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Abstract: In this paper, a mathematical model for forward propagation of a combustion front with
Arrhenius kinetics through a porous medium is presented. The reaction involves oxygen and a solid fuel.
We assume that this solid fuel depends on the space variable. Under an incompressible assumption, we
obtain a simple model whose variables are temperature, oxygen mass fraction, fuel concentration, seepage
velocity and pressure. We also assume that the amount of gas produced by the reaction is equal to the
amount of gas consumed by it. By actual solution, we prove the existence and uniqueness of solution of the
model. We examine the properties of solution under certain conditions. Using large activation energy
asymptotics, the analytical solution of the model was provided via Homotopy perturbation method (HPM)
and the results are presented graphically. It is discovered that the influence of Frank-Kamenetskii number
on the heat transfer and species consumption is quite significant..
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1. INTRODUCTION

Combustion fronts in porous media have been studied by many authors during the last few
decades. In particular, for combustion processes in oil recovery, models and results of numerical
simulations have been presented. One of the first models of combustion in a petroleum reservoir
was formulated by Gottfried [1]. The model consists of a system of six partial differential
equations describing the flow of oil, water, and gas through the porous medium, together with a
chemical reaction between oxygen and oil. Crookston and Culham [2] presented a general model
for thermal recovery processes, as well as associated numerical procedures. In addition to the
aspects of combustion processes modelled by Gottfried, they included such aspects as coke
formation and oxidation.

These models are nonlinear reaction—diffusion—convection systems derived from the principle of
conservation. In vector form in one space dimension, they have the form

H(U),+F(U)x:(B(U)UX)V+G(U), 0<x<l, t>0, (1)
where / is the length of the porous medium and U is the vector of unknown quantities, such as

temperature and densities. The first and second terms in (1) represent, respectively, accumulation
and transport by convection of these quantities; the function G represents source terms due to

chemical reactions and heat loss; and the term (B (U )Ux )X represents diffusion of heat, mass, etc.

The combustion process is described by the solution of the system (1), with suitable initial and
boundary conditions.
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In the more recent literature, several authors have studied the oxidation of crude oil with air
injected in porous media. These include Ayeni [3] who studied thermal runaway phenomena
while investigating the reaction of oxygen and hydrogen. He provided useful theorems on such
flows. Olayiwola and Ayeni [4] studied the continuity, momentum and coupled nonlinear energy
and species convection-diffusion equations describing the in-situ combustion process in porous
media. The numerical solution was provided using large activation energy asymptotics and
shooting method.

Some recent work identifies combustion fronts with traveling waves, and proves their existence
using geometric methods. Da Mota et al. [5, 6] used this approach to study combustion fronts in a
two-phase (oil and oxygen) model. Combustion fronts were identified with traveling waves
connecting an unburned state ahead of the front to a burned state behind it.

In this work, we study a model for combustion of oxygen and a solid fuel such as coke in a porous
medium. As in [4], we assume the fuel depends on the space variable x . We also assume that the
amount of gas produced by the reaction is equal to the amount of gas consumed by it. We shift
and rescale the temperature so that 0 corresponds to the initial temperature of the porous medium
T, , which are also take to be the ignition temperature. Physically relevant solutions must have
0 < x </. However, in order to have a clear picture of solution in this region, we consider all
solutions in the upper half plane x > 0. We prove the existence and uniqueness of solution. We

also examine the properties of solution. To simulate the flow analytically, we assume that the
incoming mixture is at the burner temperature.

2. MODEL FORMULATION

We consider a horizontal one-dimensional porous medium with an initially available
concentration of a solid fuel such as coke. The space variable is x, 0 < x <oo. The chemical
reaction in the medium takes the simple form

[solid reactant] + [gaseous reactant] — [gaseous product] + [heat]. 2)

To formulate balance equations, we assume that fuel depends on space variable x. We also
assume that the fluids are incompressible. Thus p, and p, are constants. The state variables

depending on (x) are temperature 7', oxygen mass fraction in the gas phase C, , fuel
concentration Cf, seepage velocity v and pressure p .
The following steady state equations are assumed to hold in the porous medium:
Balance of energy
dl 2 (d°’T )
v ( ! J+ Q 3)
ax p 2Cpe dx P g
Balance of oxygen mass
dC d*c s, Q@
V (229 — an 20X _ (229 (4)
dx dx Pq
Balance of fuel mass
dc, a’c, (i-s, o
% dA =D, 7 |- : (5)
x x oy
Balance of total gas mass
dv
Py E =5,0 (6)
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Darcy’s law
P
Ox

The rate of coke consumption in the chemical reaction, in medium, is assumed to be given by a
version of Arrhenius’s law:

v=-

(M

E
w=1AC,.p)'Ce*, for T>0, )
0, for T<0

where A is the Arrhenius constant, £ the activation energy, a the order of the gaseous reaction
rate, and R is the gas constant, p, is the gas density, p, is the fuel density, 4 is thermal

conductivity, ¢, is heat capacity of gas at constant pressure, @ 1is rate of coke consumption in

g
the chemical reaction, Q is heat of reaction, s, is the mass—weighted stoichiometric coefficients
for oxygen, s, is the mass—weighted stoichiometric coefficients for solid fuel, s, is the mass—

weighted stoichiometric coefficients for gas, k is the flow resistance, which is directly
proportional to rock permeability and inversely proportional to gas viscosity.

The quantity s, may be positive, negative, or zero, depending on whether the amount of gas

produced by the reaction is more than, less than, or equal to the amount of gas consumed by it.
Here, we will assume s, =0, p, =p, =p.

From the balance of total gas mass (6), we obtain

v = constant ©)
We let

v=-u,, u,>0

From the Darcy’s law, we obtain

U
p=7x+p0, (10)

where p, is the initial total gas pressure.

From now on, we shall assume that the pressure is constant. Although these assumptions could be
relaxed in the future, they considerably simplify the equations. With these simplifications,
Equations (3) — (8) reduces to the following system modeling temperature, oxygen mass fraction
and fuel concentration.

2
uod—T+ 4 (d sz+ Qo =0 (11)
de  pe, \dx™ ) pey,
2
MO dCOX — Dox d C20x _ Soxa) — O (12)
dx dx Yo
dc d*cC l—s
uy—>=D,| — —( sf)w:o (13)
dx dx 0

The boundary conditions were formulated as follows:
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Boundary conditions:

szo =T, C,. -0 =C,, C, o =Cy
, (14)
lim, ,, T(x)=T7,, lim,_, C, (x)=lim,, C,(x)=0
where the subscript & means burner.
3. METHOD OF SOLUTION
3.1 Existence and Uniqueness of Solution
Theorem 1: Let D, =D, = A =4, S, =1—s,. Then there exists a unique solution of
pcpg
problem (11) - (13) satisfy (14).
Proof: Let D, =D, = . Ay Sy =1-s5, and ¢ = (SOXT-F Q (Cox +C, )J
ng 2cl7g
Then (11) - (14) become
d d’*¢
uy,—/—+ A =0 15
Cdx T dx? (1)
¢(0)=sobe +—2Q (CO +Cfol ¢(x)—>soxT0 as x — oo (16)
prg
We obtain the solution of problem (15) as
¢(x):[sax(Tb_T0)+£(CO+C_/'O)j 677] +SoxTo (17)
2 rg
Then, we obtain
T()=| (7, -7,)+ —2(c,+C, )| e * +T,-—2 (C,.(x)+C, () (1)
2soxcpg ZSOchg :
2s ¢ -y 28 ¢ 2s ¢
Cox(‘x): (M(Tb _To)+(C0 + CfO)] et 2= T —( o _re T(x)+ Cf(x)j (19)
0 0 0
2s ¢ “fx 28 c 2s ¢
¢, (x)- [%(Tb _1)+le, 40, )J o Bate _[ 1), (x)j o)

Hence, there exists a unique solution of problem (11) - (14). This completes the proof.

3.2 Non-dimensionalisation

. SN 21 i S . .
We scale the length by using x =—, where V' is the injection velocity and « the effective
1

thermal diffusivity. We introduce dimensionless variables for space,

x = (21)
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We also introduce dimensionless variables for temperature, fuel concentration, oxygen mass
fraction, velocity, pressure and density;
E P ' _C ¢ A

’ p !
0= T-T, =L =L, Cc, ===, C, ==L u== 22
RTZ( o) P p » D C’ oottt o« @2)

where 7, is the initial temperature of the porous medium and C 2, Cfx are the initial fuel

. . .. . . * * *
concentration and initial oxygen mass fraction, respectively; x , p , p are reference values

for space, pressure and density, respectively.

Using (19) and (20), with these dimensionless variables, and after dropping the prime, the system
(11) — (14) become

d*0 do . . 0

Tt 5(}/6 . —UH—C‘?-C.,») (}/e’x —UH—CfxCox)e@ =0 (23)
Tl s o plye v,y —v0-cic, ) " -0 (4)
d;;f +%—0(}/e‘x —UH—C.(;C/»)“(}/ -0 - CfxCox) e =0 (25)

0(0)=9,, O(x)—> 0 as x > o

Cox(o):Coa COX(X)—H)asx—)oo

(26)

Cc,(0)=C,, C,(x)>0asx—>w»
where

RT 2s,.c,, €T 2s,.c
e=—", u=%‘% 7= Q”g(T ~7,)+(C, +Cpo),

ra ' _E ra ' _E
a’s, Alctp'pYcic, ¢ et a*(l-s,)Alcepp)cic,, C, e
= , O = - .

p P Cov" 2 p P CIviA,

E
K QA(COX p'p)fcic, C e
p pe,, eTw?A

: Frank-Kamenetskii number

3.3 Properties of Solution

In this section, we consider equation (23) when €— 0, 6, =0 and transform the equation from

infinite domain to finite domain, using the transformation y =e™*

We obtain
d’6 5(” v0-C'C, ) [y y-v6-C"C, )e’ =0 7)
dy* y
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1
Theorem 2: Let v =C. = C? =0 and a =1 in (27). Then ﬁ(y) is symmetric about y = 5
Proof: Let v=C. = C.?» =0 and a =1 in (27). We obtain

2
d H(y)_i_&leﬂ(y) — 0

dy’
6(0)=0, 0(1)=0,
Let z=2y -1
Then

2 2

So the problem becomes
a’0lz) | 81 e
dz* 4
0(-1)= 6(1)=0
It suffices to show that &(—z) = 6(z).

=0

Replace z by — z. We obtain
2
—d 9(_ Z) + ieg(ﬁ)

a7

1
Hence @ is symmetric about z =0 i.e. @ is symmetric about y = 5 This completes the proof.

1

Theorem 3: Let v=C", = C‘g =0 and a =1 in (27). Then 0!(2) 0.

Proof: Let v=C". = Cﬁ =0 and a =1 in (27). We obtain

2
d e(y)+5169(y) -0

2

1 1
Since H(y) is symmetric about y = E Then 9'(5j = 0. This completes the proof.

Theorem 4: Let v=C) = Cf; =0 and a =1 in (27). Then 0'(y)>0 for y e (0, %)

Proof: Let v=C, =C} =0 and a =1 in (27). We obtain

dze(zy) — _5169(y)
dy
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Using Ayeni [3], we obtain

1
0(3) =6, [ k(1)

where
y, 0<y<t
k(v.1)= |
t, t<y SE
So

1
0'(y)=15, {y e’V 4 J‘Z eVt —y ee(}’)}
y
1
=0, LZ et

1
Hence, (9(y) is strictly monotonically increasing for y (O, 5) . This completes the proof.

3.4 Solution by Homotopy Perturbation Method

Homotopy perturbation method (HPM) was first proposed by He and was successfully applied to
various engineering problems [7].

Here, we consider equations (23) — (26) when €— 0, C‘(f)- =C) =0, a=1 and using the
transformation y =e .

We obtain

d*é
dy’

+i2(7y—1)6’)2 e’ =0 (28)
y

d*C

dy;x —é(;/ y—06) e’ =0 (29)
Cox (0) = 0’ Cox (1) = CO

d*C,

dyzf —yi;(yy —0v8) e’ =0 (30)

c,0)=0.  c,0=c,,
Using the approximation (see Ayeni [8]):
exp(8) =1+ (e—2)9+6° (31

We apply Homotopy-perturbation to equations (28) — (30), where details can be found in [7] and
obtain the following approximated solutions:
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1 1 1 1 1 1
0(y)=6,y+6|| =A+=B+—C |-| =4y’ +=By’ +—Oy" | |+
(v)=6 ((2 6" 12 ] (2 YT T y)j

ap-Laa-Lap-L ycilpp-Lpa-
12 72 240 2 24

L gL peilep-LeaLtcop-Lcc
120 360 6 40 180 504 (32)

1 1 1 1

S AD(Iny-1)y——A Ay’ —— ABy* ——— ACy* +— B .Dy* —
1(y)y121y 721)/ 2401y21y

iBA 4—LBB S—LBC 6+1CD 3—iCA -

24 Y T Y T30 Y T Ty Y

| |
Lot ooy
180 Y T504 Y

1 1 1 1 1 1
C =C,y+pB|| =4y’ +—By' +—C 4)—[—A+—B+—Cj
x(1)=Coy ﬂ((z Ve BY O | S At e B

1 1 1 1
AD(Iny—1)y—— 4,4y —— ABy* ——— A4Cy’ +—B Dy’ —
1 ( Yy )y 12 y 77 4 4 240 ! 4 2 a4
1 4 1 P 1 ¢ 1 | 5
— B Ay" ———B By’ ———B,Cy" +=C Dy ——C,Ay” -
24 120 360 6 40 (33)

1 1
LB ——Cy
501 150 P T304

ap-Laa-Lap- L 4cilpp-Lpa-
12 72 240 2 24

LU N DS DA IR
120 360 6 40 180 504

1, 1.5 1 ., (1. 1 1
C =C,y+o|| A" +=—By +—Cy" |-| ZA+—=B+—C | |+
r(7)=Cro ((2 YT T yj [2 6 12 D

1 1 1 1
AD(Iny-1)y——A Ay —— ABy* ——— ACy’ +—B,Dy’ —
D(Iny—1)y-7 44V ~— ABy' =2 ACY +- B.Dy
1 . 1 s 1 6 1 ;1 5

— B Ay* ———B,By’ ———B,Cy +gchy —EClAy —~

247 120 360 (34)

]
S| | —C By ———C.Cy’
91180 " “504 1
1 1 1

Loga-Lap- L scilpp-Lpa-
12 72 240 2 24
1L perlep-toa-Lep-Lec
120 360 6 40 180 504

Then H(y), C, (y)and C, (y)can be expressed as function of x using previous transformation,

—AD -

y =e *. The computations were done using computer symbolic algebraic package MAPLE.

where
g=e-2, A=(y-v6,)’, B=q0,(y-v6,), C=6;(y-vo,),
D:(%A+%B+éc) A, =-20(y -06,). B, = qly> — 40y, +30°67).

C, =26,(y* - 3vy0, +20°67)
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4. RESULTS AND DISCUSSION

Here the existence and uniqueness of solution of the Problem is proved by actual solutions. Also,
under certain condition, we have examined the properties of solution. Analytical solutions of
equations (28) - (30) are achieved via Homotopy perturbation method and computed for the
values of y=1, f=0.1, 0=03, v=1, e=2.718. The species -concentration and

temperature values are depicted graphically in Figs. 1 - 6.

From Figs. 1 and 2, we can conclude that with the increase of Frank-Kamenetskii number (),
temperature increases.

1.0-
091
08
071
8(x) 06- B
05 !

044

0.3 4

024

0 1 2 3 4 3

=04 — — &06 &=0.8

Fig 1: Temperature variation versus distance x for various vahies of & at
y=1P=01g=03 v=01e=001 £=2718 6,=001

Fig 2: Temperature variation versus distance x for various values of O at

vy=1L0F=01lg=03v=1e=001l.e=2718. 8, =001
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From Figs. 3 and 4, we can conclude that with the increase of Frank-Kamenetskii number (&),

oxygen mass fraction decreases.

0.104

"

C.(x) 005

-0.05 4

-0.10

04 — — &06 &=0.8

Fig 3: Oxygen mass fraction variation versus distance x for various
values of & at v=1p=01g=03 uv=1=2718, 8, =10.01, Ca={ll.l

Fig 4: Oxyzenm ass fracion variation versus distance x for various
valuesof Sat y=1,f=0.1, =03, v=1,8=2.718, 8, =10.01, Cc.=0'l
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From Figs. 5 and 6, we can conclude that with the increase of Frank-Kamenetskii number (9 ),
fuel mass fraction decreases.

l_

b
0844
0.6

Clx)
044

-02+4

044

=04 —— &6 &=0.8
Fig 3: Fuel mass fraction vanation versus distance x for various values

of dat y=1,p=0.1,g=03 v=1,¢=2.718, 8,=10.01, Cﬂ= 1

Fig 6: Fuelmass fraction variation versus distance x for various values
of dat y=1.F=0.1g=03, u=1¢=2718 6,=0.0L Cﬂ= 1

5. CONCLUSION

From the studies made on this paper we conclude that Frank-Kamenetskii number enhance the
temperature and decrease the species concentration. These occur as a result of increase in heat of
reaction. When the heat of reaction is high, the rate of conversion of solid fuel into light oils,
water and gas is high and consequently, the recovery rate is boosted. This is of great economic
importance.
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The results may be used as a preliminary predictive tool to study mathematically the forward
propagation of a combustion front through a porous medium. The work may be extended to more
complex cases such as when the amount of gas produced by the reaction is more than or less than
the amount of gas consumed by it and therefore, recommended for further research.
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