ResearchGate

See discussions, stats, and author profiles for this publication at: https://www.researchgate.net/publication/320356591
Finite-Difference Approximations to the Heat Equation via C

Article - July 2017

CITATIONS READS
6 6,563
3 authors:
Olusegun Adeyemi Olaiju H Yeak Su Hoe
Universiti Teknologi Malaysia "V Universiti Teknologi Malaysia
6 PUBLICATIONS 34 CITATIONS 63 PUBLICATIONS 107 CITATIONS
SEE PROFILE SEE PROFILE

Ezekiel Babatunde Ogunbode
| Federal University of Technology Minna
66 PUBLICATIONS 301 CITATIONS

SEE PROFILE

Some of the authors of this publication are also working on these related projects:

Project Numerical methods for solving ill-conditioned linear systems in the computation of the GCD of polynomials in the orthogonal basis View project

Project Durability performance of green concrete composite consisting steel fibrous and rice husk ash View project

All content following this page was uploaded by Ezekiel Babatunde Ogunbode on 12 October 2017.

The user has requested enhancement of the downloaded file.


https://www.researchgate.net/publication/320356591_Finite-Difference_Approximations_to_the_Heat_Equation_via_C?enrichId=rgreq-3b7e44df36c964c92143cb6f491baef0-XXX&enrichSource=Y292ZXJQYWdlOzMyMDM1NjU5MTtBUzo1NDg2ODc4NzAzNDUyMTZAMTUwNzgyODc5MDE5NQ%3D%3D&el=1_x_2&_esc=publicationCoverPdf
https://www.researchgate.net/publication/320356591_Finite-Difference_Approximations_to_the_Heat_Equation_via_C?enrichId=rgreq-3b7e44df36c964c92143cb6f491baef0-XXX&enrichSource=Y292ZXJQYWdlOzMyMDM1NjU5MTtBUzo1NDg2ODc4NzAzNDUyMTZAMTUwNzgyODc5MDE5NQ%3D%3D&el=1_x_3&_esc=publicationCoverPdf
https://www.researchgate.net/project/Numerical-methods-for-solving-ill-conditioned-linear-systems-in-the-computation-of-the-GCD-of-polynomials-in-the-orthogonal-basis?enrichId=rgreq-3b7e44df36c964c92143cb6f491baef0-XXX&enrichSource=Y292ZXJQYWdlOzMyMDM1NjU5MTtBUzo1NDg2ODc4NzAzNDUyMTZAMTUwNzgyODc5MDE5NQ%3D%3D&el=1_x_9&_esc=publicationCoverPdf
https://www.researchgate.net/project/Durability-performance-of-green-concrete-composite-consisting-steel-fibrous-and-rice-husk-ash-2?enrichId=rgreq-3b7e44df36c964c92143cb6f491baef0-XXX&enrichSource=Y292ZXJQYWdlOzMyMDM1NjU5MTtBUzo1NDg2ODc4NzAzNDUyMTZAMTUwNzgyODc5MDE5NQ%3D%3D&el=1_x_9&_esc=publicationCoverPdf
https://www.researchgate.net/?enrichId=rgreq-3b7e44df36c964c92143cb6f491baef0-XXX&enrichSource=Y292ZXJQYWdlOzMyMDM1NjU5MTtBUzo1NDg2ODc4NzAzNDUyMTZAMTUwNzgyODc5MDE5NQ%3D%3D&el=1_x_1&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Olusegun-Adeyemi-Olaiju?enrichId=rgreq-3b7e44df36c964c92143cb6f491baef0-XXX&enrichSource=Y292ZXJQYWdlOzMyMDM1NjU5MTtBUzo1NDg2ODc4NzAzNDUyMTZAMTUwNzgyODc5MDE5NQ%3D%3D&el=1_x_4&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Olusegun-Adeyemi-Olaiju?enrichId=rgreq-3b7e44df36c964c92143cb6f491baef0-XXX&enrichSource=Y292ZXJQYWdlOzMyMDM1NjU5MTtBUzo1NDg2ODc4NzAzNDUyMTZAMTUwNzgyODc5MDE5NQ%3D%3D&el=1_x_5&_esc=publicationCoverPdf
https://www.researchgate.net/institution/Universiti-Teknologi-Malaysia?enrichId=rgreq-3b7e44df36c964c92143cb6f491baef0-XXX&enrichSource=Y292ZXJQYWdlOzMyMDM1NjU5MTtBUzo1NDg2ODc4NzAzNDUyMTZAMTUwNzgyODc5MDE5NQ%3D%3D&el=1_x_6&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Olusegun-Adeyemi-Olaiju?enrichId=rgreq-3b7e44df36c964c92143cb6f491baef0-XXX&enrichSource=Y292ZXJQYWdlOzMyMDM1NjU5MTtBUzo1NDg2ODc4NzAzNDUyMTZAMTUwNzgyODc5MDE5NQ%3D%3D&el=1_x_7&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Yeak-Hoe-2?enrichId=rgreq-3b7e44df36c964c92143cb6f491baef0-XXX&enrichSource=Y292ZXJQYWdlOzMyMDM1NjU5MTtBUzo1NDg2ODc4NzAzNDUyMTZAMTUwNzgyODc5MDE5NQ%3D%3D&el=1_x_4&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Yeak-Hoe-2?enrichId=rgreq-3b7e44df36c964c92143cb6f491baef0-XXX&enrichSource=Y292ZXJQYWdlOzMyMDM1NjU5MTtBUzo1NDg2ODc4NzAzNDUyMTZAMTUwNzgyODc5MDE5NQ%3D%3D&el=1_x_5&_esc=publicationCoverPdf
https://www.researchgate.net/institution/Universiti-Teknologi-Malaysia?enrichId=rgreq-3b7e44df36c964c92143cb6f491baef0-XXX&enrichSource=Y292ZXJQYWdlOzMyMDM1NjU5MTtBUzo1NDg2ODc4NzAzNDUyMTZAMTUwNzgyODc5MDE5NQ%3D%3D&el=1_x_6&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Yeak-Hoe-2?enrichId=rgreq-3b7e44df36c964c92143cb6f491baef0-XXX&enrichSource=Y292ZXJQYWdlOzMyMDM1NjU5MTtBUzo1NDg2ODc4NzAzNDUyMTZAMTUwNzgyODc5MDE5NQ%3D%3D&el=1_x_7&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Ezekiel-Ogunbode?enrichId=rgreq-3b7e44df36c964c92143cb6f491baef0-XXX&enrichSource=Y292ZXJQYWdlOzMyMDM1NjU5MTtBUzo1NDg2ODc4NzAzNDUyMTZAMTUwNzgyODc5MDE5NQ%3D%3D&el=1_x_4&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Ezekiel-Ogunbode?enrichId=rgreq-3b7e44df36c964c92143cb6f491baef0-XXX&enrichSource=Y292ZXJQYWdlOzMyMDM1NjU5MTtBUzo1NDg2ODc4NzAzNDUyMTZAMTUwNzgyODc5MDE5NQ%3D%3D&el=1_x_5&_esc=publicationCoverPdf
https://www.researchgate.net/institution/Federal-University-of-Technology-Minna?enrichId=rgreq-3b7e44df36c964c92143cb6f491baef0-XXX&enrichSource=Y292ZXJQYWdlOzMyMDM1NjU5MTtBUzo1NDg2ODc4NzAzNDUyMTZAMTUwNzgyODc5MDE5NQ%3D%3D&el=1_x_6&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Ezekiel-Ogunbode?enrichId=rgreq-3b7e44df36c964c92143cb6f491baef0-XXX&enrichSource=Y292ZXJQYWdlOzMyMDM1NjU5MTtBUzo1NDg2ODc4NzAzNDUyMTZAMTUwNzgyODc5MDE5NQ%3D%3D&el=1_x_7&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Ezekiel-Ogunbode?enrichId=rgreq-3b7e44df36c964c92143cb6f491baef0-XXX&enrichSource=Y292ZXJQYWdlOzMyMDM1NjU5MTtBUzo1NDg2ODc4NzAzNDUyMTZAMTUwNzgyODc5MDE5NQ%3D%3D&el=1_x_10&_esc=publicationCoverPdf

L
<] ASES
°]

©Journal of Applied Sciences & Environmental Sustainability 3 (7): 188 - 200, 2017
e-ISSN 2360-8013

Research Article

Finite-Difference Approximations to the Heat Equation via C
Olusegun Adeyemi Olaiju?, Yeak Su Hoe! and Ezekiel Babatunde Ogunbode??

Faculty of Science, Department of Mathematics, Universiti Teknologi Malaysia.

81310, Skudai. Johor Bahru. Malaysia.

2Faculty of Civil Engineering, Department of Structures and Materials,

Universiti Teknologi Malaysia. 81310, Skudai. Johor Bahru. Malaysia.

3Department of Building, Federal University of Technology Minna. Niger State. Nigeria.

Corresponding Author: olaiju@yahoo.com

ARTICLE INFO Abstract

Partial differential equations (PDEs) are useful tools for mathematical
modelling in the field of physics, engineering and Applied Mathematics.
Useful as these equations are, only a few of them can be solved analytically.
Numerical methods have been proven to perform exceedingly well in solving
difficult partial differential equations. A popularly known numerical method
known as finite difference method has been applied expansively for solving
partial differential equations successfully. In this study, explicit finite
difference scheme is established and applied to a simple problem of one-
dimensional heat equation by means of C. These sample calculations show that
the accuracy of the predictions depends on mesh spacing and time step. The
result of the study reveals that the solutions of the heat equation decay from an
Partial differential equations.  jnjtjal state to a non-varying fixed state circumstance, the temporary
performance of these solutions are smooth and bounded, the solution does not
improve local or global utmost that are outside the range of the initial data.
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1. Introduction
According to Louise (2015), PDEs classification is important for any numerical solution chosen. The

general equation governing partial differential equations is of the form:

alzx, y)u,, +2b(x, y)u,, + c(x,y)u,, = f [x, v, ux,u}.,u) (1)

PDE are classified into three categories, which are;
i.  Elliptic, where b* < ac, e.g Laplace’s equation; u,, = u,,=0,a=c=1b=0
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ii.  Hyperbolic, where b* = ac, e.g 1D wave equation; u,,, — %uﬁ. =0,

r:x=1,c=—i:,b=l:l

iii.  Parabolic, where b* = ac, e.g Diffusion equation; u, —au,,=0,a=a, c=b =0
The one-dimensional heat equation is a parabolic PDE and is of the form

Ut = allxx (2)

where U(x t) is the dependent variable, and @ is a constant coefficient called the thermal

diffusivity which is the material property.

Equation (2) is a model of transient heat conduction in a lump of solid with thickness L. The
domain of the solution is a semi-infinite strip of width L that continues indefinitely in time. In a
practical computation, the solution is obtained only for a finite time. Solution to equation (2)
requires specification of boundary conditions at x = 0, U(0,t) = g,(t) (Dirichlet boundary

conditions) and x = L, U,.(L,t) = g, (t) (Neumann boundary conditions) and initial conditions at t
=0.,U(x,0) = f(x)

As mentioned by Hadamard, a problem is well-posed (or correctly-set) if satisfies the succeeding
circumstances;

a. it has a solution,

b. the solution is unique,

c. the solution's behaviour changes continuously with the initial conditions.

So, the heat equation is well-posed (Louise, 2015; Lloyd, 1996).

The finite difference method is one of the various techniques for finding numerical solutions to Partial
differential equations. In all numerical solutions, the continuous partial differential equation is substituted
with a discrete approximation, which means the numerical solution is known only at a finite number of
points in the physical domain which can be selected by the user of the numerical method. In general,
increasing the number of points will equally increase the resolution as well as the accuracy of the numerical
solution (Gerald, 2011).

The discrete approximation outcomes in a set of algebraic equations that are elucidated for the values of the
discrete unknowns. Figure 1 is an illustrative depiction of the numerical solution. The grid is the set of
points where the discrete solution is computed which are called nodes. Two basic parameters of the grid are
Ax, the local distance amongst contiguous points in space, and At, the local distance amid adjacent time
steps.

The basic idea of the finite-difference method is to replace continuous derivatives with so-called difference

formulas that involve only the discrete values associated with positions on the grid.
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Relating the finite-difference method to a differential equation involves replacing all derivatives with
difference formulas. In the heat equation, there are derivatives with respect to time and derivatives
concerning space. Using various arrangements of mesh points in the difference formula results in difference
schemes. In the limit as the mesh spacing (Ax and At) go to zero, the numerical solution obtained with any
valuable system will approach the true solution to the original differential equation. Though, the rate at
which the numerical solution approaches the true solution varies with the system. Several academic
writtings have been published on numerical solution of heat equation (william, 1992; Morton and Mayers,
1994; Jeffery, 1998; Clive, 1988; Golub and Ortega, 1993; Burden and Faires, 1997; Thomas, 2013;

Strikwerda, 2004 and Hoffman, 1992).

Initial
conditions

|

Boundary

conditions

v

Discretised

equation
solution

Try another | NO
grid size

Figure 1: Flow chart for the solution of the heat equation
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Finite difference method

By considering Figure 2, the white squares indicate the location of the initial values which are
already known. The grey squares indicate the location of the boundary values which are also
known. The black circles indicate the position of the interior points where the finite difference

approximation is to be computed.

F Y
X
=L,
@i @1 P
At
&
B (WA JER W
%=0 [F——+1 - - - =
t=0 — t=N, t

Figure 2: Discrete Grid Points

Consider Taylor series expansion of 7™ about the point (i, j) in Figure 2

JHL _ sul | worétu! | wotetul |
Uf Uf At At + 2 ae? + &  af + EEJ

Suppose  O(At) terms is considered in equation (3) then the forward difference in time
approximation for U, will be arrived at,

oUl _UIT Ul | o 4
= t
e i (At) (4)
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A higher order approximation for U, can be derived if the Taylor series expansion for U;""iis
equally considered:

i—1 EUJ I.I:'It::lz a Lr.l |,’_‘.r}53 Lr.l
ulntt = U —At—t —
+ E'r“ & ot®

b (5)

By subtracting equation 5 from 3, we have the centred difference equation in time, which always
gives higher order accuracy than the forward difference:

au! yltt_yi?
L= : O(At? 6
at 20t T o) (6)

Similarly, the approximation for the second order derivative Utt can be derived by the addition of
equations 3 and 5:

oru! vl —2vu! +ulTt + O(As? .
gt - (ﬂ.tjz ( :j ( j

The same approximations apply to spatial variable x

The above approximations are used by the finite difference method to solve partial differential
equations numerically.

Solution of 1D heat equation

Consider the heat equation (2), Ut = aUxx for 0 < x = Lx, 0 =t = Lt and discretise time and
variable x relating to space.

L L \ , ,
Let At = Ti Ax = ﬁ t; =jAt, 0= j= Nt and x; = {Ax, 0 ={ = Nx.where Lt and Lx are

the length of t and x respectively and Nx and Nt are number of, the grids on both x and t axis.

If U;" = U(x,t;), then, equation 2 has the following finite difference approximation from equation
(4) and (7) and by dropping @(At) and O(Ax?)

U (x,t;) Ut -

at At

and

PU(xpty) Uy UL, —2U]
dx? [ﬁxj
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So that the discretised version of equation 2 is,

- )
L";1 -’ c

L = ! zui U"
At (ﬁx:]:[ i+1 + 1)
Which can be rewritten as,
ultt =k(vl,, + Ul )+ (1 -210)U] (8)
where k = 225
(ax)?

Thus, U™ gives the solution for the temperature at the next time step.

Assume there exist initial conditions,

U(x,0) =U? = f(x;) (9)

and mixed boundary conditions,
(Dirichlet boundary conditions) for x = 0, U(0,t) = U] = g,(¢;) (10)
(Neumann boundary conditions)for x = Lx, U_(Lx,t) = a_ = g.(t;) (11)

Then, the solution to equation 2, with initial conditions (9) and boundary conditions (10) and (11)

takes the following steps,

From equation (11) we have,
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U}, . U — Ui

Nx—1
s = - t
dx Ax g‘[ })
which gives,
U;i-'x = Axg, [t}') + U.i'x—i (12:)

Combining equations (8),(9),(10) and (12) gives,

¢ el Ly fopd . P
u 1-2k & 0 0 0 0 Uy . kU
U k 1-2k k0 0 0 U 0
giet [=] 0 k 1-2k k 0 0 po |+ 0 (13)
et . 0 0 0 0 0 0 k 1-2k/\,; U
ﬂi’x -1 “U.;I.fr— 2/ Nx—1
it ) L w , .
» 1-2k & 0 0 R 1 kg, (t;)
Uy ko 1-2k k0 T 0 u; 0
gitt |=| 0 kK 1-2k k 0 0 oo |+ 0 (14)
it/ L0 0 0 0 0 0 k 1-k N\ [ \kixg ()
Nx—1 Nx-1
Equation (14) can be written in the form:
UVt =AU +B (15)

Stability of the Numerical Methods

The solutions to Equation (2) subject to the initial and boundary conditions in Equations (9), (10)
and (11) are all bounded, decaying functions. Thus the magnitude of the solution will decrease

from the initial condition to a constant.
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Explicit finite difference method is only stable if k (the gain parameter) satisfies k = %: < 5 or

the time step satisfies: At < Ax?/2a. If the time step exceeds this value, this can yield unstable

solutions that oscillate and grow. (Gerald, 2011; Arnold, 2015).

C program

C is categorised as the high-level and general-purpose programming language which is appropriate
for the development of portable applications. C is originally intended for writing system software
(techopedia.com). Additionally, Techopedia.com also describe C as one of the most extensively
used languages in programming. C language has a compiler for most computer systems, and it has
generated many popularly known languages such as C++. Consequently, C has been accepted as
an influential programming language which belongs to the structured, procedural paradigms of
languages. It has been shown to be flexible and may be used for diverse applications. However,
despite C been a high-level language, it has been seen to share several characteristics with
assembly language (Greg, 2014)

Test Problem

The finite difference codes are verified by solving the heat equation Ut = alU:xx using C codes
with  boundary  conditionsU(x,0) = x(1 — x),U(0,t) =0,U(L,t) =0. , and initial
conditionU(x, 0) = x(1 — x). The exact solution to this problem is,
Ulx,t) = EE§=L$sIn{ﬂnxje'::“:j:t

Lx

X = 0006, Lx=1, Nx=5 Ax==

NE ik
0=<j=<Nt andx;, =iAx, 0 <i=<Nx, a =1, the following tables are generated which give the

Numerical and exact solutions of the problem together with the errors generated by the numerical
solution.

Setting Lt=0.03 , Nt =5 At=

=02 ;= jAt,

Tablel: The values of u[i][;] at (i,j) for Nx =Nt =5

u! 0.000 0.160 0.240 0.240 0.160 0.000

0.000 0.148 0.228 0.228 0.148 0.000
0.000 0.138 0.216 0.216 0.138 0.000
0.000 0.129 0.204 0.204 0.129 0.000
0.000 0.121 0.193 0.193 0.121 0.000
0.000 0.114 0.182 0.182 0.114 0.000

Table2: The values of exact u(x,t) at (1,j) for Nx = Nt =5

‘ ulx £) ‘ 0.000 0.152 0.245 0.245 0.152 0.000

195|Page



LA
<] ASES

©Journal of Applied Sciences & Environmental Sustainability 3 (7): 188 - 200, 2017
e-ISSN 2360-8013

0.000 0.143 0.231 0.231 0.143 0.000
0.000 0.135 0.218 0.218 0.135 0.000
0.000 0.127 0.205 0.205 0.127 0.000
0.000 0.120 0.194 0.194 0.120 0.000
0.000 0.113 0.182 0.183 0.113 0.000

Table3: The error in w[i][j] at (i,j) for Nx = Nt =5

Errors u] 0.000 0.008 -0.005 -0.005 0.008 -0.000

0.000 0.005 -0.003 -0.003 0.005 -0.000
0.000 0.003 -0.002 -0.002 0.003 -0.000
0.000 0.002 -0.001 -0.001 0.002 -0.000
0.000 0.001 -0.001 -0.001 0.001 -0.000
0.000 0.001 -0.000 -0.000 0.001 -0.000

Table 1 shows the Numerical Solutions to the Problem of one-dimensional heat equation. Table
two shows the exact solution of the problem while Table 3 gives the error which is the difference
between the exact solution and numerical solution. By comparing Tables 1 and 2, it was observed

that the values are very close, which shows consistency (Arnold, 2015).

Variation of Error Distribution for Nx=25 and Nt=150

0.02

Figure 3: Explicit Finite Difference method error distribution with time for Nx = 25, Nt = 150
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Variation of temperature Distribution for Nx=25 and Nt=150

Figure 4: Explicit Finite Difference method for temperature distribution with time for Nx=25,
Nt=150

Variation of Error Distribution for Nx=Nt=5

X
Figure 5: Explicit Finite Difference method error distribution with time for Nx= Nt=5
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Variation of temperature Distribution for Nx=Nt=5

0.4-

X

Figure 4: Explicit Finite Difference method for temperature distribution with time for Nx=Nt=5

Figure3 and 5 show the error in temperature on the implementation of finite difference method to
1D heat distribution problem for Nx=25, Nt =150 and Nx=Nt=5. From the above figures, It is clear
that the errors become smaller with the increasing number of grids. Since the quality of solution
improves with increasing number of elements. We conclude that the result is valid. (Subramanian,
2009).

Conclusion

So far we have used the finite difference method as a solution of one-dimensional heat equation.
The explicit method has been used out of the different finite difference methods. The results were
compared with the exact solution of the problem. We got the approximate solution by the method
using C program, specifically Code:: Block software from www.codeblocks.org and Matlab from
https://www.mathworks.com to generate the surface plots.

The research has revealed that the size of the mesh is significant to arrive at an accurate solution
when using finite difference method, the smaller the size of the mesh the closer is the numerical
result to the exact solution. Also, C program proved to be a powerful tool in programming the
solution of one-dimensional heat partial differential equation. It was also observed that the
solutions of the heat equation decay from an initial state to a non-varying steady state condition.

The transient behaviour of these solutions are smooth and bounded; the solution does not develop
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local or global maxima that are outside the range of the initial data. However, the study is limited
to using explicit finite difference method on parabolic PDE only. It should be noted that finite
element method and finite volume method are powerful tools to solve difficult partial differential

equations.
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