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Abstract

e——

It is expected of the epidemiologists to predict whether a disease will spread in a
C‘_’"""""_f!y or not and at the same time, forecast the degree of severlty of the
disease if it spreads in the community, By that, a cholera model Is formulated
and the procedure for obtaining the effective reproduction number and the
basic reproduction number of the model is presented followlng the Next
Generational Matrix approach. The two reproduction numbers (the effective
r "Pr:oductlon number and the basic reproduction number) are successfully
derived. While the effective reproduction number can be used to predict the
cf.fccrlvencss of Intervention strategies in inhibiting the spread of cholera
discase, the basic reproduction number can be used to Jorecast the severity of

cholera spread in a communify where the intervention strategies are not on
ground.,
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1.0 Introduction

Sir Ronald Ross, the 1902 Nobel Prize winner in Medicine and Physiology, was the pioncer of threshold dynamics in
Mathematical Biology. Sir Ronald Ross was able to discover that mosquitoes were the vectors that transmit malaria and
was honoured for his discovery in 1902. He introduced mathematical models to analyse mosquito/malaria dynamics
and was able to establish how reducing the population of mosquitoes below certain threshold could help reducing or
removing malaria [1].

The basic reproduction number, conventionally denoted by Ro, is defined in [2] as the average number of secondary
infections generated by a typical infectious individual during his or her entite period of infectiousness. The basic
reproduction number is an important non-dimensional quantity in epidemiology as it sets the threshold in the study of a
discasc both for predicting its outbrcak and for evaluating its control strategies. Thus, whether a discase becomes
persistent or dies out in a community depends on the size of the basic reproduction number.

If Ro < 1, it means that every infectious individual produces on average less than onc sccondary infection and the
outbreak will not take off in the population for the chain of transmission cannot be maintained but if Ro> 1, it means
that every infectious individual produces on average morce than one sccondary infection and the outbreak will take off
in the population because the chain of transmission is maintained. A large value for Ro may indicate the possibility of a
major ¢pidemic [3].

The basic idea of the reproduction number as introduced by Sir Ronald Ross is that the value of the reproduction
number below unity, 0.8, say indicates that if an infectious individual emerges in the population of susceptible
individuals, he will not infect a single individual in the population and the outbreak will not take off. On the other hand,
the value of the reproduction number above unlty, 2, say implics that if an infectious individual enters the population of
susceptible individuals, he will infect, on average, two indiyiduals and the outbreak will take off in the population.
Furthermore, all control measures of a disease are effectlve if the value of R,, the offective reproduction number, is less
than one.
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e ‘ the computation of the p, .
lr:dm;]unl‘ ' 2 community where intervention strategies ore on ground (4. :,lc:;fé to predict whether an cnfdcni;c
wi[;:m uction number is central to the analysis of any epidemic model in order to b¢ roach shall be adopted to compluc

take ofY or not i o population. In this work, the Next Generational Matrix PP ¢

‘ .
he reproduction numbers of a cholern model,

%'.lo The Model
1¢ cholern model is formulated as follows:
ds '
4l ""‘(‘-")(l%?)'“‘(‘-")ﬂ,ls-(ﬂﬂ-)sml* "
A B
Vg -0 i
dR

E‘“"S—;:R-ak (3)
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.Where S, I and R are
»  Individuals at time t res

(4)

the human compartments denoting the population of spsccptlblc: l?}ﬁc:x:(::lilan: g’c;\’ﬂcd
pectively; B is the compartment for the population of wbnos.‘ }‘:1§0, n p cholt':ra :'1w'a v By,
hV,0, ¥, He, € and § arc parameters representing recruitment rate into susceptibility, ratc o ' i rCn_css,
S sontact rate between susceptible individuals and contaminated water, contact rate between suscep tiblc an .IHFCCll?ug
~.,  Individuals, death rate unrelated to cholera, vaccination rate of susceptible individuals, ratc of los;;}gh',mm“?“)'.
B concentration of vibrios that makes 50% of susceptible population ill, death rate duc to cholera, rate at which infectioyg
individuals contributes to the growth of vibrios and death rate of vibrios unrelated to water treatment respectively,

3.0 Existence of the Discase Frec E
C n quilibrium : ion
g;sc?sc frec equilibrium is obtained when all the infection agents are reduced to zero. It exists when the population j
¢ fro

- from infection so that each of the compartments B, I and R in the model is equal to zcro. Hence, the discase frep
equilibrium for the model is obtained as

Eo=(;55.0.0,0).

()

4.0 The Next Generation Matrix

The s:izc of the basic reproduction number Ry can be evaluated by using the technique knowing_zls the Next Generation
Matrix. This technique, which was originally formulated in (2] and subscquently developed in [S], construct 71 x p

matrix from the system of cquations of the model by considering only the infective classes. The Next Generation
Matrix procedure outlined in [6] is described as follows:

Define y to be the set of all Discase Free State, i.c. X,={x20| x,=00=1.2, 3K} In order to compute Ro; it is

important to distinguish new infections from all other changes in the population.
Let F; (x) be the rate of appcarance of new infections in compartment §;
y; be theé rate of transfer of individuals into compartment i by all other means;

V; be the rate of transfer of individuals out of compartment §.

It is assumed that cach function ( F '(_,) v V;) is continuously differentiable at least twice with respect to cach
i L] ‘I .

variable.
The transmission model consists of the non-negative initial conditions together with the following system of equations
xj =f,(x)'_'F;(x)—V'(X).l.:1,2,3‘}(,n, (6)

where V; (x) =V~ - V{* and the function satisfics the following conditions:

(@) If x=0, then F, (x) YV (x) , Vi (x) 20fori=1,2,3,K, n Thatis, if the compartment is empty, there will
be no transfer of individuals out of the compartment by death, infections nor other means.

(b) If x; =0, then V{~ (x) = 0. That is, nobody leaves the compartment. In particular if x € Xs,then V™ =0for [=
1: 21 30 e lm'

(c) F; =0, for i > m (m is the number of infective classes)
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A ¥ € Xpthen Fr=0and V™ = for all [ =
( ”
© Ir F(x) is sct 1o zero, then all (lye clgenvalues of D f (x0) have negative real parts,

{ if Xp is the discase-free Yol N g ey, i e
sollowing [2), 0 point of the System of the model and f; (x) satisfies conditions (a f
Lgﬁvmivcs of DF(Xo) and DV (x,) nre partitioned g : nodel and /; (x)

2 v
oo = & 3 R
where F andVarcthem X m Matrices define 4

[PF(_\'.)] and [0V (x,)
o

1,2,. e,m,

3 (7
d by

%
ax, oy, (8)

with 151 S m. F is non-negative and v non-singular magrix,
Based on the result in [2], the product Fy-1 called the Next Generation Matrix for the model and the reproduction
pumber Rois the largest cigenvalue (spectral radius) of the matrix,

41 Application of the Next Generation Matrix

u; what follows, the procedure describeq above shall be followed to obtain the reproduction number of the cholera

odel given by the systcm_of cquations (1) — (4). Only the : h - v
;“rc needed in the computation of the r ) ¥ the infective compartments | and B [i.c. cqn. (2) and eqn. (4)]

cproduction n

umber hence, m = 2 and, according to (2], F; and Vi are obtained
as
(1-0)p, i
> ((1 —0)ppls L=l r) V1=( G 0) 9
' 0 . ~(1-0)er B ©)

F and V arcobtained by finding the partial derivatives of the aboye matrices as defined in eqn. (8) with respect to
the infective compartments.

- —0)[£1S _ piBs
pe (DR COLE-BE), (e o
) ' (10)
0 -(1-0) &
The inverse of the matrix V is obtained as:
1
-1 [ (tue) 0
V= (-0 1 (11
wtu)s &
Theproduct of matrices F and V-1 js.
1
: - — ) [£iS _ _BiBs 0
FV! = ((1 g)ﬂzs (1-8) [3.6}{ (3.,,';()2] ?;:’g)c'): ; ’ (12)

(utpc)s 5

Since Rois evaluated at the DFE therefore, the valuesof S and B in eqn. (5) into eqn. (12) and, FV-1 becomes

1
(1-8)rnp, (1-0)np, —_
FV-1 = ( utv N(u+v)) g:g)‘: N (13)
P 0 0‘""#:)5 &
Eqn. (13) simplifies to
(1-8)np, (1-6)2np,e  (1-0)np,
Fr=t = ((I“"V)(ﬂ'f'llc) RE(u+v)(u+u,) K6(u+v)) (14)
0

The reproduction number is thus obtained as the spectral radius (larger cigenvalues) of the above matrix, which is -
R, = H(-0)l(1-0)8:e+ KB,

(15)

RE(u+v)(u+p,) . ' '

Eqn. (15) is the effective reproduction number that is, the average number of secondary l_nfectlon.genemted. whe
ucation and vaccination are on ground as intervention strategies. In the absence of the two intervention strategies .

=V=0and neglecting discase transmission from person-to-person i.c. B then, eqn. (15) reduces to
Ro = RlBye+ r4] ‘ 4 (16)
Kub infecti
Equ, (16)“is(#t4}-1ueC)basic reproduction number that is, the average number of secondary infection generated when 1
Intervention strategy is on ground. '
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and the basic e f the presen S
A L production number (eqn. 16) o the two rc io Cap
Obtained for cach parameter to determine the numerical values 05 sult for the cffective reproduction numbe, to . %

: r r munity whe Pregi

:llfed o Vi T demiologists for two purposcs. They cnn'l;;t’!”l:; cholern outbreak in 1h:d(i:c(:)tn:hc sc\?::rity :;‘ :}}],c a'°;
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