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INTRODUCTION



MAT 111 Algebra and Number Theory is a 3- credit unit course for students studying
towards acquiring a Bachelor of Science in any field. The course is divided into a
module and 10 study units. It will first introduce the basic Concept of Set Theory. Next,
Mapping and Function are treated in detail. Thereafter, the Number Systems are
represented and Inequality is discussed. This is followed by an extensive discussion
of Surds and Indices and Logarithms. Subsequently, an overview of Mathematical
Induction and Binomial Theorem is presented. Finally, the student is introduced to
Matrices and Determinant followed by Quadratic Equation.

The course guide therefore gives you an overview of what MAT 111 is all about, the
textbooks and other materials to be referenced, what you expect to know in each unit,
and how to work through the course material.

RECOMMENDED STUDY TIME

This course is a 3-credit unit course having 10 study units. You are therefore enjoined
to spend at least 3 hours in studying the content of each study unit.

WHAT YOU ARE ABOUT TO LEARN IN THIS COURSE

The overall aim of this course, MAT 111 is to introduce you to Algebra and Number
Theory of Mathematics. At the end of this course you will:

i. Perform basic operations on sets
ii.  Use the concepts of mappings in solving problems
iii.  Perform operations with real numbers
iv.  Solve inequalities in one or two variables graphically and analytically and apply
solution of inequalities to problems
v. Evaluate the problems of surds
vi. Use the laws of indices in calculations and simplification and use the
relationship between indices and logarithms to solve problems
vii.  Apply the principles of Mathematical Induction
viii.  Use Pascal triangle and binomial expansion formula to solve problems
ix. Use determinant to solve problems of systems of linear equations
x.  Define and solve problems in quadratic equations

COURSE AIMS

This course aims to introduce students to Algebra and Number Theory of
Mathematics. It is expected that the knowledge will enable the reader to effectively
use Algebra and Number Theory of Mathematics in his/her profession.

COURSE OBJECTIVES

It is important to note that each unit has specific objectives. Students should study
them carefully before proceeding to subsequent units. Therefore, it may be useful to
refer to these objectives in the course of your study of the unit to assess your progress.



You should always look at the unit objectives after completing a unit. In this way, you
can be sure that you have done what is required of you by the end of the unit.

However, below are overall objectives of this course. On completing this course, you
should be able to:

Explain the meaning of a set

i.  Perform basic operations on sets
ii.  Solve real- life problems using Venn diagram.
iii.  Use the concepts of mappings in solving problems
iv. ldentify the important properties of mappings (functions)
v.  Find product of mapping
vi.  Find inverses of functions
vii.  Know different types of numbers
viii.  Perform operations with real numbers
ix.  Solve inequalities in one variable graphically and analytically
X.  Solve inequalities in two variables graphically
xi.  Apply solution of inequalities to problems
xii.  Reduce surds to it basic form
xiii.  Evaluate the problems of surds
xiv.  Rationalize and take the conjugate of surds
xv.  Use the laws of indices in calculations and simplification
xvi.  Use the relationship between indices and logarithms to solve problems
xvii.  Apply the principles of Mathematical Induction
xviii.  Use Pascal triangle to solve problems
xix.  Use binomial expansion formula to solve problems
xxX.  Basic operations on matrices and determinant
xxi.  Use determinant to solve problems of systems of linear equations
xxii.  Define quadratic equation
xxiii.  Solve problems quadratic equations

WORKING THROUGH THIS COURSE

In order to have a thorough understanding of the course units, you will need to read
and understand the contents, practice the steps by designing and implementing a mini
system for your department, and be committed to learning and implementing your
knowledge.

This course is designed to cover approximately sixteen weeks, and it will require your
devoted attention. You should do the exercises in the Tutor-Marked Assignments and
submit to your tutors.

COURSE MATERIALS

The major components of the course are:

1. Course Guide



2. Study Units
3. Text Books
4. Assignment File

5. Presentation Schedule

STUDY UNITS
There are 10 study units and a Module in this course. They are:

Unit 1: Set Theory

Unit 2: Mapping and Function
Unit 3: Number Systems

Unit 4: Inequality

Unit 5: Surds

Unit 6: Indices and Logarithms
Unit 7: Mathematical Induction
Unit 8: Binomial Theorem

Unit 9: Matrices and Determinant

Unit 10: Quadratic Equation

RECOMMENDED TEXTS

The following texts and Internet resource links will be of enormous benefit to you in
learning this course:

Odili G. A. (2000), Algebra for Colleges and Universities: An Integrated Approach.
Anachuna Educational Books.

Akinnola V. J., Mohammed J., Aiyesimi Y. M., Akinwande N. I., and Ogunfiditimi E. O.
(2005), College Algebra and Trigonometry. Y- Books.

Tuttuh-Adegun, Sivasubramniam S., Adekoge R. (2003) Further Mathematics Project
2. NPS Educational.

Tuttuh-Adegun, Sivasubramniam S., Adekoge R. (2008) Further Mathematics Project
1. NPS Educational.

ASSIGNMENT FILE

The assignment file will be given to you in due course. In this file, you will find all the
details of the work you must submit to your tutor for marking. The marks you obtain
for these assignments will count towards the final mark for the course. Altogether,
there are tutor marked assignments for this course.

PRESENTATION SCHEDULE



The presentation schedule included in this course guide provides you with important
dates for completion of each tutor marked assignment. You should therefore
endeavour to meet the deadlines.

ASSESSMENT

There are two aspects to the assessment of this course. First, there are tutor marked
assignments; and second, the written examination. Therefore, you are expected to
take note of the facts, information and problem solving gathered during the course.
The tutor marked assignments must be submitted to your tutor for formal assessment,
in accordance to the deadline given. The work submitted will count for 40% of your
total course mark.

At the end of the course, you will need to sit for a final written examination. This
examination will account for 60% of your total score. You will be required to submit
some assignments by uploading them to MAT 111 page on the u-learn portal.

TUTOR-MARKED ASSIGNMENT (TMA)

There are TMAs in this course. You need to submit all the TMAs. The best 10 will
therefore be counted. When you have completed each assignment, send them to your
tutor as soon as possible and make certain that it gets to your tutor on or before the
stipulated deadline. If for any reason you cannot complete your assignment on time,
contact your tutor before the assignment is due to discuss the possibility of extension.
Extension will not be granted after the deadline, unless on extraordinary cases.

FINAL EXAMINATION AND GRADING

The final examination for MAT 111 will last for a period of 3 hours and has a value of
60% of the total course grade. The examination will consist of questions which reflect
the self-assessment questions and tutor marked assignments that you have previously
encountered. Furthermore, all areas of the course will be examined. It would be better
to use the time between finishing the last unit and sitting for the examination, to revise
the entire course. You might find it useful to review your TMAs and comment on them
before the examination. The final examination covers information from all parts of the
course.

PRACTICAL STRATEGIES FOR WORKING THROUGH THIS COURSE
1. Read the course guide thoroughly

2. Organize a study schedule. Refer to the course overview for more details. Note
the time you are expected to spend on each unit and how the assignment relates
to the units. Important details, e.g. details of your tutorials and the date of the first
day of the semester are available. You need to gather together all this information
in one place such as a diary, a wall chart calendar or an organizer. Whatever
method you choose, you should decide on and write in your own dates for
working on each unit.

Vi



10.

11.

Once you have created your own study schedule, do everything you can to stick
to it. The major reason that students fail is that they get behind with their course
works. If you get into difficulties with your schedule, please let your tutor know
before it is too late for help.

Turn to Unit 1 and read the introduction and the Learning Outcome for the unit.

Assemble the study materials. Information about what you need for a unit is given
in the table of content at the beginning of each unit. You will almost always need
both the study unit you are working on and one of the materials recommended
for further readings, on your desk at the same time.

Work through the unit, the content of the unit itself has been arranged to provide
a sequence for you to follow. As you work through the unit, you will be
encouraged to read from your set books

Keep in mind that you will learn a lot by doing all your assignments carefully.
They have been designed to help you meet the objectives of the course and will
help you pass the examination.

Review the objectives of each study unit to confirm that you have achieved them.

If you are not certain about any of the objectives, review the study material and
consult your tutor.

When you are confident that you have achieved a unit’s objectives, you can start
on the next unit. Proceed unit by unit through the course and try to pace your
study so that you can keep yourself on schedule.

When you have submitted an assignment to your tutor for marking, do not wait
for its return before starting on the next unit. Keep to your schedule. When the
assignment is returned, pay particular attention to your tutor's comments, both
on the tutor marked assignment form and also written on the assignment. Consult
you tutor as soon as possible if you have any questions or problems.

After completing the last unit, review the course and prepare yourself for the final
examination. Check that you have achieved the unit objectives (listed at the
beginning of each unit) and the course objectives (listed in this course guide).

TUTORS AND TUTORIALS

There are few hours of tutorial provided in support of this course. You will be notified
of the dates, time and location together with the name and phone number of your tutor
as soon as you are allocated a tutorial group. Your tutor will mark and comment on
your assignments, keep a close watch on your progress and on any difficulties you
might encounter and provide assistance to you during the course. You must mail your
tutor marked assignment to your tutor well before the due date. At least two working
days are required for this purpose. They will be marked by your tutor and returned to
you as soon as possible.
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Do not hesitate to contact your tutor by telephone, e-mail or discussion board if you
need help. The following might be circumstances in which you would find help
necessary: contact your tutor if:

You do not understand any part of the study units or the assigned readings.
You have difficulty with the self-test or exercise.

You have questions or problems with an assignment, with your tutor’'s comments on
an assignment or with the grading of an assignment.

You should endeavour to attend the tutorials. This is the only opportunity to have face
to face contact with your tutor and ask questions which are answered instantly. You
can raise any problem encountered in the course of your study. To gain the maximum
benefit from the course tutorials, have some questions handy before attending them.
You will learn a lot from participating actively in discussions.

GOODLUCK!
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1.0 Introduction

In this unit, you will study the relationship between the union and the intersection of
the set. We shall use the Venn diagram to further explain the union, intersection and
complement of the set. You will also solve real- life problems using Venn diagram.

2.0 Learning Outcome

At the end of this unit you should be able to:
1. Explain the meaning of a set
2. Perform basic operations on sets

3. Solve real- life problems using Venn diagram.

3.0 Learning Content
3.1 Sets

We are all familiar with the following collections:

1. A collection of books in a public library,

2. A collection of tools in a carpentry shop,

3. A collection of historical aircrafts in a museum.

Basically, any clearly defined collection of things, objects or numbers constitutes a set.

A collection of books in a public library is for instance, constitutes a set. Each member
of a set is called an element of the set.

We shall use capital letters X, Y, Z etc. to denote sets, while small letters x, y, z, etc.
will be used to denote the element of a set. This is purely conventional. When an
element x, belongs to a set X, we write X € X and say that x is a member or element
of X. if x is not a member or an element of X, we write x € X and we say that x does
not belong to X.

A set is completely specified in the following ways:
1. By listing all the members of the set;
2. By describing the elements of the set;

3. By enclosing within braces, any general element with a clearly defined property,
associated with the set. The symbol { } or @ denotes an empty set.

For instance:

A ={2, 3,5, 7}, is the set consisting of prime numbers between 1 and 10, lists all the
members of set A.

B is the set of all odd numbers between 1 and 10 describes the elements of the set B.



B={3,5,79}

C = {all positive integer x: 1<x<12} is red the set of all positive integer x such that x is
greater thanl but less than or equal to 12.

Self-Assessment Exercise(s) 1

1. Express u as an element of set C
2. Write an expression to show that u is not an element of W

3.2 Subsets and Supersets

Consider two given sets A and B. If the set A consists of some or all elements of the
set B, then A is said to be a subset of B. We denote this by set notation €. Thus AS B
means; A is a subset of B. if the set A is a subset of B with at least an element in B
not in A, then the set A is called a proper subset of B. Thus A c B means, A is a proper
subset of B. B is considered a superset of A.

The set notation for superset is . Thus B > A means B is a superset of A.

Example

If P={2,4,6,8,10}, Q={4, 10}, R={6,8}and S ={2, 4, 6, 8, 10, 12}, then:
QcP(i)RcP (ii)SoP

In sets, the order in which the elements are written is irrelevant. For instance, {2, 4, 6,
8} is the same as {2, 6, 8, 4}.

Self-Assessment Exercise(s) 2

1. GiventhatA={6, 2,5, 9, 8, 3, 10, 12}, B={2, 8, 10}, and C ={2, 8, 10, 6, 3}
a. Write out the relationships between
i. AandB
i. AandC
ii. CandB

3.3 The Universal Set, the Unit Set and the Empty Set

The set which contains all the possible elements under consideration, is called the
universal set.

The universal set is denoted U.or €

A set which consists of only one element is called a unit set. For instance, A = {x} is a
unit set because if contains one element x.

When a set contains no element, it is called an empty set or a null set. A null set is
denoted as @ or {}.



Example

P = {human beings with tails} = @

Q = {all prime numbers divisible by 4} = @

R = {all months of the year beginning with the letter b} = @
S ={0O} is a unit set.

Self-Assessment Exercise(s) 3

1. What kind of set are the following?
a. A ={all whole numbers between 0 and 1}
b. B ={200}

3.4 Complementary Set

Given that P is a subset of the universal set, the elements of the universal set which
are not in the set P constitute a set which is called the complementary set of P. The
complement of P is denoted P'

Note that (P'") =P, W' =0, ¢ = U
Examples

If U ={all integers} and A = {all odd integers} then, A’= {all even integers}

If U = {all letters of the alphabet} and X = {all consonants} then, X'={all vowels}

Self-Assessment Exercise(s) 4

Given that B = {all integers between 1 and 10}, A = {all odd number between 1 and
10}

i.  Write out the elements of A’
ii. Express A as a subset of B

3.5 The Union of Sets

The union of set A and B, is the set which consists of elements that are either in A or
B or both. The set notation for the operation of union is U. Thus, A union B is written
A UB.

In set theoretical notation,
AUB={X:X€eA,orXeBorXEeboth A and B}.
Example
Given that G=1{h, e, a, p}, H ={l, a, k, e} then,

4



GUH={h,e apl k}
If X={2,4,6,8},Y={2,5,9, 11, 12}
ThenXUY={24,5,6,8,9, 11, 12}

Self-Assessment Exercise(s) 5

Given that A = {8, 6, 9, 12, 23}, B = {23, 15, 13, 12} C = {20, 21}

1. Write out the elements of AU B
2. Write out the elementsof AUB U C
3. Write out the elements of B U C

3.6 The Intersection of Sets

The intersection of two sets A and B; is the set which consists of elements that are in
A as well as in B. The set notation for the operation of intersection is N A N B means:

A intersection B.

In set theoretical A N B = {X: X€ Aand X € B}.
Example
1. Let R = {all positive even integers less than or equal to 20}
Q = {all factors of 20}
R={2,4,6,8, 10,12, 14, 16, 18, 20}
Q={1, 245,10, 20}
~RNQ={2 410,20
2.) If U = {all the letters of the alphabet}
A={f, a, k, e}
B={s,p, e a k}
Then,
ANnB={a, e k}

Self-Assessment Exercise(s) 6

Given that A = {8, 6, 9, 12, 23, 19, 14, 20, 17}, B = {18, 19, 22, 23, 15, 13, 12} C = {18,
12, 23, 17, 20, 21}

1. Write out the elements of AN B
2. Write out the elements of ANB NC
3. Write out the elements of BN C




3.7 Venn Diagram

Sets can be represented diagrammatically by closed figures. This method of set
representation was developed by John Venn.

A Venn diagram is therefore a pictorial representation of sets. The operations of
intersection, union and complementation of sets can easily be demonstrated by using
Venn diagrams.

u
A B
AUB
A B U
ANnB
Example:

1. In a class of 500 students, 270 offer Chemistry, 250 offer Geography, while 110
offers neither. How many students offer:
i.  Both courses?
ii.  Only Geography?

Solution:




Let U= the universal set,C=the set of students offering Chemistry, G = the sets offering
Geography. Then

U=CnG'+C'nG + C'nG" +(CuG)’

N(CNG)=X=270-Y
N NG)=Z2=250-Y
N({ECnG)=Y
n((CuG)'=110

500=270-Y +250-Y +Y + 110
Y =130

1. All the 50 science students in Government Secondary School, Minna wereb
asked their subject combinations. 18 of the students offered Further
Mathematics, 21 offered chemistry while 16 offered Biology. 7 students offered
Further Mathematics and Chemistry, 8 students offered Further Mathematics and
Biology, 9 students offered Chemistry and Biology while 5 students offered the
three subject combinations. Using Venn diagrams, find:

() The number of students that offered Further Mathematics but offered neither
Chemistry nor Biology;

(i)  The number of students that offered Chemistry but offered neither Further
Mathematics nor Biology;

(i) The number of students that offered Biology but offered neither Further
Mathematics nor Chemistry;

(iv) The number of students who did not offer any of the three combinations.

Solution

Let U = all the 50 Science students in GSS, Minna, M = students offering Further
Mathematics, C = students offering Chemistry and B= students offering Biology.

M C

a%a




n(M)=18,n(C)=21,n(B)=16,n(M nC)=7,n(M nB),n(C~B)=9,n(M nC B =5)
(ijn(M nC'"B')=18-(2+5+3)=18-10=8
(i[i)(M'N"CNB")=21-(2+5+4)=21-11=10
(iii)n(M'"C'"B)=16—(3+5+4)=16-12=4

(iv)n(M UCUB)=8+2+5+3+4+4+10=36

n(M UC UB)+n(M UCUB) =n(u)
~n(MUCUB) =n(u)-n(M UCUB)=50-36=14

Hence,

(v) The number of students that offered Further Mathematics but offered neither
Chemistry nor Biology is 8;

(vi) The number of students that offered Chemistry but offered neither Further
Mathematics nor Biology is 10;

(vi) The number of students that offered Biology but offered neither Further
Mathematics nor Chemistry is 4;

(viii) The number of students who did not offer any of the three combinations is 14.

Self-Assessment Exercise(s) 7

1. A veterinarian surveys 26 of his patrons. He discovers that 14 have dogs, 10 have
cats, and 5 have fish. Four have dogs and cats, 3 have dogs and fish, and one
has a cat and fish. If no one has all three kinds of pets, how many patrons have
none of these pets?

2. A guidance counselor is planning schedules for 30 students. Sixteen students say
they want to take Yoruba, 16 want to take Hausa, and 11 want to take Igbo. Five
say they want to take both Yoruba and Igbo, and of these, 3 wanted to take Hausa

as well. Five want only Igbo, and 8 want only Hausa. How many students want

Yoruba only?

4.0 Conclusion

In this unit you have studied the basic operations of the set, the intersection, the union
and the complement of the set. You have also learnt how to use Venn diagram to solve
real life problems.



5.0 Summary

In this unit you have studied:

A set is completely specified in the following ways:
1. By listing all the members of the set;

2. By describing the elements of the set;

3. By enclosing within braces, any general element with a clearly defined property,
associated with the set. The symbol { } denotes ‘the set of .

i PY=P,U=0,0=UU
(i) AUB={x:Xe A, or xeB, X € both A and B}.

i) A"B={x:x€Aandx€eB}.

6.0 Tutor-Marked Assessment

1. Given that U = {all the days in a week}, B = {all the days in the week whose
letters begin with S}.

(a) List all the elements of U.

(b) List the members of B.

(c) List the members of B'.

2. U = {Natural numbers}

F = {Factors of 20}

S = {all multiples of 3 less than or equal to 36}

Find:

(a) FNS (b) FUS

3. A games master of a school called 50 students of the school, in Football and
Volleyball. 30 students could play Football, while 20 students could play Volleyball. If
8 students could play both games, find:

(&) The number of students that could play football but not volleyball;

(b)  The number of students that could play volleyball but not football;

(c) The number of students that could not play any of the games.

4, In an examination for the final year students of a school, 60 offered History, 50,
Economics and 48, Literature. 30 offered History and Economics, 16 offered History
and Literature, 22 offered Economics and Literature. If 10 candidates offered all the
three subjects,

(@) find:

0] the number that offered only History;

(i) the number that offered only Economics;

9



(i) the number that offered only Literature;
(b) How many candidates sat for the examination, assuming that each candidate
sat for at least one subject?

7.0 References/Further Reading

Odili G. A. (2000), Algebra for Colleges and Universities: An Integrated Approach.
Anachuna Educational Books.

Akinnola V. J., Mohammed J., Aiyesimi Y. M., Akinwande N. I., and Ogunfiditimi E.
0.(2005), College Algebra and Trigonometry. Y- Books.

Tuttuh-Adegun, Sivasubramniam S., Adekoge R. (2003) Further Mathematics Project
2. NPS Educational.
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1.0 Introduction

In this unit you will study Mapping and Function. You will also see the important
properties of Mapping.

2.0 Learning Outcome

At the end of this unit you should be able to:

1. Apply the concepts of mappings in solving problems;

2. ldentify the important properties of mappings (functions);
3. Find product of mapping;

4. Find inverses of functions.

3.0 Learning Content

3.1 Mapping

You will recall that a set is a clearly defined collection of objects, things or numbers.
Given two non-empty sets A and B, if there is a rule, which assigns an element xe A
a unique elementy € B, then such a rule is called a mapping.

The set A is called the Domain of the mapping while the set B is called the Co-domain
of the mapping.

If the rule which associates each elementx e A, a unique element y € B is denoted by

f , the mapping between the set A and the set B can be represented by any of the
following notations:

A—" 5B

f:A—B

f(x)=ywhere y is the unique element in B which corresponds to the element x in A.
The element y in B is called the Image of xe A.

A subset of the co-domain, which is a collection of all the images of the elements of
the domain is called the Range.

If f:A— Bisa mapping of the set A into the set B, then the range is usually denoted
by f(A). f(A) is a subset of the co-domain, hence f(A) < B.

Example

1. Given that P ={w, x, y, z} and Q = {a, b, f, e, g}. Let the mapping f:P —>Q be
defined by the diagram in fig. 3.1.

12



Fig. 3.1
The above representation is called an arrow diagram.

As f(w) = b, f(X) = g, f(y) = a and f(z) = b. b is the image of both w and z, g is the image
of x while a is the image of y.

Self-Assessment Exercise 1

1. Giventhat f(2) =5, f(3) =7, f(4) =9 and f(6) = 13 show the arrow diagram for
the given function.

3.2 Functions

A function is a mapping whose co- domain is the set of numbers.

Consider the mapping in fig 3.3

X—" 5y

Fig. 3.3
Both the domain and the co-domain are sets of numbers. The mapping f is a function.
We observe that 5 is the f- image of 2 and we write this as f(2) = 5.

Similarly, we write f(3) =7, f(4) = 9 and f(6) = 13. Can you discover the rule which
associates an element from X, a unique image in the set Y? It appears that when 1 is
added to twice an element in X, it produces the corresponding image in the set Y.

Hence, if yeY isthe f- image of x e X , then we can write this as f :x — 2x+1 or f(x)
=2x+1lory=2x+1.

13



Self-Assessment Exercise 2

¥

]

1. Given the arrow diagram above determine the expression for the function f(x)

3.3 One — One Mapping

Let f:X —Y be the mapping that establishes the correspondence between the sets

X and Y. The mapping f is called a One- one mapping, if different elements in the
domain X contain have different images in the co- domain Y. Thus, f: X —»Yisone —

one mapping, if f(x1) = f(x2) implies that x1= x2 or x1 =Xz implies that f(x1) = f(x2).
Examples

1. The mapping which associates each state in Nigeria with its Governor is a one- one

mapping.
2. The mapping which assigns each University in West Africa with its Vice- Chancellor
iSs a one- one mapping.

Self-Assessment Exercise 3

1. The arrow diagram below shows an arrow diagram, is the function f, a one —
one mapping function.

3.4 Onto — Mapping

Let f:X —Y be a mapping from the set X to the set Y. The mapping f is called an

Onto- mapping if every elements of the co-domain is an image of at least one element
in the domain.

As every member of the co-domain is an image of at least one member of the domain,
the range of an onto- mapping is equal to the co- domain.
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Examples

Let R be a set of all real number and
f :R— R amappingdefined by f(x) =x* +1.Then

f is not an onto- mapping because the range excludes negative numbers.

Self-Assessment Exercise 4

i
)
| =

1. Which of the functions above is an onto mapping function?

3.5 Composite Mapping

Let f:X —>Z and ¢g:Z —Y be two mappings such that the co- domain of “f”is the

domain of g.
xz Ly
Fig. 3.4
The mapping f takes an element in X and produces an image in Z. the mapping g

takes an element in Z and produces an image in Y. the mapping gof takes an
element in X and produces an image in Y via Z.

From Fig. 3.4

go f(p)=g(a)=x
go f(q)=g(c)=x
go f(r)=g(d)=y
go f(s)=g(b)=1z

15



The mapping gof is called a composite mapping. It is sometimes written as of .

The composite mapping can also be represented vectorially as illustrated in Fig. 3.5.

Fig. 3.5
Example
Let f:X —>Y and g:Y —Z be mappings on the set of real numbers defined by:
f(x)=x+1and g(y)=(y+1)?, find go f.
Solution
gof=gf(x)
= g(x+1)
= [(x+1)+1]
=(x+2)*
= x> +4x+4
Let f, g,and h be mappings on the set of real numbers defined by
f(x)=2x+1 g(x)=x*-3 and h(x)=3x+2. Show that (f og)oh=f o(goh)
Solution
(fog)oh= fg[3x+2]
= [3x+2) - 3]
= flox? +12x+1]
= 2(9x2 +12x +1)+1
=18x° + 24X +3

16



fo(goh)=2(goh)+1
= 2[g[h(x)]+1
=2[g(3x +2)]+1
= 2|(3x+2) -3]+1
=2[ox® =12x +1]+1
=18x° +24x+3

w(feg)oh="fo(geh)

Self-Assessment Exercise(s) 5

1. Forf(x) = 2x + 3 and g(x) = -x2 + 1, find the composite function defined by (f . g)(x)

2. f(x) = SQRT(x + 2) and g(x) = In (1 - x2?) Find the composite function defined by
(9 - f)(x) and describe its domain.

3.6 Inverse Function

Consider the function f :x—2x+3 on the set A ={-2, 1, 3} into the set B ={-1, 5, 9}
illustrated in Fig. 3.6 below

a-Lsp

I
A

Fig. 3.6

The function f takes an element from the set A to produce a unique image in the set
B. Alternatively, the function f can be defined as the set {(-2,-1), (1, 5), (3, 9)} i.e. f =
{(-2,-1), (1, 5), (3, 9)}. Suppose we consider the relation, which reverses the operation
of associating an element from the set A, a unique element in the set B. Let this relation
be g. The relation g associates with every element in B a unique element in A.

17



The relation g can be defined as the set of the ordered pairs g = {(-2,-1), (1, 5), (3, 9)}

B4
I~
"

Fig. 3.7
The relation g is a mapping and it is called the inverse of the function f and it is usually
denoted by f .

Example

1
The function f over the set of real numbers is defined by f(x)zzx—&

Find f (x).
Solution
1
Let y= f(x):Ex—S
1

3==
y + > X
2(y +3)=x

sox=fy)=2(y+3)
replacing y by x
f(x)=2(x+3)

Self-Assessment Exercise(s) 6

1. Given the functions below find their inverse function
a. f(x) = (x + 1)/(x - 2)
b. f{x)=e*X1+3
2. Given the inverse function f™(x)=2(x+3) find the function f(x)

4.0 Conclusion

In this unit you have studied mapping, function, one- one mapping, onto mapping,
composite mapping and inverse functions.
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5.0 Summary

1. Given two non-empty sets A and B, if there is a rule, which assigns an element
X € A a unique elementy € B, then such a rule is called a mapping.

2. Given the mapping f:A—B,the set A is called the Domain, while the set B is
called the Co-domain.

3. A subset of the co-domain, which is a collection of all the images of the elements of
the domain is called the Range.

4. The mapping go f is called a composite mapping. It is sometimes written as gf .

6.0 Tutor-Marked Assignment

1. Determine the domain D of the mapping g¢:x—2x*-1,if R={1,7,17}
is the range and g is defined on D.

1. f:x—2x+3isamapping defined on theset R of real numbers. Determine the pre-images of :
(@)1 (b)-1(c) 7 (d)-5

2. Given the mapping g:X —>23LX1, determine :

1 1
(@ 9(0) (b) o(1) (c) o-1) (d) 9(5) (e) of- 5)
for what value of x is the mapping not defined? Hence or otherwise the largest
domain of g.

3. Determine the inverse function in each of the following:

(@)f(x)=2x+3 (b)g(x)= (x—l)% (c)h(x)=4x-5 (d)r(x)= ;(TJrj: (x #-4)
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1.0 Introduction

Mathematics has its own language with numbers as the alphabet. The language is
given structure with the aid of connective symbols, rules of operation, and a rigorous
mode of thought (logic).

2.0 Learning Outcome

At the end of this unit you should be able to:
1. Identify the different types of numbers

2. Perform operations with real numbers

3.0 Learning Content
3.1 Real Numbers

1. Natural numbers 1, 2, 3, 4, . . ., also called positive integers, are used in counting
members of a set. The symbols varied with the times, e.g., the Romans used I, II, IlI,
IV etc. The sum a+b and productaeborab of any two natural numbers a and b is
also a natural number. This is often expressed by saying that the set of natural
numbers is closed under the operations of addition and multiplication, or satisfies the
closure property with respect to these operations.

2. Negative integers and zero denoted by -1, -2, -3, . . . and 0, respectively, arose to
permit solutions of equations such as x+b =a, where a and b are any natural numbers.
This leads to the operation of subtraction, or inverse of addition, and we write x=a-b
. The set of positive and negative integers and zero is called the set of integers.

. : 2 5 . .
3. Rational numbers or fractions such as 3 T arose to permit solutions of
equations such asbx=a for all integers a and b, where b=0. This leads to the
: . : o _ a
operation of division, or inverse of multiplication, and we write X:E or a+b where a

is the numerator and b the denominator.

The set of integers is a subset of the rational numbers, since integers correspond to
rational

numbers where b=1.

4. Irrational numbers such as+/2 and z are numbers which are not rational, i.e., they
a . .

cannot be expressed as b (called the quotient of a and b), where a and b are integers

andb=0.

The set of rational and irrational numbers is called the set of real numbers.

21



Self-Assessment Exercise 1

1. Identify two examples each of real numbers, rational and irrational numbers.

3.2 Operations with Real Numbers

If a,b,c belong to the set R of real numbers, then:

a+b andab belong to R Closure law

a+b=b+b Commutative law of addition
a+(b+c)=(a+b)+c Associative law of addition
ab=ba Commutative law of multiplication
a(bc)=(ab)c Associative law of multiplication
a(b+c)=ab+ac Distributive law

a+0=0+a=a1 lea=ael=a

0 is called the identity with respect to addition, 1 is called the identity with respect to
multiplication.

For any a there is a number x in R such that x+a=0.
x is called the inverse of a with respect to addition and is denoted by -a.

For anya =0 there is a number x in R such that ax=1.

x is called the inverse of a with respect to multiplication and is denoted bya™1 or %

Self-Assessment Exercise(s) 2

1. Identify the property used in the following:
2x13+8x13=(2+8)x13

(a) Commutative  (b) Closure  (c) Associative (d) Distributive
2. Which property is reflected in the following? 7x5=5x7
(a) Closure (b) Commutative  (c) Associative (d) Distributive
3. Which of the following statement is true
@7+0=7 (b)7+0=0 (c)7+0=0=+7 (do+7=0
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3.3 Absolute Value of Real Numbers

The absolute value of a number x is defined by:

x if x>0
|x|.: 0if x=0
—xif x<0

e.g. [4=4,4=4

The absolute value of a number is taken as the distance of the point representing the
number on the real line from 0. This value is taken to be positive.

Examples

1 1f X =a= either

X=a 0r Xx=—a

5 If X <a=> either

X<a or —x<a—= x>-—a thesegive
—a<x<a

3 1f |X| > a=>either

X>a or —x>a—= x<-a thesegives
x<a and x>a

4. Find the range of * if [x—3/=5
Solution
if [x—3=5

either x —=3=5=>x=5+3=8
or —(x-=3)=5=>-Xx+3=5=>-x=5-3=2=x=-2
SO X=5o0or x=-2

Self-Assessment Exercise(s) 3

1. Find the range of x if [2x—6/=6
2. Absolute value of — 11 is

@-10  (b)10 ©11  (d)o
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3.4 Complex Number

As noted in the study of the real number system, the solution of the quadratic equation
x*+1=0 (3.1)

has no real solution, i.e. there is no real number which will satisfy the equation. This
led to the introduction of the Complex Numbers.

From the above equation,

x*=-1
Or
X =+-1
We define the complex number
i=v-1 (3.2)
And also the solution of the quadratic equation (3.1) is then given by
X =+y—1 =i (3.3)
The powers of the complex number i are given by:
:x/—_l,izz(\/—_l) =1, i*=(i?)i)=-i,i* =(i?f = (-1 =1 (3.4)
The complex number system is the thus defined by:
C={z=x+1iy|lx,y e R} (3.5)

For the complex number z=x+iy, x is called the real part while yis the imaginary
part with notations: x =Re(z), y=Im(z)

3.4.1 The Argand Diagram

Figure 3.1

In the Argand diagram, the complex number z = x+iy is uniquely represented by a
point (x,y) on the Euclidean such that
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The horizontal distance OB = X, which is the real part of z; also the vertical distance
AB =y, which is the imaginary part of z.

The distance OA is called the modulus (or magnitude) of z and is denoted by:
r=mod =|z|

The angle 8 =<AOBis called the argument of z denoted 8 =argz

From the diagram we have that

r? :|z|2 =x*+y?

And

0 = tan ‘l(lj
X

3.4.2 Algebra of the Complex Number System

1. Addition

Let z, =x, +iy,, z, =X, +iy,be Complex numbers, the addition of z, and z,is defined,
and we have that

2, +2, = (X, +iy, )+ (X, +iy, )= (X, + X%, )+i(y, +V,)

The subtraction z, —z, is similarly defined.

2. Multiplication

The multiplication of z, and z, is defined, and we have that
2,2, = (X, +iy,)- (X, +iy, )= X - (x, +iy, ) +i(x, +iy, )

=X X; + inyZ + iXZyl +i? Yi¥e
= (X1X2 - y1Y2)+ i(lez + X, yl)

3. Conjugate
The conjugate of the Complex number
z =x+iy isgiven by z =x—iy
Note that
2z = (x+iy x —iy)= x(x —iy )+ iy(x —iy)
= X? —ixy +ixy —i’y® =x*+y?

. - 2
ie. zz =|z|
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4. Rationalization

. 1 1z
21:—:—-:
y4 zZ 7
_zZ Z
_—_:—2
T
5. Quotient or Division

: Z, . L
The quotient —* is rationalized as follows;
Z2

_ 71,
|Zz|2

Z

2 ZZ

N|N
i)

|| |
N (=

From figure (3.1), note that
X=rcosé, y=rsiné
And so

z=x+iy =r(cos@+isin@)

Also
r =X=ﬂ=tan9
X Ccos@

The angle 2nz+6h =0,1,2,... will satisfy tre argument of z.

Examples
. 3—1 .
X+iy=——, find x and .
1. If 2+1
Solution
Rationalizing:

. 3-i (3-i)2-i) 6-3i-2i+i* 6-3i-2i-1 5-5i _ .
X+ly=———=r—C—FL= — = = =1-1
2+i (2+i)2-i) 4-2i+2i-i* 4-2i+2i+1 5

x=1,y=-1

2 if 2 and z, aregiven by:
-\2 . .

Zl=(2+l-) (1—|)’ , -3,
3i-1 2+i

find:
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L+,

ii. Modulus of %

iii. Argument of %2

Solution

+i) =@2+i)2+i)=22+i)+i(2+i)=4+2i+2i+i* =3+4i
(2+i)(—i)=(3+4if1-i)=31—i)+4(—i)=3-3i+4i—4i’ =3+i+4=7+i

, C(@+iP@-i) 7+i (74i)-3i-1) -21i-7+3-i -22i-4
o8-l 3i-1 (Bi-1)(-3i-1) 10 ~ 10
~4 .22 2 11
2 =——l—=———-1—
10 10 5 5
i-3 (i-3)2-i) 2i+1-6+3i 5i-5 .
2 = = N N = =i-1
2+i  (2+i)2-i) 5 5

: 2 11 . (7+6i)
) 2+, =———1—+1-1=-
) 242, == =17 c

(i) modulus of z,

2\’ 11Y \/4+121 \/125
n=z|=,|-=] +|-=| = = =5
1=l \/( 5) ( 5) 25 25

(ii)Argument of z,

0= tanl(ij =tan?(-1)= 3z
1 4

3.4.3 De ‘Moivre’s Theorem
The De’Moivre’s theorem states that

(cos@+isin@)" =cosnd+isinnd
Forn=1,23,...

Proof

Proof is by induction:

Let the statement P(n) be:
(cos@+isin@)" =cosn@+isinng
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Forn=1,

LHS= (cos@+isin@) =cos@+isin@ = RHS
So P(k) is true,i.e.
(cos@+isin @) =coskd+isinke

Let n=k+1,

LHS

(cos @ +isin @) =(cos@ +isin @) cos & +isin )
=(cos @ +isin@)coské +isinko)
=cos &(coskd +isinkd)=isin O(coskd +isinke)
=cos @ cos k@ +icos@sinkd +isin @coskO +i?sin sinkd
= (cos @ cos k& —sin Osin k&) +i(cos @sin ke +sin & cos k)
=cos(@ +k8)+isin(6 +ko)
=cos(k +1)8 +isin(k +1)@

i.e. P(k+1) is true.
Remark

In general, the De’Moivre’s theorem is true for when n is negative,
If n=—p
(cos@+isin@) " =cos(— pd)+isin(- po)
But
cos(— p&)=cos p@, sin(— po)=—sin po
So
(cos@+isin@) " =cos p@—isin po

3.4.4 Trigonometric Expansion Using De’Moivre’s Theorem

|f Z=Cos@+isin®, theconjugate z=cos@—ising
1 z z
-1 _ __c
YA ‘2

7 71 ‘z
\z\z =cos?@+sin?6=1
And so

-1

L =—=1

N |~

From above,
147=741 = (cos@ +isin @)+ (cos & —isin6)
z

=2c0s6
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Also,
z-7= z—%:(c050+isine)—(cose—isine)

=2isiné@
Since
2" =(cos@ +isin@)" =cosmé +isinmé
and
im:z'm =(cos@ +isin@) ™ =cosmé —isinme
z
Recursively wededuce that

m

Z +imzzcosm6’

z
and
z" —im:Zisin mé
Z
Examples
1. Express cos® @ in multipleangles
Solution
Let z=cos@+isind
Then
1 8
[z+—j =(2cos 6)
z
ie.

8
2% cos® @ = (z +lj
z

=7°+87 -1+2826-i2+5625-i3+7024-i4+56z3-i5+2822 'i6+82'i7+'i8
z z z z z z 7’z

= (28 +i8j+8(26 +i6j+ 28(24 +%}+56(22 +i2j+ 70
zZ z zZ z

= 20586 +16cos 64 +56 cos 46 +112 cos 26 + 70

= 2[cos 86 + 8 cos 66 + 28 cos 46 + 56 cos 26 + 35|

SO

2° cos® @ = 2[cos 86 + 8 cos 66 + 28 cos 46 + 56 cos 26 + 35

hence

cos® @ = 277 [cos 80 + 8 cos 66 + 28 cos 46 + 56 cos 20 + 35

. Express sin® @ in multipleangles

Solution
Let z=cos@+isin@
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Then

9
(z —lj =(2isin o) = (2i) sin® @ = 2°isin® 0
z

i.e.

9
29isin96=(z—ij
z

= 29—928-£+3627-%—8426-%+12625-i4—126z4-is+8423-i6—3622-i7+9z-i—-—
z z z z z z z z

= (29 —%)—9(27 —%)+36(25 —%)—84(23 —isj+126(z —lj
z z z z z

= 2i[sin 99 —95sin 760 + 36 sin 560 — 84 sin 36 +1265in 4

S0

2%isin® @ = 2i[sin 99 —9sin 76 + 36 sin 50 — 84 sin 39 +1265sin 0]

hence

sin® @ = 2°%[sin 99 — 95sin 76 + 36 5in 50 — 84 sin 30 + 126 sin 0]

Self-Assessment Exercise(s) 4

1. Given: z=cos(3)+isin(3)Provethatl+z=(1+2z)z

2. Calculate (cos(2)+isin(2) + 1)"

3. In the following equation, m is a real number.
z? - (3 + i)z + m + 2i = 0 Calculate the values of m such that the equation has a
real root. Calculate the second root.

4.0 Conclusion

In this unit you have studied the operations with real numbers, and absolute value of
real numbers. We have also studied the complex number, algebra of the complex
number, the De’Moivre’s theorem and trigonometric expansion using De’Moivre’s.

5.0 Summary

In this unit you have studied:
If a,b,c belong to the set R of real numbers, then:

1. a+b and ab belong to R Closure law

2. a+b=b+b Commutative law of addition
3.a+(b+c)=(a+b)+c Associative law of addition
4.ab=ha Commutative law of multiplication
5.a(bc)=(ab)c Associative law of multiplication
6. a(b+c)=ab+ac Distributive law
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7. a+0=0+a=a, lea=ael=a
The absolute value of a number x is defined by:

x if x>0
IX.=40 if x=0

—Xxif x<0
X :i\/—_l ’ | = \/—_1

X=4-1 =i
The powers of the complex number i are given by:
=\/—_1,i2=(\/—_1) =1, i =(i2)i)=—i,i* =(i*f = (-1 =1 (3.4)

The complex number system is the thus defined by:
C={z=x+1iylx,y e R} (3.5)

For the complex number z=x+iy, x is called the real part while yis the imaginary
part with notations: x =Re(z), y=Im(z)

0 =tan 1(Xj
X

The conjugate of the Complex number

r?=|z" =x*+y?
And

z=x+iy isgiven by z=x—iy

Note that

22 = (x+iy \x—iy)= x(x —iy)+iy(x—iy)
= X7 —ixy +ixy —i’y® =x*+y?

. - 2
i.e. 22 =7
L 1 17
7t="==.2
Z Z 7
71
= = —2
2 [
z :
The quotient -~ s rationalized as follows

if Z=Ccos6+ising, theconjugate z =cosd—ising
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Ci Ay
\2\2 =cos’f+sin?6 =1
ol

z

z+E:z+%:(cose+isin¢9)+(cose—isin0)
=2c0sd

7-1= z—%=(cosH+isin@)—(cos@—isin@)
=2ising

6.0 Tutor-Marked Assignment

X+iy = a+ib
c+id
1.If
. a-ib
Show that X—1y =——
c—id
2. Determine the modulus and argument of z, +z, if
(2+i)1-i) (i-3)2-i)
L= L=~ —
3i-1 2+1
3. Express cos® x in multipleangles.
4. Express sin® x in multipleangles.
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1.0 Introduction

In this unit you shall study use of number line in inequality. We shall study the
inequality of one variable, two variable, quadratic inequalities and simultaneous
inequality.

2.0 Learning Outcome

At the end of this unit you should be able to:
1. Solve inequalities in one variable graphically and analytically;
2. Solve inequalities in two variables graphically;

3. Apply solution of inequalities to problems.

3.0 Learning Content

3.1 Basic Rules of Inequalities

1. (a) If a>b gnd >0 then a+Cc>b+c
(b) If a<b and ¢>0 then a+c<b+c
We can add the same constant to both sides of an inequality:
2.(a)If @>b and ¢>0 then a—C>b—-c
(b) If 2<b and €>0 then a—Cc<b-c

We can subtract the same constant from both side of an inequality.

b
3.(a) If 2>Db and €>0 then ac>bc ang %>E

(b) If @<b and €>0 then ac<bc gng %<%

If both side of inequality are multiplied or divided by the same positive humber, then
the sense of the inequality remains unchanged.

4.(a) If @>b and €<0 then ac<bc gng %<%

a_ b
(b) If 2<b and €<0 then ac>bc gng E>E

If both side of an inequality are multiplied or divided by the same negative number, the
sense of the inequality is reversed.

5.(a) If @>b and ¢<d then a—Cc>b-d

(b) If 2<b and ¢>d then a-c<b-d
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6. (a) If @>b and N>0 then a" >b"

(b) If 2>b and N<0 then a" <b"

7.(a) If @<b and N>0 then a" <b”
(b) If a<b and N<0 then " >b"

Self-Assessment Exercise(s) 1

1. Solve 5x +7 < 3(x +1).
2. Solve 3(x—2) +4 > 2(2x - 3).

3.2 Linear Inequalities in one Variable

Most of the basic rules for solving a linear inequality in one variable are similar to those
for solving a linear equation in one variable with exception of the rules on multiplication
and division by negative number which reversed the sense of the inequality.

Example

1.2 1 2 1
(a) 2X—=3<X+7 (b) 4x+§2§x—2 (C)EX_ZSEXJrZ
Solution

() 2X—3<X+7

2X—X<T7+3

x<10

(b) 4X+%2§X—2

4x23x—Z
3 3
Exz_z
3 3
10x > -7
x> L
10
1
—X—2<—X+—
©3 4
1x—gx£2+1
3 5
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10

2 4
—4x <135
X>-135

Self-Assessment Exercise 2

1. Solve the inequality % 1-x)> % -

3.3 Graphical Representation

The solutions set of linear inequalities in one variable are represented graphically as
intervals on the real number line.

Example
Represent each of the following inequalities graphically:

x>3 (b) x<-1(c) —2<x<3 (d) ~1<x<4

Solution
X>3
] ? ]
| | | | | |
0 1 2 2 4 5
x<-1
T
T
83 2 1 0 1 5 3
—-2<x<3
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Self-Assessment Exercise 3

1. Express the graph in from of inequality

3.4 Quadratic Inequalities in one Variable

We shall attempt to find the solution set of the inequalities of the form ax® +bx+¢>0
or ax* +bx+c<0.

If ab>0 then either

1. a>0 and b>0 or
2. a<0and b<0

1. Find the solution set of X*>+Xx+6>0

Solution

If X*+x+6>0

Then (x—2)x+3)>0

Either X—=2>0 and X+3>0
SX>2 gnd X>-3

These can be combined as x> 2

Or

X—2<0 gnd x+3<0
SX<2 and X<—3

These can be combined as X <—3

Hence the solution set is
{x:x<=3Ju{x:x>2}f ab <0 then either
(i) a<0 and b<0 o
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(ii) a>0gng b>0
These facts can be used to solve quadratic inequalities in one variable.
1. Find the solution set of the inequality X?+3x—4<0
Solution
If X*+3x-4<0 then
(x—1)x+4)<0
Either X=1<0 gng x+420
S X<1lgng x=-4,
These can be combined as: ~4<x<1

Or

X—].ZO and X+4SO

But x cannot be greater thanl and at the same time be less than -4, hence the
solution set is {x:—4<x<1}

Self-Assessment Exercise(s)

1. The velocity of an object fired directly upward is given by V = 80 — 32t, where t is
in seconds. When will the velocity be between 32 and 64 feet per second?

3.5 Inequalities in Two Variables

A straight line has the general equation ax+by+c=01 where & b, and Care real
y- axis
A
ax + by + ¢ =0
- axis
Fig.B.1
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The line ax+by+c =0 partitions the x—y plane into two regions.

Y- axis

A Y- axis

R1 Ry

»X- axis

Fig. 3.2

Example

Solve graphically the regions represented by the inequalities:
2Xx+y+1>0and 2x+y+1<0

2y—x-3>0and 2y—-x-3<0

Solution

a. Consider the line 2x+y+1=0

—>X- axis

: 1 : : :
The intercepts on the axes are [-E,OJ and (0,-1) if we substitute the coordinates of

the origin (0, 0) into the inequality, we have 1> 0 which is true.

Therefore, every point on the same side of the origin will make the relation

2X+Yy+1>0 true.

2x+y+1>0

»
»

/%/. X

“, 0)

Q

The region on the same side of the shaded part is represented by 2x+y+1>0 . The

other opposite side is represented by the inequality 2x+y+1<0 .

b. Consider the line
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2y—x—-3=0

The intercepts are (-3,0) and (0, gj Substitute the coordinates of the origin (0, 0) into

the inequality, we have —3 <0 which is true.

Therefore every point on the same side of the origin will make the relation
2y_)(_,’2(ﬂ triia

2}.‘,){‘,3 >0 y —\’ﬂ\’\
(3.0) §\“§‘-\\§\ 2},_x_3
- \\ : e |

The region on the same side of the shaded part is (— 3, O) while the region on
the side is 2y-x-3<0

Self-Assessment Exercise(s) 5

1. Solve graphically the regions represented by the inequalities:

(@) 4x+2y+2>0and 2x+y+1<0
(b) 8y—4x-12>0 and 2y—x-3<0

4.0 Conclusion

In this unit you have studied how to solve; inequality graphically and analytically,
guadratic inequalities and inequalities of two variables and how to apply inequalities
to solve real life problems.

5.0 Summary

1. Most of the basic rules for solving a linear inequality in one variable are similar to
those for solving a linear equation in one variable with exception of the rules on
multiplication and division by negative number which reversed the sense of the
inequality.

2. The solutions set of linear inequalities in one variable are represented graphically
as intervals on the real number line.

3. The line ax+by+c=0 partitions the x—y plane into two regions R, and R,.
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6.0 Tutor-Marked Assignment

1. Represent the solution set of each of the following inequalities graphically:
1 1
< “X+22=x+1 2 24 x-
(@) 2X+1<x+5 (b) 3 + > g X +6x+8<0(d) 4x° +x-3<0

2. Show graphically the regions represented by the inequalities:

(@) 2x+3y+6>0 (b) 4y-3x+5<0 () 2y+3x+3<0 (d) x-4y+7>0
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1.0 Introduction

In this unit you will study addition, subtraction, multiplication and division of surds. We
shall also study the conjugate and rationalization of surds.

2.0 Learning Outcome

At the end of this unit you should be able to:

1. Reduce surds to it basic form;
2. Evaluate the problems of surds;
3. Rationalize and take the conjugate of surds.

3.0 Learning Content
3.1 Rule of Surds
1. Jaxb = a x+b

, (2 _+a
Vb~
Examples
1. 3x17 = 3x 17
2. J5x\7=Bx7=4/35
Note that v/a + Vb = Ja+b
Self-Assessment Exercise(s)
1 Sol V4x25%3
. Solve “oxa

3.2 Basic Forms and Similar Surds

If the rational number under the square root sign contains a factor which is a square
of a number, the surd can be reduced to a simpler form. Such a simpler form is called
its basic form.

These are surds which are multiples of the same surds. 35 ,2+/5,6+/5and7+/5 are

similar surds because each of the surds is a multiple of /5. Two similar surds can be
added together or subtracted from each other.

Examples
1. Simplify the following:
(@) v/20 + V45 + \125-2/80
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(b) 3J/2- /32 + /50 + /98

Solution

(a) V20 + /45 + 125 -2./80
= 25+ 3/5+55- 85

= 104/5-8+5
= 2.5

(b) 3v/2- /32 + /50 + /98
=3J2- 42+ 52+ 72
= 15v2- 442
=112

Self-Assessment Exercise 2

1. Look for factors of 45, one of which is a perfect square.

3.3 Conjugate Surds

Two surds are said to be conjugate of each other if their product gives rise to a rational
number. From our knowledge of difference of two square we know that

(a+b)a—b)=a’-b?

Similarly,
(Va+vb)Va—-b)=(Vaf ~(Vbf =a-b

While \/5+\/E and Va_vb are not rational, their product a-b is rational. Hence, \/5+
Vb and Va_vb are conjugate of each other.
Example:

(1) Write down the conjugate of each of the following:

(a) V3-+2 (b) 24/5+3V3
Solution:

(a) The conjugate of V3-42 is V3+42
(b) The conjugate of 24/5+3/3 is 24/5-3/3

(2) Simplify the following:
(@) (3v2-1)av2 +1) (b) (752 +3)7v2 -/3)
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Solution
() Bv2-1)3v2 +1) = 3V2f -1 =18 -1=17
(b) (V2 +3)7v2-+3) = (7\/5)2 —(\@jz =98-3=095

Self-Assessment Exercise 3

8—V18 , .
1. Express 7 in terms of a + bv/2 where a and b are integers

3.4 Rationalizing the Denominator

aabi
b b b b

Examples

(1) Simplify (a) (o) }

Solution

i
NE

@ -%2

J2o2

3+v2 3442 \/_ J3 (3+\/_X\/_ \/_)
(b) \/_+\/_ \/_'i‘\/_ \/_ \/_ 5-3

- 1(s5 343+ 10 6)

Self-Assessment Exercise 4

3 5 . .
1. Express NG as a single function

4.0 Conclusion

In this unit you have studied how to reduce surds to it basic form and evaluate the
problems of surds. You also studied rationalization and how to take the conjugate of
surds.

5.0 Summary

You have studied:

. Jaxb _Ja, b
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Jb

o \/E+\/B and Ja_+b are conjugate of each other.

6.0 Tutor-Marked Assignment

(1) Express each of the following in basic form:
(a) /200 (b) V162 (c) /648
(2) Simplify each of the following:

(@ (v2+35) (b) (246 -1f3-2)

(3) Express M in the form a-+b+/c where a, b and c are rational numbers.
42 -243
6 . , 7 6
4) Express V32 +— as a single surd and hence find the value of ——| /32 +—=
@ B Jz Beasn ﬁ( ﬁj
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1.0 Introduction

In this unit you will study the laws of indices and how you will apply the laws to solve
problems.

2.0 Learning Outcome

At the end of this unit you should be able to:
1. Use the laws of indices in calculations and simplification;

2. Use the relationship between indices and logarithms to solve problems.

3.0 Learning Content

Please provide Learning Content

3.1 Laws of Indices

(a) am X an — am+n

e.g., 3¥x3=3"°=3
(b) am +al’l — am—n

eg., 2°+2°=2"3%=2?%
(C). (am)n = gQmxn = gmn

3\2 3x2 6

eq, @) =42=4

(d) Zero index

. m — —_—
a" +a _a—m_l
Also a" +a"=a™" =3a°
nal=1
(e) Negative index
1
n
a —a—m
e.g., a®+a’=a>>=a"
3
a 1
also a’+a°=—==
a® a
1
. -2
Lat=—
a

(f) Fractional index

"o
a"n| =a" =a

(Va)"
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Self-Assessment Exercise(s) 1

1. 1f 3x-Y) =27 and 3% *¥) = 243, then x is equal to:
a)0 b)2 c)4 d)6

b

a.x-1 X -
o} £ [_J — [_J o] thAan thAa vialiiAn Af v e

3.2 Exponential Equations

Examples
Solve the following equations

(1) 2°=0.125 (2) 57 x5*" —125=0
Solution

2¥=0.125 = 2* —1:>2X —i:>2X =2
(1) ' 8 2°
Sx=-3
(2) 52x+4 ><5x+1 _125 — O — 52x+4+x+1 — 53

2X+4+X+1=3
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3x=3-5=3x=-2
-2
3

SoX=

Self-Assessment Exercise(s) 2

1. (256)°16 x (256)°% =?

A 4 B. 16

C. 64 D. 256.25

2. Expresses the function y = logs 9 in exponential form?

3.3 Laws of Logarithms

(a) log, x+log, y = log, (xx y)=log, xy
(b) Iogax—logay=loga[5J
y

(c) log, x" =nlog, x

(d) log,a=1

(e) log,1=0
Examples

(1) Simplify each of the following:
(a) log, 27+ 2log, 9—log, 54 (b) %Iog48+log432—log42

Solution
(@) log, 27 +2log,9—log, 54
= log,(27x81)—log,(27 x 2)
= log, 27 +log,81—log, 27 —log, 2
=4log,3-log, 2
=4—log, 2

(b) %Iog48+log432—log42

=%Iog48+log432—log42
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Self-Assessment Exercise(s) 3

1. Solve for x

2. Express as a single logarithm:

%[(2]11 a+Inb)-5hc]

3. Given: J(¥) =3log,(2x-1)  finq /(D

4.0 Conclusion

In this unit you have studied how to Use the laws of indices in calculations and
simplification. You have studied how to solve exponential equations. You have also
studied the relationship between indices and logarithms to solve problems.

5.0 Summary

In this unit you studied:
am X an — am+n
am ;an — am—n

(am )n _ amxn _ amn

3.

4. a’=1
m 1
am"=—

5, a"

6. a" =%a"

7. log, x+log, y =log, (xxy)=log, xy
8. log,x-log,y= Iog{lJ
y

9. log, x" =nlog, x
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10. log, a=1
11. log,1=0

6.0 Tutor-Marked Assignment

(1) Evaluate the following:

2

5 25%° .00001Y’
(8) 32° ;) 25" ¢ (0.00001)
(2) Solve the following exponential equations:
4 _ X 2x x+1 X _ 1
@ 7 =0 (o) ¥ )27 =0 (10" =0

(3) Simplify each of the following:
a) log, 3+log, 243—2log, 3 (b) log;12.5+1l0og, 5 © Iogzx/§+loggx/§

(4) Solve the following equations

@ log,,(10+9x)—log,, (11— x)=2 ) log,(x—3)+log, x =2
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1.0 Introduction

In this unit, you will be taught the principle of mathematical induction and its
significance in mathematical theorems.

2.0 Learning Outcome

At the end of this unit you should be able to apply the principles of Mathematical
Induction.

3.0 Learning Content

3.1 Definition

The principle of Mathematical Induction is to establish the truth of a mathematical
statement P(n) for all positive integer (natural numbers) n.

The principle states that that:

1.) P(n) is a mathematical statement and

2.) P(1) is true; (i.e. P(n) is true for n=1) and

3.) P(k+1) is true for any arbitrary natural number k; (i.ei when we assume that P(k)
is true, we can by this assumption establish that P(k+1) is also true),

Then P(n) is true for all-natural numbersn=1, 2, 3, ...

Self-Assessment Exercise(s) 1

1. Prove that n! > 2" for n a positive integer greater than or equal to 4. (Note: nlis n
factorial and is given by (1 * 2 * ...* (n-1)*n.)

2. Prove that 2" + 3"< 5" holds for n>1.

Examples
() Prove the statement P(n): 13+23+...+n3 = (1 + 2 +...+ n)2by mathematical induction.

Solution
Let P(n) be the statement 1° +2° +..+n° =(1+2+...+n)

Whenn =1,

The LHS=1%= 1
TheRHS=1?=1

So P(n) is true
Suppose P(k) is true, then
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P42+ 4k =(1+2+...+k)

Now for the statement p(k +1),

The LHS will be given by: 1° +2° +...+k® +(k +1)° = (1 +2+...+ k)’

Using the RHS of (i)

. {@T +(k+1)°
_(k 4;1)2 (k2+4k+4): (k +1)2£Ek+2)2 :{(k +1)(k+2)}2

2

=(1+2+..+k+(k+2)f
Which gives the RHS of p(k +1),
Hence p(k +1) is true, so it follows that p(n) is true for all n.

n(n+1)2n+1)

2 p(n Z

r=1

CDII—‘

Solution

When n =1,
2
TheLHs =1 =1

1
The RHs = § W2k3)=1
So P@ s true, then

o

r=.

k(k +1)2k +1)

@IH

Now for the statement P(K +1),

The LHS will be given by:

k+1

Zr == k+1)(2k+1) (k +1)°
_ k(k +1)(2k +61)+ 6(k +1)° :é(k+1)(k+2)(2k+3)

Which gives the RHS of p(k +1)

k+1)

Hence P is true, so it follows that P(N) is true for all .
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Self-Assessment Exercise 2

1. Consider the sequence of real numbers defined by the relations X1 = 1 and
Xn+1 =11+ 2Xn for n = 1. Use the Principle of Mathematical Induction to show that
Xn<4forallnz=1.

4.0 Conclusion

In this unit you have studied how to apply the principles of Mathematical induction.

5.0 Summary

The principle states that that:

1) P(n) is a mathematical statement and

2.) P(1) is true; (i.e. P(n) is true for n=1) and

3.) P(k+1) is true for any arbitrary natural number k;

(i.e when we assume that P(K) is true, we can by this assumption establish that P(k+1)
is also true),

Then P(n) is true for all natural numbersn=1, 2, 3, ...

6.0 Tutor Marked Assignment

Prove all the mathematical statements for all natural number n using mathematical
induction:

. 2'=n
5 14+3+5+..+(2n-1)=n’
3 4" >3n*+1

7.0 References/Further Reading
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1.0 Introduction

In this unit you will study the pascal triangle and binomial expansion formula and how
to solve problems using the formula.

2.0 Learning Outcome

At the end of this unit you should be able to:
1. Use Pascal triangle to solve problems.

2. Use binomial expansion formula to solve problems.

3.0 Learning Content

3.1 Pascal Triangle

The binomial coefficients appear as the entries of Pascal's triangle where each entry
is the sum of the two above it.

In elementary algebra, the binomial theorem describes the algebraic expansion of
powers of a binomial. According to the theorem, it is possible to expand the power
(x + y)"into a sum involving terms of the form ax?y¢, where the exponents b and c are
nonnegative integers with b + ¢ = n, and the coefficient of each term is a specific
positive integer depending on n and b. When an exponent is zero, the corresponding
power is usually omitted from the term.

This formula and the triangular arrangement of the binomial coefficients are often
attributed to Blaise Pascal, who described them in the 17th century, but they were
known to many mathematicians who preceded him.

Consider the expansions of each of the following:
+y)s (x+y)s (x+y)s (xry)s (y)'s (k0 y)fs (xey)s (x+y)'
(x+y) =1

(x+y) =1x+1y
(z +y)* = 2° 4 32°y + 3zy” + ¢,

(z 4 y)* = a* + 42y + 627" + dxy® + o,
(x4 y)® = 2° + 5r'y + 102%® + 1027 + bay* + 4/,
(x + )" = 2 + 62°y + 152*y? + 202%° + 152%y* + 6zy° + 1°,

(x+ y)T = 2’ + Taby + 212°y? + 35x'y® + 35y + 21a%y® + Tay® + 4.

The coefficients of x and y can be displayed in an array as:
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The array of coefficients displayed above, is called Pascal’s Triangle, and it is used to
in determining the coefficients of the terms of the powers of a binomial expression.

Notice that

1. the powers of x go down until it reaches O (:1:‘:i = 1),starting value is n (the n in
(z+y)")
0
2. the powersofygoupfromO (¥ = 1) until it reaches n (also the n in (I + y)ﬂ

)

3. the nth row of the Pascal's Triangle will be the coefficients of the expanded
binomial. (Note that the top is row 0.)

4. for each line, the number of products (i.e. the sum of the coefficients) is equal to

2",

5. for each line, the number of product groups is equal to 7@ + 1

Examples
5.0 Using Pascal’s triangle, expand and simplify completely: (2x +3y)’.

Solution:

(2x+3y)" = (2x)" +4(2x)*(3y)+6(2x)*(3y )’ +4(2x)3y)’ +(3y)*
=16x* +96x°y +216x°y? + 216xy* + 81y’

6.0 Using Pascal’s triangle, expand and simplify completely: (x—2y)°.
Solution

(x—2y)° = x® +5x*(=2y)+10x* (- 2y )’ +10x?(— 2y)’ + 5x(- 2y)" +(-2y)°
= x> —10x"y + 40x>y? —80x%y® +80xy* —32y°

7.0 Using Pascal’s triangle, simplify, correct to 5 decimal places, (1.01)".

Solution

We can write (1.01)" = (1+0.01)*
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(1+0.01)* =1+4(0.01)+6(0.01)° +4(0.01)° +(0.02)*
=1+0.04+0.0006 +0.000004 + 0.00000001
=1.04060401
=1.04060(5d.p.)

Self-Assessment Exercise 1

1. Expand: (2t + 3/t)*. Using Pascal’s triangle

3.2 The Binomial Expansion Formula

According to the theorem, it is possible to expand any power of x + y into a sum of the
form

n_ (MY n o0, (Y n-1 1, () n-22, n 1,n—1, () o0 n
(x4+y)" = (D)x y +(1):c y +(2)$ y+ +(n_1)$ y —I—(n)x y",
(%)
where each \k/is a specific positive integer known as binomial coefficient. This
formula is also referred to as the Binomial Formula or the Binomial Identity. Using

summation notation, it can be written as

(+y)" =3 (”) a = 50 (”) gk
im0 \F im0 \k
The final expression follows from the previous one by the symmetry of x and y in the
first expression, and by comparison it follows that the sequence of binomial
coefficients in the formula is symmetrical.

A variant of the binomial formula is obtained by substituting 1 for y, so that it involves

only a single variable. In this form, the formula reads

(L+x)" = (E):c“Jr (T)IIJF (g)x?+---+ (n"j 1):1:“—1+ (z)x“

or equivalently

(l+z)m =Y (:)x**.

Where, =
(njznc _ ot n(n-1)n-2)n-3).(n—k+1)n—k)
k) % (n—k)k! (n—k k!
_n(n-1fn-2).(n-k+1)
k!
Example:

. (@) Using the binomial theorem, expand (1+2x)°, simplifying all the terms.
(b) use your expansion to calculate the value of 1.02°, correct to six significant figures.
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Solution:

(a)
(1+2x)° =1+° C,(2x+°C, (2x)* +°C,(2x)* +° C,(2x)* +° C,(2x)°
=1+5(2x)+ SA px2 4243 gys [ D432 yguu 3oy
1.2 1.2.3 1.2.34
=1+10x +40x* +80x° +80x* +32x°
(b)

(1.05)° = (1+0.002)°
Put (1+0.02)° =1+ 2x

2x =0.02

x =0.01

Hence,

(1.05)° =1+10(0.01) = 40(0.01)* +80(0.01)° +80(0.01)* +32(0.01)°
=1+0.1+0.004 +0.00008 + 0.00000008
=1.10408(65s.f.)

Self-Assessment Exercise(s) 2

1. Expand: (2/x + 3\x)*
2. Find the 5th term in the expansion of (2x - 5y)°.

4.0 Conclusion

In this unit you have studied Pascal’s triangle and Binomial expansion formula. We
have also use both Pascal’s triangle and Binomial expansion formula to solve
problems of binomial theorem.

5.0 Summary

In this unit you studied:
The binomial expansion formula for (x+y)" is

(x+y) = X"+"C, X" y+"C,x"?y? +..4+"C, X"y +..y"

Where
e _n(n-1)n-2fn-3).(n—k+1)n—k)
“ (n—k)k! (n—k k!
_n(n-1)n-2).(n-k+1)
k!
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6.0 Tutor-Marked Assignment

1. Use the binomial theorem to write down and simplify all the terms of the expansion
5
of (1—1xj :
4
1 9
2. Obtain the first three terms of the expansion of (3+§xj .

3. Obtain the expansion of (1+x)* +(1—x)".
Use your expansion to evaluate (1.01)*+ (0.99)4, correct to 4 decimal places
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1.0 Introduction

In this unit you will study the matrices and determinant. How to basic operations on
matrices and determinant.

2.0 Learning Outcome

At the end of this unit you should be able to:
1. Basic operations on matrices and determinant.

2. Use determinant to solve problems of systems of linear equations.

3.0 Learning Content

3.1 Matrices

In mathematics, a matrix (plural: matrices) is a rectangular table of cells of numbers,
with rows and columns. The rows are each left-to-right (horizontal) lines, and the
columns go top-to-bottom (vertical).

There are rules for adding, subtracting and "multiplying” matrices together, but the
rules are different than for numbers. As an example, A - B does not always give the
same result as I3 - A, which is the case for the multiplication of ordinary numbers. A
matrix can have more than 2 dimensions, such as a 3D matrix. Also, a matrix can be
one-dimensional, as a single row or column.

Many natural sciences use matrices quite a lot. In many universities, courses about
matrices (usually called linear algebra) are taught very early, sometimes even in the
first year of studies. Matrices are also very common in computer science.

3.1.1 Definitions and Notations

The horizontal lines in a matrix are called rows and the vertical lines are called
columns. A matrix with m rows and n columns is called an m-by-n matrix (or mxn
matrix) and m and n are called its dimensions.

The places in the matrix where the numbers are, are called entries. The entry of a
matrix A that lies in the row number i and column number j is called the i,j entry of A.
This is written as Al[i,j] or aj.

We write A= (ﬂ*ij)mxﬂ- to define an m x n matrix A with each entry in the matrix
called ajforall1<ismand1<j<n.
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all al2 al3.. |
a2l az22 a23..
a3l a32 a33..

A=
Example
The matrix
1 2 3
1 27
49 2
6 1 5

is a 4x3 matrix. This matrix has m = 4 rows, and n = 3 columns.
The element A[2,3] or a2z is 7.

3.1.2 Operations of Matrices

Addition

The sum of two matrices is the matrix, which (i,j)-th entry is equal to the sum of the
(i,)-th entries of two matrices:
1 3 7
=18 5 0
3 3 3

1 3 2 0 0 5 1+0 340 245
10 0l +1|7 5 0|l=1|14+7 0+5 040
1 2 2 211
The two matrices have the same dimensions. Here A + B = B + Ajs true.

1+2 241 241

Multiplication of two matrices

The multiplication of two matrices is a bit more complicated:

al a2] [b1 2] _ [(al-bl +a2-53) (al-b2+ a2-bd)
a3 ad| b3 B4| T [(a3-b1 +ad-b3) (a3- b2+ ad- bd)

So with Numbers:
R R Rt et B -
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1. two matrices can be multiplied with each other even if they have different
dimensions, as long as the number of columns in the first matrix is equal to the

number of rows in the second matrix.

2. the result of the multiplication, called the product, is another matrix with the
same number of rows as the first matrix and the same number of columns as

the second matrix.

3. the multiplication of matrices is not commutative, this means, in general that

A-B#B-A
4. the  multiplication of matrices is  associative,

(A-B)-C=A-(B-C)
3.1.3 Special matrices
There are some matrices that are special.

Square matrix

A square matrix has the same number of rows as columns, so m=n.

An example of a square matrix is

5 =2
0 9
-7 6

This matrix has 3 rows and 3 columns: m=n=3.

— e

co

Identity

this means

Every square dimension set of a matrix has a special counterpart called an "identity
matrix". The identity matrix has nothing but zeroes except on the main diagonal, where

there are all ones. For example:

1 00
010
001

is an identity matrix. There is exactly one identity matrix for each square dimension
set. An identity matrix is special because when multiplying any matrix by the identity

matrix, the result is always the original matrix with no change.

Inverse matrix

An inverse matrix is a matrix that, when multiplied by another matrix, equals the identity

matrix. For example:
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7 8 [7 8] _[1 0
6 7 |6 7] |01
57 o7
=6 7 Jis the inverse of 6 7],

One column matrix
A matrix, that has many rows, but only one column, is called a column vector.
Transpose of a Matrix

The transpose of an m-by-n matrix A is the n-by-m matrix AT formed by turning rows

— ATy s
into columns and columns into rows, i.e. ’13:3 _‘1jJiHl’j. An example is

T
L2 135
S =1y 4 §
5 6

e A square matrix whose transpose is equal to itself is called a symmetric matrix;
that is, A is symmetric if AT = A.. An example is

1 2 3
2 4 -5
3

-5 6

e A square matrix whose transpose is equal to its negative is called skew-symmetric

matrix; that is, A is skew-symmetric if AT = —A. An example is
0o -3 4
3 0 -5

—4 5 0

Self-Assessment Exercise(s) 1

1. Find the product AB where A and B are matrices given by:

3 6
1 3 5
A= BE=11 4
2 4 6
5 2

2. Find the product of AT B of the matrices AB above.
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3.2 Determinants

The determinant takes a square matrix and returns a number. To understand what the
number means, take each column of the matrix and draw it as a vector. The
parallelogram drawn by those vectors has an area, which is the determinant. For all
2x2 matrices, the formula is very simple:

der (¢ 1) = a0

For 3x3 matrices the formula is more complicated:
flq bl Cq

det, flo bg Co = (bgCg — Cgbg) — g (6163 — Clbg) + ﬂ-g(b]_Cg — Clbg)
iz bg Ca

There are no simple formulas for the determinants of larger matrices, and many
computer programmers study how to get computers to quickly find large determinants.

Properties of determinants
There are three rules that all determinants follow. These are:

The determinant of an identity matrix is 1

2. If two rows or two columns of the matrix are exchanged, then the determinant is
multiplied by -1. Mathematicians call this alternating.

3. If all the numbers in one row or column are multiplied by another number n, then
the determinant is multiplied by n. Also, if a matrix M has a column v that is the
sum of two column matrices Y1and vz, then the determinant of M is the sum of the
determinants of M with Viin place of v and M with U2in place of v. These two
conditions are called multi-linearity.

Solution of Systems of Linear Equations

1. Solve the system of simultaneous linear equations
3X+2y+2=0
X—y+3z=0
2x+3y—-2z2=0
Solution
The matrix equation is
3 2 1 X 0
1 -1 3 |y|=1|0
2 3 -2|\z 0

So the augmented matrix is
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The elementary row operations that reduced this matrix are as follows:
3 2 1 : 0 1 -1 3 : 0
1 -1 3 : 0 3 2 1 : 0

2 3 -2 0 2 3 -2 0
R, >R, -3R,
R; >R, —R,
R, > R, -2R,
1 -1 3 0 1 -1 3 0
0 5 -8 0 0 5 -8 0
0 5 -8 0 0 0 0O : O
R1—>R1+£R2
5
R, > =R,
1 0 Z 0
5
0 1 -§ 0
5
0 0 0 0

This implies the system is equivalent to

x+zz=0
5

8
-—-z=0
Y 5

It is thus possible to solve for x and y in terms of the unknown z. thus, if we let z =1,
we get

7

= o] oo
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Hence, any solution is of the form

7 7
- ——C
5 5
8 8
cl—= |=|=c
5 5
1 C

For example, if ¢ = 5, then we get the solution

-7 7
8 | and if c = -5 we get the solution | -8
-5

if c = 0 we obtain the trivial solution

0

0

0

2. Solve the following system of linear equations

X+3y+2z=-13
2X—-6y+3z2=32
3X—-4y—-z=12
Solution

The solution requires the values of four determinants: the denominator, the
determinant of the coefficient matrix A.

1 2 3
A=2 -6 3|=1(6+12)-3(-2-9)+2(-8+18)
3 -4 -

=18+33+20=71

The denominator of x

-13 3 2
|A|=32 -6 3|=-13(6+12)-3(-32-36)+2(-128+72)
12 -4 -

=234+204-112 =-142

The denominator of y
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1 -13 2
Al=]2 32 3|=-1(-32-36)-(-13)-2-9)+2(24-96)
3 12 -1

=-68-143-144 =-355
The denominator of z

1 3 =13
A|=[2 -6 32/=1(-72+128)-3(24-96)+(-13)-8+18)
3 -4 12
=56+216-130 =142
Then
_ Al w2,
| 71
A
AL s
A 71
_A[ 142,
AN

Self-Assessment Exercise(s) 2

-2 -1 0
1. Find the determinant of the matrices A=|-3 5 —2]
0 8 -1

2. Example: Use Cramer's rule for a 3 by 3 system of linear equations to
solve the following system

2x-y+3z=-3
-X-y+3z2=-6
X-2y-z2=-2

4.0 Conclusion

In this unit you have studied matrices, determinant, basic operations of matrices and
determinant. We also studied the solutions of systems of linear equations using
determinant.

5.0 Summary

In this unit you studied:

1. Addition and subtraction of matrices.
2. Multiplication of matrices.
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3. Transpose of a matrices A= A"
4. Inverse of a matrices is equal to identity matrix.
5. A square matrix has the same number of rows as columns, so m=n.
6. The determinant takes a square matrix and returns a number.
7. For all 2x2 matrices, the formula is very simple:
det ( [a ﬂ ) = ad — bc
c d
8. For 3x3 matrices the formula is more complicated:
1 bl Cq
det tlg bg Ca = (bgﬂg — Cgbg} — (g (blﬂg — C]_bg) + E[-g(b]_ﬂg — Clbg)
5] bg Ca

6.0 Tutor-Marked Assig_;nment

(2 -1 31 31-25 :
1. Let A= and B= . Determine A+ B.
12 57 2 -2 47
3 4 -1 -4 2 -1
2.Let A=|7 -8 2 | and B=|3 -1 8 |.Determine A—B.
9 -1 3 4 9 0
1 0
1 -13 0 0 3
3. Compute ABif A=|0 6 4 1 | and B= L
3 4 -21
-1 4
2 3 -1] T
4. Let A= Compute A ".
510 |
1 3 4
5. Evaluate 2 4 3
0 0 O
6. Solve the systems of equations
X+y+2=-2
2X+6y—-2=3
3X+2y+3z=-4
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1.0 Introduction

In this unit you will study the quadratic equation. How to solve problems of quadratic
equation.

2.0 Learning Outcome

At the end of this unit you should be able to:
1. Define quadratic equation.

2. Solve problems quadratic equations.

3.0 Learning Content

3.1 Definition

A quadratic expression in one independent variable xis given by:

ax® +bx+c (3.1)

Where a, b, c are constants with a=0, otherwise the expression becomes a linear
one.

A quadratic equation is given by:

ax’ +bx+c=0 (3.2)

Self-Assessment Exercise(s)

1. Solve the quadratic equation x> —x — 30 = 0

3.2 Solutions of Quadratic Equations

A gquadratic equation with real or complex coefficients has two solutions, called roots.
These two solutions may or may not be distinct, and they may or may not be real.

Having

ar’ + br +¢c=0,

the roots are given by the quadratic formula

—b+ /b — dac
I _—
2a ’

where the symbol "+" indicates that both

—b + b? — dac q —b —/b? — dac
— an xTr =

2a 20
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are solutions of the quadratic equation.

Derivations of the quadratic formula

By completing the square

The quadratic formula can be derived by the method of completing the square,*® so
as to make use of the algebraic identity:

x* + 2zh+ h* = (x + h)*.

Dividing the quadratic equation

EILEE—I—EJI—I—C:U

by a (which is allowed because a is non-zero), gives:

b c
4 x4 — =0,
i1 )
or
5, b c
T4+ —r=——.
i1 )

The quadratic equation is now in a form to which the method of completing the square
can be applied. To "complete the square” is to add a constant to both sides of the
equation such that the left hand side becomes a complete square:

, b 15\° ¢ (1B}’
P?+-z+|z=| =——+ (5=},
(1 2[1 (L 2[1-

which produces

oa b ? c ¥
2]  a @ 4a?

The right side can be written as a single fraction, with common denominator 4a. This

gives
b ? B —dac
T4+ =] = —.
2a 4a?
Taking the square root of both sides yields

b V2 — dac
e — =t
2a e
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Isolating x, gives

b N v b2 — dac —b 4+ /b? — dac
T = —— pr— .
2a 2a 2a

Self-Assessment Exercise(s) 2

1. Solve the quadratic equation below using completing the square method.
a. 2y’+ 4 =09y
b. x2-3x-10=0
2. Which of these quadratic equations has two real solutions greater than zero?

A)x2+x=0

B) 2x2 - 10x = 28
C)-x>+4x+5=0
D) -3x? - 9 = -12x
E)-3x2-6x+24=0

3.3 The Discriminant of a Quadratic Equation

In the above formula, the expression underneath the square root sign is called the
discriminant of the quadratic equation, and is often represented using an upper case
D or an upper case Greek delta, the initial of the Greek word Aiakpivouoaq,
Diakrinousa, discriminant:

A = b — dac.

A quadratic equation with real coefficients can have either one or two distinct real
roots, or two distinct complex roots. In this case the discriminant determines the
number and nature of the roots. There are three cases:

1. If the discriminant is positive, then there are two distinct roots, both of which are real
numbers:

—b 4+ VA —b —VvA
_— ﬂ-ﬂd _—
2a 2

For quadratic equations with integer coefficients, if the discriminant is a perfect square,
then the roots are rational numbers — in other cases they may be quadratic irrationals.

2. If the discriminant is zero, then there is exactly one distinct real root, sometimes
called a double root:
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2a

3. If the discriminant is negative, then there are no real roots. Rather, there are two
distinct (non-real) complex roots, which are complex conjugates of each other:

b A=A b =A

. ‘ d B |
2a.+l 2a al 2a ! 2a

where i is the imaginary unit.

Thus the roots are distinct if and only if the discriminant is non-zero, and the roots are
real if and only if the discriminant is non-negative.

Self-Assessment Exercise(s) 3.

1. Determine the nature of the roots of the following quadratic equations
a) -X2+2x =-3
b)(1/2)x%2+(1/3)x=1/6
c)x?+9=0
d)-0.2x2+2.0x=+5.2

3.4 The Sum and Product of the Roots

Given the roots

e —b—+/b*-4ac 5 —b++/b*—4ac

2a 2a

of the quadratic equation
ax® +bx+c =0,

the sum of the roots is given by:

:—b—\/b2—4ac +—b+\/b2—4ac _ b

2a 2a a

+5

While the product of the roots is given by:

{—b—\/b2 —4acJ(—b+\/b2 —4acJ: c
2a

af =

2a a
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So in general

05+,B=—E' aﬁ:E
a

a1

Self-Assessment Exercise(s) 4

1. Find the sum and product of roots of the quadratic equation x2 - 2x + 5 = 0.
2. Without solving, find the sum and product of the roots of the equation: 2x? -3x -
2=0

Examples

1. Given the two quadratic equations ax*+bx+c=0 and px®+gx+r=0, find the

conditions on the coefficients a, b, ¢, p, q, r for the two quadratic equations to have the
same roots.

Solution:

Let the common roots be« and S, then

a+ﬂ=—§=—% ()

ap-t-t (i
From (i)

aq=bp:>a:%p (iir)
From (ii)

ar:cp:a:% (iv)
(i) and (iv) imply that

a:%zg v)

2. Solve the equation z* -3z°+2=0

Solution

Let u=2° (i)
The given equation is transformed to

u’-3u+2=0 (ii)

The roots of (ii) are given by
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u=="=12 (i)
And so,
u=z=1 u=z*=2 (iv)

And Z=41, 7=%2.

2 _ . .
3. If the roots of the equation & +bx+c=0ae aand S g the equation whose
roots are

solution

if the roots of the equation ax® +bx+c=0are aand S then;
c

(a+ﬂ)=—9, aff=—
a a
if the required equation is given by x2+ Bx+ D =0

the sum of the roots is given by

_B:g_lJré_ 1 _ a’—a+p-p
B B a «a af
_a’'+p—(a+p)_(a+p) —2af—(a+p)
af af

(_%)2 - 2(%1)_ (_%) _b®—2ac+ab

V ac
a
And so

b* —2ac +ab
ac
The product of the roots is given by

SECaEa

B =

g Lbl)la «

1 1 _ 1
:a—ﬂ[aﬂ—(owﬂ)—l]:%[%—( %)—1]:E(a+b+c)
And so
x2+Bx+D=x2—wx+1(a+b+c)

ac c

The required equation is thus given as;
acx?— (b?-2ac+ab)x+a@+b+c)=0
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Self-Assessment Exercise(s) 5

1. What is the equation whose roots are 5 + V2 and 5 - V2

2. Two friends, Seyi and Ade started solving a quadratic equation. Seyi made a
mistake while copying the constant term and got the roots as 5 and 9. Ade made
a mistake in the coefficient of x and he got the roots as 12 and 4. What is
the equation?

(A)x?+4x+14=0

(B) 2x2 + 7x - 24 =0
(C)x?-14x+48=0
(D) 3x2- 17x +52 =0
(E) 2x2+4x+14=0

3. Given that a and Bare the roots of 5x?-2x — 2 = 0, form a quadratic equation ax? +
bx + ¢ = 0 with the roots of (« — 5) and (f — 5).

4.0 Conclusion

In this unit you have studied quadratic equation, the discriminant and sum and product
of the roots of quadratic equation. We also studied the solutions of quadratic
equations.

5.0 Summary

In this unit you studied:

1. The general form of quadratic equation ax® +bx+c=0
2. The discriminant A = b% — 4ac.

. . b C
3. The sum and product of the roots of the quadratic equationa + f = _5; af = 3

6.0 Tutor-Marked Assignment

2X

2 _
1. 1f ¢ @ B are the roots of the equation 2% ~X~4=0 determine the

i) ¢ +# (i) equation whose roots are “‘% and ﬂ—%

2
2. Find the value of 7 for which the equation * —5x—6+7(3x+2)=0 has real roots.

u+1)+iz8

3. Solve the equation uf u(u +1)

4 3 2 _
4. Solve the equation X +2X° = X" +2x+1=0
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Answer to Self-Assessment Exercise(s)

UNIT ONE: SET THEORY
SAEs 1

1.U eC

2.U ¢Ww

SAEs 2
1.BcA
2.CcA
3.BcC

SAEs 3

aA=0

b. B is a Unit Set.
SAEs 4

1. A={2,4,6, 8}
2. AcB
3. A={3,5,7,9}

SAEs 5

1. {8, 6,9, 12, 23, 15, 13}
2. {8,6,9,12, 23,15, 13, 20, 21}
3. {23, 15, 13, 12, 20, 21}

SAEs 6

1. AnB={12, 19, 23}
2. ANBNC={12, 23}
3. BNnC={18, 12, 23}

SAEs 7

1. 5 Patrons
2. 7 Students
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UNIT TWO: MAPPING AND FUNCTION
SAE 1

NV AGs
[
-
SAE 2
1. f(x)=3x-1
SAE 3
1. No.
SAE 4

1. Functiong
SAEs 5
1. fog)X)=-2x2+5

2. (@-HX)=In(-x-1)
SAEs 6

1. a.fi(x)=(1+2x)/(x-1)
b. f1(x)=In(x-3)+ 1

1
f(x)==x-3.
(=2

UNIT THREE: NUMBER SYSTEMS
SAE 1

QED

SAEs 2

1. (d) Distributive
2. (b) Commutative
3. (d)

SAEs 3

1. x=6o0rx=0
2. (011
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SAEs 4
1. QED
2. 2™ .cosn (1) .(cos(n) + i sin(n))
3. 1+,

UNIT FOUR: INEQUALITY

SAEs 1

1. x<-=-2
2. xX<4

SAE 2
1.x<E
2

SAE 3
1.-2<x<3
SAE 4
1. 0.5<t<15
SAEs 5

1. (a)QED

(b)QED

UNIT FIVE: SURDS
SAE 1

1. 38
3

SAE 2

1. 3V5
SAE 3

1. -3+42
SAE 4
637—35v2

14

1.

UNIT SIX: INDICES AND LOGARITHMS

SAE 1

1. C
2. C
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SAE 2

1. A
2. 3V =9
SAE 3
1. 3
a?b

2. In |—
C
3. 4.295

UNIT SEVEN: MATHEMATICAL INDUCTION
SAEs 1

1. QED
2. QED

SAE 2
1. QED

UNIT EIGHT: BINOMIAL THEOREM
SAEs 1

1.16t* + 96t% + 216 + 216t % + 81 *SAE 2
SAEs 2

1. 16/x*+ 96/x%2+ 216/x + 216xY2 + 81x>?

2. 37500x%y*

UNIT NINE: MATRICES AND DETERMINANT

SAEs 1

31 28
L [42 40
2. Undefined (because the number of rows of A in not equal to the number of

columns of matrices B)
SAEs 2
1. DetA=-19
2. [x,y,2]1=11, 2, -1}
UNIT TEN: QUADRATIC EQUATION
SAEs 1
1. x=6,x=-5
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2. Undefined (because the number of rows of A in not equal to the number of
columns of matrices B)

SAEs 2
1 (a)y={;4}
(b)x = {5, -2}
2.D
SAEs 3

a. Real numbers
b. Real numbers
c. Complex roots
d. Complex roots

SAEs 4
1. (@) X1+ X2=2 (b) XaX2=5
2. 3/2,-1

SAEs 5

1. x2-10x+23=0
2. (C)
3. 5x24+48x+113 =0
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