)+ax]

Since P=1-a

E[X]=a[(l-a")+al-a" " )+..+a""@1-a’)+a""(1-a)
(1-a") .

=a| |- xa

\1-2a)

As x >0 within 0<pP<1 for a=1-P

a'=@1-P)" >0 since o<@-P)<1

erx)-al =% o)-af 1 ). -2
(1-a ) (1-a) 1-a

_1-P  1-P

1-@-P) P

Meaan[X]:ﬂ
P

The Variance is,

E[X 1= Px’.a" where a=1-P

x=0
E[X°]=PY x"a’
x=0

X X

l—a) \1—a

(x* —(x-1)")a"]

a[* -0 )+ (2°- R+ ..+ [k- 15— x— 23" %+ °- x- Da] -

(12 =05 )+ (27 =1+ +[(x -1 = (x=2)* 1+ [x? - (x-1)%1a"]

r " X " X X " —|
:aL(ZZ xa"+> a’)-|a Z(Zx—l)]J

, , [1-a , 5, ,(1-a , .. o, (1-a®)
PL(L _O)alk |+ (2" -1%)a’| |+ l(x=1)7 = (x—2)"1a" ™|

| +

l1-a )
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” a [1-a" 1 .
But Y= —xa’” And 2x —1) = x°
Zxa l—aLl—a an > (2x-1) = x

x=0

[ 2a (1-a" 1-a ")l
E[X ]= a| [ —xa2]+[ ]|—x2.a”1

[ |
I I
21 || 2a 1 | |
E[X’]=a + -0
|| N 1-al |
|1-a -0 |
e ) )
2a’ a 2a +a(1—a) a’+a
= +
(1-a)’ 1-a  (1-a)’ (1-a)’

- P)’+(@1-P)

2

P

We have the variance as:

Variance = ¢? =Vvar [X]= E[X °]-(E[X]°®

., (@-P)’+@-P) (1-P)" (1-P)

P’ P P

o

2.7 Prove of Markov’s Inequality from Geometric distribution

P X > a]zzw PL-P)"

o

X
==> P@l-P)
X

X=a

¥7/

1 1 1(1-
;Z P@L-P)* ——E[X]——L

| =

But X >a=

<

><||—\
m o
—_
>
e
=
|
o

Prf X > a]<
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3. Tightness of Markov’s Inequality

Markov Inequality provides a weak bound because the amount of information provided to
it is limited. All the information provided to it were that the variable is non-negative and
that the expected value is known and finite. Now, we will show that it is indeed tight-that is
Markov Inequality is already doing as much as it can. Consider a random variable x such
that

1
k with prob. —
k

0 else

.
|

We can estimate its expected value as:

E[X]=—*k+

v

Pr(X =KE[X])=Pr(X >k)= e
k

This implies that the bound is tight because the value of the random variable is exactly k or

otherwise zero.

4. Results

We use Markov inequality to analyze Binomial distribution, Poisson distribution and

Geometric distribution given that the initial probability distributionis P = — where a jga
a

positive natural number .

By plotting the graph of Markov Inequalities. We have the following:
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MarkovInequality from binomial distribution

E[X n 1 n
[X] s—p.But,P:—andpr[xzb]s—
b b a a.b

PI[ X > b]<

We consider the equation for the graph as: pr{ X > b] < I
a.b

Figurel
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Markov Inequality from Poisson distribution

A
PI[X >b]< —
b

1 1
But 2 =— and pr[x >b]< —

a a.b
Figure 2
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MarkovInequality from Geometric distribution

1 i)
(1—I0): a a-1

b 1 b
P b

PI{ X > b]<

Figure3
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4 Discussions

In Figure 1, we observe that with increase in the value of 'a' the probability steadily
reduces. Also, it can be observed that as the number of trials increases, the probability of
the event will considerably reduce.

In Figure 2, we observe that with increase in the value of 'a' ,the probability steadily
reduces. Also, it can be observed that as the number of trials increases, the probability of
the event will considerably reduce.

In Figure 3, we observe that with increase in the value of'a', the probability steadily
reduces. Also, it can be observed that as the number of trials increases, the probability of
the event will considerably reduce.

5 Conclusions

The use of Markov inequality to analyze the Binomial distribution is inadequate because it
gives unrealistic inequality variation, thus making it difficult to properly establish a
realistic bound for the probability of higher value, hence a new approach is required to
establish a more realistic bound.

The use of Markov inequality to analyze the Poisson distribution is adequate because it
gives a suitable inequality variation thereby enhancing a realistic bound for the probability
distribution.

The use of Markov inequality to analyze the geometric distribution is inadequate because
it gives realistic values for higher values of 'b* with lower values of'a' but becomes
unrealistic for other values, hence it cannot be used to establish a proper inequality bound
for the probability distribution.
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