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Abstract

Two new Almost Runge-Kutta methods of orders five with five stages are introduced through a judicious and
careful choice of free parameters to the general form of deriving order five methods. Appropriate convergence
analysis established that the methods are consistent and stable, hence their convergence. The proposed methods,
christened ARK5a and ARK5b, were implemented using sample initial value problems and the results compared
with those of some existing ARK methods of the same order. Experimental results revealed that the methods are
more efficient and effective than the existing methods by producing lesser errors and lesser computational rigour.
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1. Introduction

The class of numerical methods known as the General Linear Methods came into being as a result of the
work of Butcher (1996), in an effort to formulate a general class of methods that incorporate the
multivalue attributes of linear multistep methods into the multistage attributes of Runge-Kutta methods
(Rattenbury, 2005). Almost Runge-Kutta (ARK) methods, introduced by Butcher (1996), are a special
class of General Linear Methods whose properties have close affinity to those of explicit Runge-Kutta
methods. ARK methods are able to attain the multivalue character of Linear Multistep Methods by
allowing more than one value to be passed from step to step, even as the multistage nature of Runge-
Kutta methods is retained. They share a lot of features with single step schemes and possess stability
features of Runge-Kutta schemes.

Since the introduction of this class of methods, many researchers have contributed in no small
measure towards improvement of the method for greater effectiveness and efficiency. In this direction,
(Rattenbury, 2005) derived some Almost Runge-Kutta methods. This research which focused mainly on
explicit schemes concentrated more on a unique fourth order numerical scheme for numerical
integration of non-stiff differential equations, which when put into effect in the right way, operates like
a fifth order scheme. She further derived low order diagonally implicit schemes for solving stiff
differential equations. In Abraham (2010) some new ARK methods for the solution of non-stiff
differential equations were derived; a comparison of relative performance of the methods with Runge-
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Kutta methods established that the ARK methods compete favourably with traditional Runge-Kutta
methods. Alimi (2014) found out that the investigated effectiveness of Richardson Extrapolation
Technique in estimating the error associated with Almost Runge-Kutta schemes. The outcome of the
investigation indicates that Richardson extrapolation technique is not effective in achieving error
estimates associated with Almost Runge-Kutta schemes. He also generated a numerical solver for
carrying out experimentin numerical analysis. Furthermore, Ndanusa and Audu (2016)a derived two
explicit ARK methods, a three stage third order method, and a four-stage third-order method for the
numerical integration of initial value problems. In Ndanusa and Audu (2016)b, two ARK methods of
orders four and five (ARK5) were constructed. Numerical examples justified the introduction of these
methods in that they methods performed better than some existing ARK methods of equal standing.

2. Materials and Methods

Following Butcher (2008), the general fifth-order five-stage ARK method takes form
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where c5 = 1; the Order conditions are:
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Solving system (10) results in

FUTMINNA 1°7 SPS BIENNIAL INTERNATIONAL CONFERENCE 2017 pg. 122

(2)

€)

C)

)

(6)
(7)

(8)

)

(10)




5C2 + 5C3 - 1OC2C3 -3

b = 11
1760 (c; — Deyler — co)cr— c3) b
10 cyc3 —5¢4 — 5¢3 + 3
by = 1C3 1 3 (12)
60cy(c1 — c2)(c2 — D(cz — ¢3)
1 10 ¢qycp — 5¢1 — 5¢7 + 3
by = —— 1C2 1 2 (13)
60 Lez(c3 — 1) (cz — ¢3)(c1 — ¢3)
b, = 30C1C2C3 - 20C1C2 - 20C1C3 - 20C2C3 + 15C1 + 15C2 + 1563 — C2 (14)
e 60(c3 — D(c; — D(cr — 1)
30cicyc3 — 10cic, —10cqic3 — 10c¢,¢c3 + 5¢4 + 5¢» + 5¢3 — 3
by = 1€2€3 1C2 1C3 2C3 1 2 3 (15)

60 C1CC3
And from B (I + B-A) = el of (2) results

5 4 4 4 4 3 3

By +a, a32043b4B¢ — a1032b3B5 — 21042045 + az1b2 85 — a31043D4B5 + a31b3B5 + as1bafy

—b1BZ, By — 33043b4 B3 + Asabaf3 + azabs B3 —boBE, Bz + aszbaBE — bspZ, By — bafE, Bs
=0,0,0,0, Bs (16)

Thus,
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And the following fifth-order five-stage ARK schemes, christened ARK5a and ARK5b are obtained

ARK5a with ¢ = [53 13
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12375 0 0 0 0|1 _ 503 53
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ARK5b with ¢! = 0’3 3,1.1
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150 45000
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23744 71232 8064
6480125 329 0 0 0|1 _ 983389 _ 51781
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BV 625000 23 201 77 01 33 0
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241627 8 376 376 04
0 0 0 0 10 0 0
110286250 454 134 154 4|0 236 0
724881 3 41 97 53
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3. Convergence Analysis

For the scheme ARK5a, its VV matrix is

1 1 0
106
V= 0 0 (25)
0 286 0
159
From the characteristic polynomial of VV
p(A) = det(Al; — V) (26)
A—-1 1 0
106 3 5
0 A ol=4"-41 (27)
0 286
159
Following Cayley-Hamilton theorem,
p(V)=V3-V2=0 (28)
11 11
1 — 0 1 — 0 0 0O
106 _ 106 =lo 0o o (29)
0 0 O 0O 0 O 00 0
0 0 O 0O 0 O
It implies
vi=v2 (30)

Similarly, Vir—vi=0 =>V*= VZ, «,and V" = V? for every n greater than 2, meaning V" is
bounded which shows that the method is stable. Also, the method is consistent since it is of order p =
5 > 1. Therefore ARK5a method is convergent.

And for ARK5b, the matrix is given as:

1 33 0
424
V= 0 0 (3D
0 236 0
53
whose characteristic polynomial is
p() =2° =2 (32)
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with the eigenvalues calculated to be 4 = 1, 0,0, and it satisfies the Cayley-Hamilton theorem thus

p(V)=V3-V2=0 (33)
0 0 0
0 0 0
Consequently,
vi—vi=0 =>vt=y%.. yr=y2 (35)

for every n greater than 2, meaning V" is bounded; thus the method is stable. The method is also
consistent since it it of order p = 5 > 1. Therefore the scheme ARK5b is convergent.

4. Numerical Experiments

The proposed schemes ARK5a AND ARK5b are applied to problems 1 and 2 and the results compared
with those of Ndanusa and Audu (2016)b in order to ascertain their efficacy. It is instructive to note that
the fifth order method of Ndanusa and Audu (2016)b (nicknamed [NA]) is more accurate than the
methods of Abraham (2010) and Alimi (2014). The results are presented in Tables 1 and 2.

Problem 1:

y=x+y y(0) =1
h=0.1, x€[0,1] (36)
y(x)=2e*—x—-1

Problem 2:

y =x+2y, y(0)=1
h= 0.1, x€][0,1
[ ]Zx 37)

1 1.5

Table 1: Results Of Problem 1

x Yexact Y(nap Errornay Y(arxsal) — ETTOT(4rksa]) Y([ARKSb]) Error arksp))

0.0 1.000000000 1.000000000 0.000000000 1.000000000 0.000000000 1.000000000  0.000000000
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0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

0.0
0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

1.110341836
1.242805516
1.399717615
1.583649395
1.797442541
2.044237601
2.327505415
2.651081857
3.019206222
3.436563657

yexact

1.000000000

1.226753448

1.514780872

1.877648500

2.331926160

2.897852285

3.600146154

4.468999959

5.5412590530

6.862059330

8.486320124

1.110341835
1.242805512
1.399717607
1.583649382
1.797442523
2.044237576
2.327505382
2.651081815
3.019206169
3.436563592

Y(na)

1.000000000

1.226753383

1.514780653

1.877648062

2.331925417

2.897851123

3.600144423

4.468997466

5.541287022

6.862054478

8.486313504

5. Discussion of Results

0.000000001
0.000000004
0.000000008
0.000000012
0.000000018
0.000000025
0.000000033
0.000000042
0.000000052
0.000000065

1.110341836
1.242805513
1.399717608
1.583649385
1.797442526
2.044237580
2.377505387
2.651081820
3.019206175
3.436563598

0. 000000000
0.000000003
0.000000007
0.000000010
0.000000015
0.000000021
0.000000028
0.000000037
0.000000047
0.000000059

Table 2: Results Of Problem 2

Errorna)

0.000000000
0.000000065

0.000000219

0.000000438

0.000000743

0.000001162

0.000001731

0.000002493

0.000003508

0.000004852

0.000006620

Y([ARK5a])

1.000000000

1.226753402

1.514780677

1.877648091

2.331925452

2.897851165

3.600144473

4.468997526

5.541287096

6.862054568

8.486313614

Error([ ARKSal)

0.000000000
0.000000046

0.000000195

0.000000409

0.000001120

0.000001681

0.000002433

0.000003434

0.000004762

0.000004762

0.000006510

1.1103418356 0. 000000000

. 242805513
. 399717609
. 583649384
. 797442526
. 044237579
. 377505386
. 651081819
. 019206174
. 436563597

W W NNNDRR P B

Y ([ARK5D])

1.000000000

1.226753401

1.514780676

1.877648090

2.331925451

2.897851164

3.600144472

4.468997525

5.541287095

6.862054567

8.486313613

0.000000003
0.000000006
0.000000011
0.000000016
0.000000022
0.000000029
0.000000038
0.000000048
0.000000060

Error([ARKSb])

0.000000000
0.000000047

0.000000196

0.000000410

0.000001121

0.000001682

0.000002434

0.000003435

0.000004763

0.000004763

0.000006511

Tables 1 and 2 depict the results of applying the proposed methods ARK5a and ARK5b to the test

Problems 1 and 2. From the tables, x stands for the integration points at which the solutions are sought,

Yexace 1S the exact solutions at the various integration points, Yam is the approximate solutions for the

method of Ndanusa and Audu (2016)

b, ¥ (arksa

is the approximate solution of ARK5a, Y (14RKSb]) is the

approximate solution of ARK5b, while Error 7)), ETrorarksq)) and Erroraggspy) are the errors
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produced by the methods of Ndanusa and Audu (2016)b, ARK5a and ARKSb respectively. In summary, it
is evident that the proposed methods ARK5a and ARK5b exhibit lesser errors than the method of
Ndanusa and Audu (2016)b, and by extension the methods of Abraham (2010) and Alimi (2014).

6. Conclusion

This research has succeeded in producing two new explicit Almost Runge-Kutta methods each of order
5. The methods are proven to be convergent by subjecting them to standard convergence criteria.
Numerical examples further established that the methods are not only effective but also compare
favourably with other known methods in existence.
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