" " ) i ) ()
Transactiony of the Nigerlan Assoclatlon of M“”“""“m":;;f{ ;".
Volume $5,(September and November, 2017), pp29.

© Trans. of NAM
On the Dy

Wmiey) Annlysiy of n e
!

. Ogunmhc. Q.
Departine

terministie Typhold Kever Infection Model
Gbolarin, 8, 0, Jatyeola and O.M, Adetutu

©8 Federal Univeraity of Technology, Minna, Nigeria,
Abstract

W of Mmhenmll

In thix pape,

model wepo evami 0 determingygy mudet u'l' old fover, T e nd rlevesd lony of the
n Ve phold fover, The existence and unlqueness of solutlony o
¢(\_\ommiox Qf‘(\\')’mm“;:' ':;‘ (""):"'"’ "'""'"':"-V- Mathematicnl analysis Iy :-mrlml ont (o dzlﬂmlm the tranymisslon
weasessiee equilibrinm W i"')m"."""" We conduct logal Mabillty analysls for the model, The results show that the
teh iy tocally ymptotically stablo (f Ry <1 and unstable if p ., .

ve develyy

Keyword: Typhoi
s \Oid, treatiment. 1

\ \N\nsn\lnalon. reproduction number, disense-free
1. lNTROl)U'l‘lON
1‘\_1?l\md IS 2 major public heally concem iy tropieal deve
hmll\cd‘ [l\\‘]. Typhoid I\‘cver has compley Pathogenesis nng manife
lmn.\mxgmuon‘ of the nicroorganism through the Peyer's pateh, loc
and spleen prior to showing clinical Symptoms [4), 1 ;
symptoms with malaria, which leads to inipmpcr cot
biology of the human

‘ of the ~adapted bacterin) pathoge:
disease is estimated at 21 million cases and 222

loping countries, cspecally In arcas where nccess to clean water and other sanitation measu
818 08 on ncute febrilo discnse, with relatively long incubation period that invol
alzed multiplication in the mesenteric lymph nodes, and subsequent spread to 1t

8 serious life-threatening infection characterised by false diagnosis due to similar sig
Mtrols and management of the disense,

Despite extensive work on typhoid, not much is understooc
N and the complexity of the discase in el

000 Wdemic arcas, especially in Africa (5). Globally, the burde:
N . deaths annuall i : ' 2
uncertain in Africa [6-8]. The Symptoms nre y with high rates reported among children and adolescents in South and Eastern

experience hclx\psc.‘ after a week of antibiotic lrctx‘\‘t‘l‘;::tltvdin\:,:;\x\:\y:\tgk:gl\l:l)i"c‘rx‘\l:cu:\(;;l:;rl:mcvcn ik ety
Last for a shorter time compared with the original illness, requiring further treatment with antibiotics (9, 10]. Typhoid fever mav
even though repeated mass vaceinations ot intervals of § years interval may reduce the disease incidence, '
vaccination [11]. The dynamics of typhoid fever involve multiple interactions between the human host, pat
direct human-to-human and indirect environm

. ent-to-human transmission pathways [12, 13],
play a pivotal role in the disease transmission,

In order to gain in-depth understanding of the complex dynamics of typhoid fever a number of studies have been conducted and published. Cvjetanc
[11] constructed an epidemic model for typhoid fever in a stable

population to study the transmission of infection at different levels of en
Mushayabasa et al. [12] developed and analysed a deterministic mathematical model for assessment of the impact of treatment and educational cam,
controlling typhoid out-break in Zimbabwe. Date et al. [6] reviewed various vaccination strategies using current typhoid vaccines to assess the
acceptability, effectiveness, impact and implementation lessons in order to inform future public health typhoid control strategies. Watson and Edm
carried out an intensive review of typhoid fever transmission dynamics models and economic cvaluation of vaccination. Clinicians, microt
modellers, and epidemiologists worldwide need full understanding and knowledge of typl

hoid fever to effectively control and manage the discase [§
This present study investigates the criteria under which the effectiveness of treatment could lead 10 the stability of the equilibrium point. We est
conditions for existence and uniqueness of the solution of models, conducted local stability analysis of the models.
20  Model Formulation

Following [15], the equations describing typhoid fever epidemics are:

ve prevented using v
small gains re-observed at each sul
hogen and environment, contributing
Typhoid fever produces long-term asymptomatic carric

1))
85 g BUkI AR oo
di N (2)
‘ d—’m Lol 4kl 4 kT T)S +al, =(p+ao+d)l
di N
dl, -”'"’"””**"'*"lr)s«-rr-(ma)/, .
dt ®
dr |
T:'d-(ﬂ*nud‘,)r o
dR
T,,"'/T-/:R o
N = S@)+ 1)+ 1, +T(0) + R() ‘
As initial condition based on our assumptions, we chooso -

- R
5(0)= Sy, 1(0) = Iy, 1,(0) = o)+ T(0) = Tos ROY=Ro
Where
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Variables
S(¢) = Susceptible human

I(0) ~Infectives human

Parnmeters
A = Recruitment rate

0= per capltal death rate

1.(r)~ Carricrs human
<

6.6, Discase-induced denths
- infoctives }
R40) Treated infe . €. ermective contacts
R(1)- Recoverad human P . Rate of transmission

a. P'rogression to symptomatic state
7 . Rate ol recovery [rom treatment

P - New infections becoming carriers
7 . Rate of treatment

f. Proportion of treated individuals

. k k,

3.0 Mecthod of Solution
3. lPosm\:l() of Salutions
Itis n:tmssary tQ pmvc that all solutnons of systcm (1) = (5) with positive initial data will remain posmvc for all times ;). Thns will be establi
ﬁ)ll'owmg theorem: o A :

Lcml Let tbc‘ctoscd s:t Lo

2 - Modification parameters

Tbcn~ the so]unon of- (s(,) JO,1(), c(,) R(,))of the equatlom (1) to () are positive for all t = 0
Proof‘ T

from equation (1) we have that
ZoA=BS-uS .

Lz e H 5

T()2 W4T+ 5 o

Riyze 20 -

Hence, the solution of (5(¢), (), I, ,T(f), R(¢))°f equation (1) to (5) are positive forall >0

3.2Existence and Uniqueness of Solution

Lemma 2: Let 5, - 5, = 0, then the equation (l) 1o (6) with the initial condition has a unique solution forall ¢ >0
Proof: Let§1= 6220 0 (1) = S(t) + 1(1) + 1() + T(1) + R()  We obtain

'A T4 0(0) = 5(0) + 1(0) + £(0) + T(0) + R(0) = ®s

' (8)
By dll’UCl integration, we obtain the solution of problem (8) as
(1) =—(| My DM
O]
Then, we obtain
= A c(ee My -
S@) (” (1= e Y- (1(0) ¢ 10) ¢ T(0) # R(1)) (10)
o= (L\' sa-eH ) H)-(s)+ L) + T (1) + R(1))
A (11)
A SN .
1) =(=+Q-¢ ) T)=(SU) + I(1) ¢ T(1) + R(1))
. (12)
A -y M)
TW)=(=+0=-e ) D)= (SW 10 ¢ 1,(1) ¢ R(r))
s ‘ a3
R = Ao (=) M) - (SO 10+ L)+ T(Y )
. i i (14
Hence, there exists a unique solution of problem (1) - (6). This completes the proof.
33 Equilibrium State of the Model
At equilibrium,
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|I‘-U0_!L’J_L‘JDSH,,. NPTEIR TV (”',
N
Q= AL A gy e "
- N
nl—(u*)’““‘.)l‘-n "
\ (19)
- HR=

(20)

3.4 The Disease Free Equilibrinm (D11
The cquilibrivm state in the absence of infe
1=0

putting 1 =0 jnto the above equations,

ction s known ns Disense Free Equilibrium (DFE). Therefore the disease free equilibrium exists if

n
the Discase free cquation |s
A

ol LT R).(;‘n. 0, l‘l.ﬂ) (22) . '
35  The Basic Reproduction Number, (R,)

We compute the c!lccuvc rcprf)ducuon number of the model using the next generation operator method by van den Driesche and Watmough (16).
cfective n:produclw_" l)lll\\ll)cr‘ls dcﬁn?d as the average number of secondary infections generated by primary cases under a specific control (treatme
this casc) strategy. Distinquishing new infections from other transitions in (1) - (5), we obtain the two matrices F and ¥ of generation of new infection
(ransition terms respectively expressed as

~p mef rhep

a-p¥f O=-pkef Q=plkcp
Fe=

0 0 0
p (23)
an
24
L -a O
0 k -r
Ve
-0 0 Kk
Where,
k= ;4+o'+5.
ko =pu+a '
k=p+y+r+d, 25)

The effective reproduction number of the model is the dominant eigenvalue or spectral ra

dius of the matrix FV-1 .thus
R = (pu + a)k,cp + k procf + k(1= p)ep N k. k,pocp

(kkk, -rac) (kkk -rac) k, (kk k, - rac) (26)
3.6 The Stability Results
The Jacobian Matrix of the system is given by:
-%(I +kl +kT)-p 174 cpk, cfk, 0
) P:Tﬂ(lok‘l, +kT)  pef-k, bk +a kﬂk, 0
J(E)- .
(U=p)p(I 4kl +kT) (1-p)cf [(1-p)cpk -k] (1-p)efik,+r 0
0 o 0 -k, 0
0 0 0 v, @n
We evaluate the jacobian at the disease free equilibrium to determing the local stability of the system. We obtain
Y ofk, of, 0
O (p-k)  (aphva) o, 0
MEY= 0 A-p)ep (- prefi,-k) [0-p)fiy +e] O
0 a 0 -k, 0
[ 0 y -4 (28)
Using clementary row transformation, the matrix (28) becomes 9
H o oph ek, 0]
O ~(pcp=k) (pcph,+a) pefi, 0
J(E')- 0 0 4 4, 0
0 0 0 4 0 )
L0 0 0 0 -p
Where,
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A= (s + a)k o
\ Py
o/R R y L tare
crvat - ey, o
LHRA (‘0)

4 ‘M
' Y LBl AV N Y LY Ny
AR

AVIEN WY
A‘_l“.f\‘['ﬂtbl“(l— ,‘).‘ ‘u“ p
The chara G AR /u'..,."m) bl - AL UAL, - oo
cleristics l‘\]ll'\limf AN s e —
< C [N \
cupper triangular jacobian is

= e 2y
or
QAN oM
. ; 0
S LREIFLS RN LENPN
- . ,.‘ .".
HE Y- a ’
0 0 (4 -2)
e 1, 0
0
¢ 0 (1,-2
0 o
0
Therefore i : v
. the eigenval .
alue oL
A, =-u<0 oo "
A, ==k, + fi)<0
(32)
A = (nu+ @)k off -
Aed — al cffi-RRA +aro (33)
R A+ peafi o~k Rk
For %10 be negative, then | *
(pursaR cfi
RRR +aro <1
R, <1 (35)
A =4 = LRR porcfi+ kR (= p)cfkk .k, —rac) + kkik °o
cPfrpok, =k ‘ dihporf b G St
= k.cfap - kkkcpp -kcfipa 37

For * to be ncgative, then we have
Lk pocfi+ kR Q0 — p)Aik k &, —raa) + kkik pacf - kK (khk, - rao)
e Y Y T

: (38)

[ kpoef k(=-p)B | kyk pocf
LAk, —rac r ik, )
R, + R <1 (39)
A,=-u<0 (40)
@4n
Ry represents the reproduction

of infected individuals,
model fora population consisting

it R <Vand A <0if R, +R,<I
duction number of the

n number of the model for a populatio
tirely of carrier individuals,

n consisting entirely

This implies that, A3<0
while #r is the repro

R, denotes the reproductio

The quantity
nur_nbcr of the model for a population consisting en
entirely of treated individuals. .
Hence, the disease free equilibrium (DFE) of the equation (1) to (5) is locally asymptotically stable if% <1 gnd unstable otherwise.
4.0 Conclusion :
We pmcmed deterministic model for typhoid transmission model and we determined conditions for existence and stability of equilibrium state
characterized in terms of the effective reproduction number. The study showed that there is a disease frec equilibrium which is locally asymptotically stabl
and unstable if otherwise.
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