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Abstract

domian Decomposition Method (ADM) is a semu-analytical method tha
give the approximate solution of the linear and ron-linear differennal

in thu: paper the Adomian Decomposition Method (ADM) was
wved to solw the mathematical model of measics The 4DM solurion was
validated with Runge-Kutto built-in in Maple software The graphical
solutions show the decrease and increase in the classes with ime [t was
revenled from the graphical solusion that the 4DM (s 1n agreement with
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Measics + cxvemely tansmissible nfectious disease caused by measles virus [1, 2]
m.«nuﬁuh'&hm&mﬂyl&wgﬁhm@mdmz&of
mfecaed people (3] It may also be spread through direct contmct with mouth or nasal
socrenons (4] Measles affects about 20 million people a year, (1] primarily in the
developing arcas of Afnca and Asia (3] While often regarded as a childhood illness, it
can affect pooplc of any age [5] In 2018 there were 142300 measles related deaths
ghodaily Most of the reported cases were from African and eastern Mediterrancan
repons. These caumates were a litthe higher than that of 2017, when 124,000 deaths were
reported duc to messles mfecton worldwade (6] The reported cases of measles in the
firwt quanter of 2019 were threc times higher than in the first quarter of 2018 The
“Mmm“ymoflhwﬁmmmmmlhhigh
m-'umﬂnimdmchumﬁmpmplem.
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.t\!‘f‘hl ation of Adomion Decomposition A 1(‘”1(‘(1 fl.‘f \11.-'\"r‘r‘; Math

Mog

The Adoman Decomposition Method ¢ ADMY was itroduced by Gegrn,
10RO [X] The mcthod has been apphed by several researchers 1o solve .'-‘r .
‘0_'[:1 Adomimn Decomposition Method (ADNDY s very uselul tor SO m..l
nonhnear ordiman and partial differential equations, algebray '~"Ll.'~l-'1lm1..h
cquations, integral difterential cquations In [10] they solved  sygpey,

Qifterental equations nsine ADM

In this paper.

ADM was used 1o solve the Mathematcal modeling o
Mathemanie ‘

al modchng of infectious discases many a times resulted
-~ ‘ i LT
Jutonemous differennal equations which does not exphaitly depend an ), o
- : Cinden
varable The solution was vahdaied praphically with Runge-Kutta in 1y, '
n

sofiware sinee 1ty difticult

(o have the exact solution of this system of | ) A
i 5 - - -.'klll.” .
values used for the numencal result was from [13] they estimated the depy, "
- - - Eranph
the cases of measles of world using the data from World Health Organizan, “\\“!‘l |
LI}
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NMaterials and Methods
Basics of Adomian Decomposition Mecthod (ADM)
Consider the svstem

of ordinary differenuial equation:

'

‘;-‘l:- — \I(\'.I. 1 \ )

il

o

' =N v, v

di (

'| (2.1)

J—‘—-: \_l]']. 1\’

dt -

where cach equation represents the first derivatives of one of the unknowns funciion.

depending on the independent variable and n unknown functions N N

N
Fquaton (2.1) can be represented by using the rth equation as:
L ?\("-".'-"-"'”:1-2 on (2.2)
B N‘I \ ' .
Where /7 1s the hinear operator .f_ with the inverse L :J (-}t and N is the non-lineas
i !
functions. Applving the inverse operator on (2.2) gives
\ 1|”'!-( Nolv,.w o Me i=12.--.n (2.3)

In ADM the solution of (2 3) 18 consider to as the sum of a series
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) A
f=0

niegrand 1 (2.3), as the sum of the following series
f the ! -
AL

x

N,("\- Vas'' s ¥Va )22/1' -(‘v. 0 Vu" iy )

(2.5)
1=0

nere A (v, 00 Yoo Vi ) are called Adomian polynomials
Where Aot o .

ssruting (2.5) into (2.3) gives

Sups - &

z}.‘ = y,(0)+ I.Z d v, y,‘,.-'-.__v”}h

) (2.6)
=y (0)+ Z]ﬂ AW o Vip v it
From (2.6) we define
y,ln - '}"(0)

f (2.7
.ri‘n-l = Iﬂ Al.n ’l,n‘ ,vl_l‘“.‘.‘ll,n k’

Model Equations

Consider the system of autonomous differential equation:

g =A-(0+uM
dr 2.8)
ds asS/
— =M - — - ) (25
dr N (u+v) -
dl aSi N
E—?—U’*'#**fﬂf (2.10)
dR
-‘;I—=ﬂ—uﬂ+\-'5 (2.11)
With the initial conditions
M(0)=M,, S(0)=S,. 1(0)=1, and R(0)= R, @2.12)

Applying [ = L (-)dt to both side of equation (2.8) - (2.11) gives
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M(;): M(0)+ L: Adt - J'n K Mdi (217
1 TCT‘S‘! I ; _
S([):S(0)+L&wdf*£]—N—df—_[‘k_ﬂ\df (21 0\
. AT )
1(r)=1(0)+ J'HPN—dr [ K s
R(r)= R(o)+j; yidt + [ vSdi- [| uRdr 2.16)
Where,

¢ =(O+p) Ky =(v+p) and Ko=(y+usd) @)

Using the alternate algorithm for computing the Adomian polynomial as use
Let,

M=}“1<S=J’;~J’=}’; andR:y.i‘

3 (2.18
SI= Z.vl.:y?.n-; 2

Substituting equations (2.12) and (2.18) into (2.13) to (2.16) gives

v, =My + [ Ade=K\ [ v, dr (2.19)

. =5 +9f mdr——-][Zy, VJHJ I},ndz (2.20)
v ot +—I[Zy,!)1,,_ ]dr jryslndr (2.21)

] o
Yin =Ry + yL V,,dt+ uL v, di— ,u_L Vs, dt (2.22)

Equation (2.19) to (2.22) leads to the following scheme:

Vio =My + At Yina =-K, J: yl,ndt (2.23)
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Vi
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::] o I Jiy| ==t |
_1't,ﬂ 0 N \ -

!
Vi = ,"L vyt 1'J \

Y = _Klﬂ v, di

= _Kl[ .'Mrnf + ,r\ L
"

y =-E

Vo = 9]}: Viodt = %‘L’ Vaosedi — K, J“ vy !

= [QMO - %snfn -K,S, \, +OA L ' 205

/2
Yy = Ejt+0A— |
2, 2 5
a ! S
Y = ﬁ_[l VaoViod! = A:.L Vi di
\ o
:LES.J,,—K‘I“ ¢ . (2.20)
N [
vy, = Eqt |
i ol ol f ll
Va1 = )/].n ."I}.Dd'f + \'Jn ll'lﬂd'f - .UJ“ AT ] |
:(}/[u +“Su _.tuqu)! ! |:..‘O)

vy, = Et

where,
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C) e =lam, - s, A’s)
E1=Kl M0’+A_2_' 3"&"11 N olao 190 ’.
E, "-(%Sofo - K.‘]Ul E, =, + vS, - -“Rn)
1

n=1\

». =K j)’nd'
= K, M, -+K‘ 3
) 3
. I
)’1.1=F1:1'5+F|32_6_

I
' a ) ' ’ - K ’ d!
Vyy = 9[ v, dl - I (Vyoas + Yo _m)dt I\EL) 2
i (U j\{ 0

: abl, 3
{GMK +—-(SE +IE)+I\E}——A( > +9K2}%_

—

S —

Y. = = j; (.":.n.",\.l + VoV )dr = K}L v dif ]
i i all AL
z[%(suEw - IGEZ)— KJ.EJ]_E_"‘ 'I{Lz

{ I= l
\’1_:=F1‘.,_+F1:Z |

(2.34)

Yia = }'Lr _1:_1_1dr + v].; y“d; — #ﬂ _1‘4_‘di

1

t’ t
= [}'El +VvE, - uE, ]'5 +V9A—g

.‘

I
= _+F -2
=F 6

(2.35)
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somma:

SE,+ /1, L.)-K £ | o
' |
- |
@bl A |
w=—y o F=UE e ey |
n=2
Vi3 "'Klj[:_l’] dr |
. 3} lfj 1 f L B
=-K, My —-g Al L (2.37)
6 24|
[3 4
‘.i"-[GIJI-__+Gl11£‘
“24,

' a
Yy = aj‘o ymdl - _ﬁ J-ﬂ(yz-”'\"-l - "'3-1—"!‘1 * ,"'1,3}'1 0 )fh - K: j' v, Ldi

- 21 |
a
:\:eFm "'E(SDF_\ +zEIEJ “];,E )+ F,Kl_]

f] 74 AL |
JE"'(BFU: “g(snﬂl —1,F, +3A6F. )+ F.K, L—|
3 4 ) ! - ‘ C /24
) ! =
.V:.szctz"'cz'ﬁ
(2.38)

[#4

t
Yiy = EJ‘“ (J’z.o}'l.z Yy, + YiaVag )df - K| I;}’,\‘:df

o
={7V‘(S0FJ +2EzE3 ‘]uﬂ)“FaKs

? o 4
]~+ ~ SoFy +306E, 1 ) g p 11| (2.39)
6 | N 072 e P
P ¢t )
y =G -—-+G —_—
Mo e T Yoy
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l-‘[-]fr |

'!\Ileﬂs!pl '
= Pjt . \d‘f"' \;E'\:z ?df-lu-[[: _\-'_‘_Idf l
J4, LA TR '
F )i+(yF ~VvF, - uF )’J\
=()F, - vF, - uF, 6 » 3Ty 2)5o i
1 4 [-4“‘.
= —+G —
G 5 ¢34
where,
o .
G, =KIEMO. Gy :Kﬁf\, G, ={9Fm ‘R,‘(SoFJ +ZE:Ea . ]nFI)Jr FK, i
¢ a - _
Gy = GF]I:J_'E(SGFJI‘IOFI+3A9EJ)+F2AZ]’ Gy = { (S,F, +2E. E -1 k) F i
G. -_—{E(SOFR +3A6E, 'Ian)_ KlFJZ} G, =(ﬂr3 —VF, - uF, ) G, = (."F._- ~vE, p
| :
(241
n=3
ym I 113dr
,4\ [ K-IA 5
=K, rlu 120 (2.42)
2 ¢’
M =H14ta+Hl42 120

: a ¢ - !
Y14 = B'L}',_}dr——’L (."’:,o.";,\ VYtV Ya TV )d’ - K, L Yy, di
o4 SOG4 + 453 F:
- 6G,, -

a GS(,‘F]EF . f* m_z__ . (
6G,,, - — -K,G, |—+ N\+6AGF, -4E.F, +G,I, | |—
N\-3EF+GJl, 24 120

~K,G,
£
' 5«9&}’—
MR
cH g Lyl
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somm? etal- N
HHI ;I J'an, HI-‘ . A
o -
" {,ggm _ﬁ(clst,ug\ﬁ _3E.F +G1)-K,G, |,
3 !
H :[—BG,H ——\—’(SnG4 +4E,F,, +6AOF, -4E\F, +G,1,)- K.G, | |
2 N ' . ' [ |
o
H]_—-_———N—AHF]: | ‘ZH}
Vi = %I;(,V:_n}'}l + ¥y Va2 Yl e it - K}J‘l Yyt
.S VEF - ‘U‘SG+4EF I )
a [ Gy9, +2Ea1, '
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J
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(2.45)
where.
:
a
H, =[F(G,So FIEF-IEF +GL)-K G | |
., : (2.46)
H. =[N(SOG4 +4E,F,, +6A6F, —4E,F, +G.1,)- KWG,], H, = V\HF,
/
Vig = }/J.u .\JJ‘.‘vd’ + “'J‘; )’:‘Jd' N »UL: }';_;d"
¢! ol
= (4G, +vG, - uG, )—22 +(G, +vG, —,uGe')éa \ (2.47)
= H, —+H — '
24 "120 ':
where, '
H, =!(}'GB+VG1_,L‘GS)H:=(}G4+VG:_F‘G¢.) (2.48)

Therefore, the solutions of the model equations are:
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M)y=M, « A=y =0

SU)=Ss+yy + Vi ¥ Yaa * Y -
f)=1,+y, +y,.+v., +)
RUV=R, +y, = 1.

Substituting (2.27) 10 (2.47) into (2 49) gives

{ ! f
Mt)=M,+Mi-M —+M —~M, — .\
2 i 24 170
{ o [ .
S(r)=8,+51-5. —+§, —=+§, — =« .
© 2 6 24 120 9
/ f ‘ {
W)=t 40040 —4f 0, — =1
2 6 24 | 20) 7
{ [ [
R(()=R, + Rt+R,—+R — R R
2 f 24 20
‘; Where,
M, =(A-KM )M, =(KA-F, LM =(F_ -G LM, -(H
S =E,.5 =(BA-F) S, =G ~F.)S, =G +H LS =H. S
I =E. 1, =F. 1, =(F,+G )1, =G, ~H I H . [ H

R, . E‘. R - F_!. R‘ ':(’_ + (t‘ K, (G, » M) K

3 Results and Discussion

Table 3.1 1s the esumated world demographic and cases of measles from World |
Organization. Figure 3.1 1o 3.4 are the graphical solutons of Runge-Kurta
(RKM) and Adomian Decomposiion Method (ADM) of cquation (2 511

Table 3.1: Values for Parameters used for Sensitivity Analysis

Variables Description Values per year
M(0) Maternally-Denved-Immumnity £2.010.000
S(0) Susceptible 7,099.404.364
10) Infected 254918
R(0) Recovered Immune 118,270,718

\-[_'



o+ ol NMC-IMS, vol 6, No. 1. March 2021
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.--—‘-'-..-.--——_-_ -
— Total Population 200,000,000
Recruitment rate 139,000,000
‘ Contact Rate 0o
Death Rate due to Disease 0.53
Recovery Rate 0.47
Natural Death Rate 0.008
Vaccination Rate 0.85
; tgununnylhnc 0.61
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Figure 3.1 Graphical Solution for the Maternally Derived Immune Class
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Figure 3 .2: Graphical Solution for the Susceptible Class
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Figure 3.3: Graphical Solution for the Infected Class
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Figure 3.4: Graphical Solution for the Recovered Class

Figure 3.1 is the graphical solutions of Maternally-Derived-Immune class, it shows
the number of Maternally-Immune individual increase a little with time. This is because
the new born are going into the class and they leave after nine month. It 15 observed
from Figure 3.2 which is the graphical solution of Susceptible class that, the numbes
decreases with time as a result of high vaccination rate. It 1s assumed that the suscepuble
individuals that are vaccinated move to Recovered class. In Figure 3.3, the number of
infected decreases because as more susceptible are vaccinated the less the number of
infected.  Figure 3.4, the solution of Recovered class, it shows that the number increases
with time. The increase is as a result of the vaccinated susceptible and treated infected
individuals that move to the class.

4 Conclusion

The solution of ADM was validated with Runge-Kutta built-in in Maple software. 1t 15
observed from the result that they are in agreement. The increase and decrease in (he
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are as result of high vaccination and recovery rate. Semi-analytical solutions give
asses < °

cl rstanding of the dynamics of infectious diseases

hetter unde
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