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ABSTRACT

In this paper, we present a comparative analysis
of non-reactive contaminant flow problem for
constant initial concentration in two dimensions
by homotopy-perturbation and Variational
Iteration method. We provide an approximation
of this equation using homotopy-perturbation
transformation and solve the resulting linear
equations analytically by homotopy-perturbation
method (HPM) and Variational Iteration Method
(VIM). Graphs are plotted using the solution
obtained from the method and the results are
presented and discussed.

(Keywords: Homotopy-perturbation, contaminant,
advection, diffusion, adsorption)

INTRODUCTION

In recent times, modeling of contaminant
transport in porous media remain a critical issue
in the field of hydrology and environmental
sciences because contaminant frequently
penetrate the subsurface, subsoil, aquifer and
groundwater either intentionally or intentionally,
and the contaminant residues constitute a threat
to the environment and by extension the
groundwater. The advection-dispersion equation
is the most common method of modeling
contaminant transport in porous media. The
partial differential equation describing the
contaminant transport is characterized by
advective transport with flowing groundwater,
molecular diffusion, hydrodynamic dispersion
and adsorption.

A number of analytical solutions have been
achieved to describe one dimensional advective-
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dispersion contaminant transport with varying
initial and boundary conditions. Clint (1993) and
Makinde and Chinyoka (2010) studied the non-
linear contaminant transport equations using
numerical methods; Aiyesimi (2004), Gideon
and Aiyesimi (2005) and Gideon (2001)
employed perturbation method in their studies.
Other researchers like Singh, Singh, and Singh
(2010) and Yadav and Kumar (2011) adopted
the Laplace Transformation Method. Essa, et al.
(2007) investigated the dispersion of pollutant
from a point source, analytically taking into
consideration the vertical variation of both wind
speed and eddy diffusivity. Massabo, et al.
(2006) gave analytical solutions for a two-
dimensional advection equation with anisotropic
dispersion.

Other well-known methods are the Homotopy
Perturbation Method (HPM) and the Variational
Iteration Method (VIM). HPM was used to solve
wide range of physical problems, eliminating the
limitations of perturbation method Rajabi, Ganiji,
and Taherian (2007) and Jiya (2010). Most of
the researches done in the past either neglects
the non-linear term or considers it as a constant.

In this paper, we present a comparative analysis
of non-reactive contaminant flow problem for
constant initial concentration in two dimensions
by Homotopy-Perturbation and Variational
Iteration method. This two-Dimensional case is
chosen for this study because contaminant
dispersion occurs in the direction where there is
concentration gradient. It could be in x and y
directions.
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MATERIALS AND METHODS

The contaminant flow equation was modeled
using the advection-dispersion terms mass
conservation principle (Bear, 1997). In two
dimensions, we consider the advection and
dispersion in both x and y-directions and by
mass conservation law, we have the governing
equation of the two-dimensional flow equation
as:

Co+ 228, + UCy +VCy — DyCex — DrCyy = 0; (1)
0<x<o0<y<e,t>0.

Equation (1) can be rewritten as:

ac  09(C) Uac+Vac DOZC DGZC
dy lox? T oy?

ot T Tar V%

=0,(2)

This can further be written as:
ac | apac ac ac a%c 9%¢c _
E+%E+U£+VE_DLF_ Tﬁ_ 0(3)

.8 .
Defining 20 & then:
ac ac ac ac 2%c 2%c
E+€E+ UE-I-V@_DLE_ Tm_ 0,
4)
Simplifying Equation (4), we obtain:

ac ac ac a%c a%c

(1+€)E+Ua+VE_DLﬁ_ Tﬁ— 0

)

C0,y,t) =A,C(=,y,t) =0,

C(x,0,t) =A,C(x,~,t) =0,t >0,

C(x,y,0) = Ae ™™ (6)
0<x <0<y <>,

where U is the flow horizontal velocity, V is the
vertical velocity of flow, D; is the horizontal
dispersion, Dy is the vertical dispersion, C(x,y,t)
is the concentration of the contaminant, x and y
are the horizontal and the vertical distance from
the source respectively, t the time and & is the
perturbation parameter.
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Basic ldea of Homotopy-Perturbation Method

(HPM)

In order to explain the method of homotopy-
perturbation, we consider the function:

A(wW) —f(r)=0,reQ (7
having the boundary conditions:

Z—Z)zO,rEF,

B (u,
where A4,B,f(r) and I are a general differential
operator, a boundary operator, a known
analytical function and a boundary of the domain
respectively. The operator A can be divided into
two parts L and N where L is linear and N is
nonlinear. Equation (7) can therefore be
rewritten as follows:

Lw)+Nw) —f@r)=0reQ (8)

By homotopy-perturbation method, we form a
homotopy:

v(r,p):Qx[0,1] = R
which satisfies

H(v,p) = (1 — p)[L(u) — L(uy)] + p[A(v) —
f@]=0 9)
p €[0,1],r e Q,

where p €[0,1] is an embedding parameter,
while u, is an initial approximation of (7), which
satisfies the boundary conditions. From
Equation (9), we have:

H(v,0) = L(v) — L(uo) = 0, (10)
H(v,1) = A(v) — f(r) = 0. (11)
According to HPM, we can first use the
embedding parameter p as a “small parameter”,
and assume that the solutions of Equation (9)
can be written as a power series in p:

v = vy + pv; + p,v? + -+, and the best

approximate solution is:

u=limvy = v©® +pv® 4 p2p@ + ..., (12)
p—
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The convergence of the above solution is
discussed in Abdul-Sattar, et al. (2011).

Solution of Two-Dimensional Contaminant
Flow Problem by HPM

By applying homotopy-perturbation
transformation to the linearized form of Equation
(1) (i.e., Equation (5)), we have:
Hwp)=(1-p|a+a3]+p[a+oi+

ac ac a%c a%c
U£+VE—DLE—DTW]—O (13)

Let (x,y,t) = v© + pv® + p2v@ + p3p® + ...
(14)

By substituting Equation (14) in (13), we have
the following set of equations:

1+8)=v@(x,y,t) =0 (15)

1+ E)%v(l)(x, y, t) + U:—xv(o)(x, y, t) +
V2 u@(x,y,t) =D o ©(x,y,t) —
5V ., Loz VP,

62
Dro vy, ) =0 (16)

1+ 8)%17(2)(36, y, t) + U;—xv(l)(x, y, t) +
VZvD(x,y,6) =D iv(l)(x y,t) —
03’ » L0x2 »
62

m;wm@mo=o (17)

1+ 2v®(x,y,6) + U v@(x,y,6) +
2@ L))
Vav (x,y,t)—DLﬁv (e, y,t) —

aZ
DTWV(Z)(x, y,t) =0 (18)

1+ E)%v(n) (x,v,t) + U%v(“'l)(x, y,t) +
Viv(n‘l)(x t)—-D iv(“'l)(x t) —
ay ;y, L axz ;y,
92 -
DTWW D(x,y,t) =0 (19)
We now solve the above set of equations by
method of homotopy-perturbation. Equation (14)

accepts a solution of the form: v©@(x,y,t) =
Ae™, and
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v©@(x,y,0) = Ae™; v(©(0,y,t) = 4,
v©@(e0,y,t) = 0,v(x,0,t) = 4, vO(x,,t) =
0,A>0.

By solving Equations (16) and (17), we have the
following:

e~ MY (D Ay2 +DpAx2 +Uy+Vx)t

AA
vD(x,y,t) = — (20) ;
v (x,y,t) = 2(1:5)2 (Ale_’lxytz(lszz +

B3y*D,* + 4D, ADy + A3x*Dyp* + Ay?U? — 2UV +
2UA%y3D, + 2UA%yDrpx? + 2UAyVx — 4UADpx +
2VA%xD,y? + 2VA%2x3D; — 4VAD,y +

2D, A%*y*Drx? — 8D, A%yDrx). (21)

Therefore, the solution of the nonreactive two-
dimensional contaminant flow equation is:

C(x,y, ) = limy_; (v® + pv® + p2v@ 4 p3v® 4
) (22)

That is

_ Are =A%V (Dy Ay2 +DpAX2 +UY+V)t
Cx,y,t) = Ae™ 7 + oty 1on7x 1OVIP) +

%ﬁ (Ade Y t2(Ax2V2 + 23y*D,? + 4D, AD; +
Bx*Dp? + Ay?U? — 2UV + 2UA%y3D, +
2UA%yDrx? + 2UAyVx — 4UADyx + 2VA%xD,y* +
2VA2x3Dy — 4VAD,y + 2D, A3y?Drx? —
8D,A%yDrx) . (23)

Basic ldea of Variational Iteration Method

(VIM)

To explain the concept of VIM, consider the
following differential equation:

Lu+ Nu = g(t) (24)

where L is a linear operator, N a nonlinear
operator and g(t) an inhomogeneous term. By
VIM, the correction functional can be
constructed as follows:

Unsro = Un(®) + [T ALUL(S) + NT,(5) — g(s))ds,

where A is the Lagrange multiplier He (2000)
which can be obtained optimally using the
variational theory. The subscript n depicts the
nth approximation and U, is considered as a
restricted variation He, 1998.
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Solution of Two-Dimensional Contaminant
Flow Problem by VIM

The transformed version of the contaminant flow
equation (i.e., Equation (5)) is solved by VIM as
follows:

%c _

ac ac ac a?%c
(1+8)E+U£+V5_DLE_ Tﬁ_

0;C(0,y,t) = A, C(»,y,t) =0,
Co(x,y,t) = Ae ™,

and

0Co(xy,0) _ 0
ot ’

The initial approximation is:

0Cy(x,y,0)

Co(x,y,0
o(xy,0) + T

(25)

t aCnh(xy,
Cn+1(X,y, t) = Cn(X'Y,t) + fo }\( (1 + E) ((’))iYS) +

dCh(xy,s
U n(Xy, )_I_
0x ) 2
9Ch(xy.s) 0°Cn(xy.s) 0°Cn(xy.s)
V—= -D - d
ay L ox2 T dy?

(26)

The Lagrange Multiplier is obtained from
variational theory as A=-1.

From Equation (26),

Cixy 0 = Ae™ 4 [1(=1) (1 +2) 202 4

9Co(xy,s) aCo(xy,s)  p 9%Co(xys)
u ax +V dy Dy dx2
9%Co(%y.5)
Dy ;T) ds 27)

Therefore from Equation (28), we have:

C,(x,y,t) = Ae ™ 4+ D, A2y2e~"V¢ 4
UAdye ™t + DpAN?x%e 7t +
VAlxe V¢t 28)

The next iteration gives,

C,(x,y,t) = %Ae‘“y(—ZtsAx — 2teDpA?x?% —
2teUAy — 2teD, A%y? + 2t2D,UA%y3 —

At2D VA%y + 262DV A3x3 — 4t2UDp A% x + 2 +
2t2UD; A3x2%y + 2t2D, VA3xy? + 2t2UVA%xy +
2t2D, DpA%x%y? — 8t2D, Dy A3xy + t2D,* At y* +
t2Dp* A x*+t202U%y? — 2t2UVA +
4t2D; D A2 +t222V?%x?% + 2UAyt + 2D A2x%t +
2VAxt + 2D, A%yt (29)

The Pacific Journal of Science and Technology
http://www.akamaiuniversity.us/PJST.htm

Cix p £

Equation (23), on simplification gives equation
(29). This show that the results obtained from
HPM agrees with that of VIM.

RESULTS AND DISCUSSION

The graph in Figure 1 is obtained using the
solutions (23) and (29) with the aid of input data:
A=1, U=0.1, V=0.01, &£=0.001, D; = 0.01,
Dr =0.0001, x=1 ,y=1 and 0O<t<1, the
concentration is plotted against time. Similarly,
with the aid of input data: A=1, U=0.1, V=0.01,
€ =0.001, D, = 0.01, Dy = 0.0001, t=1 ,y=1 and
0< x < 1, the concentration is plotted against
distance (x) and the graph is presented in Figure
2. Finally, the 3-dimensional graphs of
concentration against distance (x) and time(t)
are plotted to show the relationship between
concentration, distance and time using the
solution (23) from HPM and (29) from VIM
separately and the graphs are shown in Figures
3 and 4.

Figures 3 and 4 are plotted with the aid of input
data: A=1, U=0.1, V=0.01, ¢ = 0.001, D;, = 0.01,
Dt =0.0001 ,y=1 O<t<land O<x < 1. Inall
the graphs plotted, the dispersion coefficients is
assumed proportional to seepage velocity.
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Figure 1: Graph of Concentration against Time.
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Figure 2: Graph of Concentration against
Distance.
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Figure 3: Three-D Graph of Concentration
against Distance and Time from HPM Solution.
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Figure 4: Three-D Graph of Concentration
against Distance and Time from VIM solution.

CONCLUSION

In this work, analytical solutions are obtained for
nonreactive two-dimensional contaminant flow
problem. These research findings reveal that the
solution we obtained from VIM agree completely
with that of HPM in all ramifications as clearly
shown in the graphs. From the graphs plotted for
the nonreactive contaminant flow solutions, it is
obvious that the concentration of the
contaminant increases with time and also the
concentration decreases as the distance
increases.
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