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Abstract

In this paper, a k —step (k =2,3,4), order 2k Fuzzy-structured block hybrid backward
differentiation formulae were formulated for the approximate solution of fuzzy differential
equations (FDES). k off step points were incorporated at interpolation in the process of
formulation. The methods were developed using interpolation and collocation techniques.
Convergence of the methods were analyzed and established. The methods were found to be
of uniform order 2k . The methods were implemented as a block method, combining the
main method with some additional methods obtained from the same continuous form.
Numerical experiments were carried out and the results obtained were found to be effective,
efficient and accurate in comparison with the exact solutions and approximations obtained
with existing methods.

Introduction

In mathematical modelling, situations arise where variables with certain level of uncertainty
or vagueness are involved. Such as materials used in terms of corrosion, thermal expansion
or some other measurable materials in electrical engineering, estimating the service life of a
given piece of equipment in industrial engineering, to mention but a few. Differential
equations associated with such models are called fuzzy differential equations (FDE’s). They
play important role in many fields of science, engineering, technology and even finance
(Dass, 2014).

Several approaches to dealing with FDE's exist in literature. First of which was using H-
derivative or its generalization, the Hukuhara differentiability which is introduced by Puri and
Ralescu (1983).

However, this approach suffers certain set back that leads to solutions with increasing
support since the diameter of the solution is unbounded as time increases (Chalco-Cano et
al., 2008). In an attempt to overcome this set back, Bede and Gal (2005) introduced the
generalized differentiability by enlarging the class of fuzzy valued function. Bede et al.
(2007) also asserted that under certain appropriate conditions, FDEs are equivalent to a
system of ordinary differential equations (ODEs) which can be solved by any suitable
numerical method.

Several numerical methods for solving FDEs has been presented by various researchers such
as Abbasbandi and Viranloo, (2002), Ahmad and Hasan (2011), Balooch-Shahryari and
Salahshour (2012), Shokri (2007), Zawawi and Ibrahim (2016), Mehrkanoon et a/ (2009)
and Ivaz et al (2013). In this paper, a formulation of k —Step order 2k Fuzzy-structures
Block Hybrid Backward Differentiation Formulae were derived for the approximate solution
of Fuzzy differential equations with the approach of collocation techniques which
incorporated k —off-step points
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FDE’s in a flash

Definition 1 (Fuzzy set) Let X be a non-zero set. A fuzzy set A of this set X is defined by
the following set of pairs.

A={(cps(x)hxeX (1)

where p,: X - {0,1} is a function called the membership function of A and p, is the grade of
membership of degree of fuzziness of x € X in A.

) _ X1 X2 Xn
Symbolically, A = 1) Haia) ' maCen)”

Operations that apply to set theory also apply to fuzzy set theory (Dass ,1998).

Definition 2 (Fuzzy number) A fuzzy number u is a fuzzy subset of the real line with a
normal, convex and semi upper continuous membership function of bounded support. It is
completely determined by any pair

u= (g(oc),ﬂ(a)),O < a < 1, which satisfy the conditions:

i. u(a) is a bounded left continuous monotonic increasing function v a € (0,1]

ii. u(a) is a bounded left continuous monotonic increasing function v~ a € (0,1]

iil. u(a) <u(a), 0<a<l.
Then the a —level set [v]* ={s|v(s)=>a},0<a<1lis a closed, bounded interval
denotedby [¢]% = [v4 (a), v, (a)] (Mehrkanoon et al. 2009)

Derivation of the methods
The solution of the differential equation

y' =31 (2)

where f is a fuzzy valued function, can be approximated by a polynomial of the form,

i+c-1

y= 2 a;p;t) (3)
j=0

where iand c are respectively, number of interpolation and collocation points,a;’s are
coefficient to be determined and p;(x)can be any orthogonal polynomial.
Incorporating k off-grid points for every k-step method requires that the following conditions

must be satisfied:
y(tnl r) = j77'l
- R ) )
F(tnejp7) = Fnajr = 0,(3), 1. k= F,
f(tn+k) = fu+k

where f implies the derivative of .

4

(4) result in (i + ¢) system of equations which is solved through matrix inversion algorithm
to obtain values for a;and S,. These were then substituted into the continuous form of the

method which is expressed as;
1
k==

Jtr)= Y e, O, +hA 0, ©
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2-Step Fuzzy-structured Block Hybrid Backward Differentiation formula with 2
off-grid points (2SBHBDF)

To derive a 2-step backward differentiation formula with two off-grid points, the following
specifications were considered; k=2, i=4, c=1 and x € [t,, t,4,]- This results in a
system of equations

Y, =M¥,_, (6)

where Yw = (ynl yn+ll Yn+1s yn+§’ fn+2)T/ ll"oo = ((XOI a1, 0y, A3, ﬁZ)Tand
2 2 2 2
1t ;Gt2—1) (= 3ty) < (35t,* — 30t,% + 3)
1 2 1 3 1 4 2
1 tn+% E(3tn+% -1 > (tn+% —3t,) 5(35tn+% - 30tn+% + 3)
1 1 1
M=]1 th+1 E(Btn+12 - 1) E(tn+13 - 3tn+1) g(?’Stn+14 - 30tn+12 + 3) .

1 2 5 3 1 4 2
1 t 3 E(3tn+; -1 E(tn+% —3t,,3) 5(35tn+% _30tn+; + 3)

Tl+5 >

1 1
_0 1 3tn+2 E(tn+22 - 3) 8 (14‘()tn+23 - 60tn+2) |

Using matrix inversion technique with the aid of maple software, the values of ay, a1, a4, as
2 2

and B, were obtained
substituted into (5)and setting k = t — t,and evaluating at t = ¢t,, + 2h resulted in the main

method
3 16 36 _ 48 6
U T AVt e LS R TS A 5 M2 (7)

To obtain the additional schemes that combine with the main method to form a block, the

first derivative of (5)was obtained and evaluated at t =t .1, t =t,4; and t =t _ s Which
2 2

produced three other discrete schemes given as

1 ~ ~ ~
Fust =7 [9hfn+2 = 175, +997,,,1 = 2791 + 197yn+;] @)
1 ~ ~ ~ ~
Fars = =527 |3Wfuve = 1455 + 1087, 1 — 18941 — 76,5 ©
1 ~ ~ ~ ~
Frst = g5 | Wfave = 135 = 395, 3+ 6911 = 1755 (10)

3-Step Fuzzy-structured Block Hybrid Backward Differentiation formula with 3
off-grid points (3SFBHBDF)

In thiscase, k =3, i =6, c =1 andx € [t,, t,4+3]- Evaluating (5) at t = t,, + 3h, the main
method below was obtained.
10 72 225 400 450 360 30
Ynt3 = T In g Ynad Ty Yent T g Yead T Ynee T g Vo F Ta7 n+s
(11)

and additional schemes were obtained in order to provide for the available number of
unknown as

1 [300hfn,s — 3943, + 29253771% —9600F,,, + 187007 .3

1 2
fn+; - 4410h _2655037n+2 + 14919}7n+§ (12)
2
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. 1 [60hfn+3 - 167y, + 132037n+1 — 4860y, + 12560)7n+§
n+2 =

- N 2 - 2 13
4410h —6045¥n, — 2808y s ] (13)

2

30hf,43 — 1575, + 13957 1 — 6840741 + 4007 s
f 5 = 1 ~ 2 ~ 2 (14)
n+> " 4410h +6165¥n4, — 9637 s
2
 [15fass = 1525, + 18005, 1 + 246054, — 56807, 5
_ 2 2
fra 2205h [ +1980%;,4, — 408y s ] (15)
2
| [12fnss = 2985, — 22355, 1 + 4320741 — 27805, 3
_ 1 2 2
fasl = 5 [ +12907,4, — 2977 s ] (16)
2

4-Step Fuzzy-structured Block Hybrid Backward Differentiation formula with 4
off-grid point (4SFBHBDF)

In a similar way as in cases of k = 2 and k = 3 above, setting k=4,i=8,c=1andx €
[xn, xn+4], We obtained the block

fn+%

1 [150hfn+4 — 57455, — 723875, ,1 + 1584107, — 1564507, 2 — 1279257+ o

_ 2
~ 22830h — 74305y s +27762¥n43 — 5210y 7
2

2

1

1050hfy1q — 173855, + 2763607 1 + 9011175, — 18942005 =
- 2
479430h

j— 2
frs1 = +1161825y,,4, — 600040y__s + 210315y,,,5 — 37992y, 7 ] (18)
2 2

| [42hfars = 3915, + 46625, 1 — 32354Fns1 — 278259, ,3 + T8435F s
fns2 = 379620 —303945 s + 9478F,5 — 16115, 7 (19)
2 2
fntz ~ 3 3 5 ~
| [105hfurs = 5975, +63285,,,1 — 32942Fns1 + 130200, 5 — 3675512
~ 779905k ~1239285 5 + 29033F,,5 — 44087, - (20)
2 2
fes
2
| [1050hf,s — 368, + 366457, 1 — 169610741 + 5029507, s — 12353255,
- - 2 2
- 479430h[ + 4706877, 5 + 450030545 — 516905 - ] 2D
2 2
fnts 5 ~ ~ ~ ~
| [1050h sy = 21655, + 206643, 1 — 89705541 +2366005,,,3 — 43627554
~ T 159810 + 678440 s — 333039945 — 745205, 7 (22)
2 2
fn+%

| [7350hfuss = 75455, + 70070, — 292334Fns1 + 7239755, ,3 ~ 1189475512
~ 159810 113930705, 5 — 1324470745 + 6267095 (23)

2 2
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.35 320 3020 3136
Ynia = T I T ey Vel T 22837 T g1 Vsl
4900~ 15680 3920 ° 2240
761 22 T 761 Yntd T 761 I3 T 761 Ynil
140
o e (24)
Analysis of Methods

Order of accuracy and Error constant
Following Siili (2014), let y(x,,;), the solution to v (xns ]-)be sufficiently differentiable, then

y(xn+j) and y'(x,4;) can be expanded into a Taylor’s series about point x,, to obtain

= —ho_l(l) [Coy(x,) + C1hy' (x,) + Coh2y" (x) + -+ ] 25)
Where
k
CO = z a’j
j=0

j:

k k
0 j=0

_ 1ok . 1 k  :q-—
Cq - 52120]‘1&] _(q—l)! j=0]q IB] (26)

Definition 3 A Linear multistep method is said to be of order of accuracy p if C, = C; =
...Cp =0, Cpyq # 0,C,y, is called The error constants.

From our calculations, we have that the block methods of step number k has uniform order
2k that is 4 6 and 8 for 2- step, 3- step and 4 -step respectively while the error constants

are
( 29 31 111 3) ( 159 81 501 177 1035 15)
)

" 320’ 160’ 320’ 40 T 448’ 224’ 896’ 224’ 448° 224

1024’ 1536’ 3072’ 512’ 3072’ 1536’
step methods.

1335 12115 817 277 12815 405 12145 35
and(— - - —) for 2- step, 3- stepand 4 -

1024 ' 192

Consistency

Definition 4 A linear multistep method is said to be consistent if the following conditions are
satisfied.

i. the order of accuracy p > 1,

ii. Zf:o aj =0,

iii. p'(1) = o(1), where p(r) and o(r) are respectively, first and second characteristic
polynomials of the methods.

Conditions i and ii were taken care of in section 4.1 since the order p > 1 and C, = Z;?:O aj =
0 in all cases.

For the third condition, the first and second characteristic polynomials are obtained and
evaluated in what follows.
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For all the methods, conditions for consistency are satisfied. Hence, they are consistent with
uniform order of accuracy,p = 2k > 0.

Zero stability
The derived Hybrid Backward Differentiation Formula can be written in a block form as
follows.

A(I)Yw+1 = A(O)Yw—l + hBF 1 (27)
whose first characteristics polynomial is given as
p(R) = det[RAMW — A(0] (28)

Definition (Zero stability  The block method (27) is said to be zero stable if no root of the
first characteristic polynomial p(R) satisfies |R;| < 1,j =1,2,3,.. and for those roots with
IR;| = 1, the multiplicity must not exceed 2.

Zero stability of 2-step fuzzy-structured block hybrid backward differentiation
formula with 2 off grid points.
Expressing methods (7), (8), (9) and (10) in the form (27), we have

23 17 1 25 1
1 -2 20 000 —3 /—5 0 0 5\
o |61 0 o |0 00 -2 ip_| © 2 0 |
AW = A© = and B =
2 g o 000 — | 0o 0 = 5 |
197 197 197 197 197
\—5 3¢ —51/ 000 —= \0 0 0 i/
25 25 25 25 25
1000
P(R)=—ER3(R—1)=0
R = {0,0,0,1}.

The method is zero stable since it satisfies |R;| < 1.

Zero stability of 3-step Block Hybrid Backward Differentiation Formula with 3 off
grid points.
Expressing methods (11), (12), (13), (14), (15) and (16) in the form (27),

288 556 86 99 2

1 = = —-= = 90 00000 -—=

149 447 149 745 15

30 284 33 34 38

— 1 —-— — —— 0 0 0 0 0 O —_—

41 123 123 205 615

279 171 1233 963 157

— —— 1 — —-—— 0 0 0 0 0 O —
A= 80 10 80 400 A0 = 400 and

- 88 324 2512 72 ’ - 167

- = -Z2= 1 = 0 00000 ——=

403 403 1209 155 6045

975 3200 18700 8850 394

— - 1 0 0O 0 00O

4973 4973 14919 4973 14919

24 75 400 150 120 10

-= 2 = = =1 00000 ———

49 49 147 49 497 147
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-2 0o 0 0 —

745 745

o -2 9o o o -+

164 164

0 o ¥ o o -2

B== 40 40
0 o o0 2 o L

403 403

1470 100
0 0 0 2973 1973

0 0 0 0 0 10

49

o 134481277728

PIR) = —ooi316007t R R—D =

R ={0,0,0,0,0,1}
The method is zero stable having it satisfied |R;| < 1.

Zero stability of 4-step block hybrid backward differentiation formula with 4 off
grid points
Expressing methods (17), (18), (19), (20), (21), (22) (23) and (24) in the form of (27),

A(l):

AKO)z

1 22630 7450 18275 10615 1322
10341 3447 10341 10341 3447
39480 1 270600 165975 85720 30045
128731 128731 128731 128731 128731
222 4622 1 747 4342 1354
1325 3975 265 3975 3975
904 3706 248 1 17704 1382
525 525 7 525 175
5235 24230 71850 176475 1 64290
67241 67241 67241 67241 67241
984 12815 33800 20775 96920 1
15859 47577 47577 15859 67241
70070 292334 241325 1189475 1393070 441490
626709 626709 208903 626709 626709 208903
320 3920 3136 4900 15680 3920
761 2283 761 761 2283 761
5
0000000 —=
63
17385
00 0O0O0O0 O
901117
391
0000000 -
27825
199
0000000 ——2
1225
3687
000O0O0O0O
470687
2165
000O0O0O0TO0 —
333903
2515
00 0O0O0O0 O
208903
35
0000000 —-—x
761

162

5210

72387
37992

901117
537

9275
4408

3675
51690

470687
24840

111013
1
2240

761

- o o o o o o o
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_ 7610 0 0 0 0 0 0 50
24129 24129
0 _ 68490 0 0 0 0 _ 150
128731 128731
0 0 _zo, 0 0 2
1325 1325
0 0 o L 9 0 0 L
B= 35 355
O 0 0 0 68490 0 0 _ 150
67241 67241
7610 50
O 0 0 0 0 15859 0 15859
53270 2450
0 0 0 0 0 0 208903 208903
0 0 0 0 0 0 0 140
761
14319913469916750225408000
p(R) = — R7(R—1)=0

582119873111524796345333
R =1{0,0,0,0,0,0,0,1}.
Having satisfied |R;| < 1, the method is zero stable.

Convergence

Here, the convergence of the fuzzy-structured hybrid backward differentiation formula
developed is considered in agreement with the fundamental theorem of Dahlquist which
states that “The necessary and sufficient condition for a LMM to be convergent is for it to be
consistent and zero stable” (Henrici, 1962). Following this theorem, the methods developed
are convergent having satisfied the necessary and sufficient conditions of consistency and
zero stability.

Implementation of the methods and Numerical Experiments

In this section, the self-starting method is implemented efficiently by combining the
methods as simultaneous numerical integrator for IVPs for example, the method (7) - (10)
are combined to obtain the initial conditions at t,,,,n(mod2) #0 and 0 <n < N using
computed values Y(t,. ., r) over sub-interval [ty t,]. We consider Y(t,;,,1)=

[y(tn+2' T'), Z(tn+2' T)] .

Problems

The following fuzzy problems were considered.

1. y' = §(t), $(0) = (0.75 + 0.25¢, 1.125 — 0.125q)
Exact solution at t = 1.0 is given by

(0.75 + 0.25a)e,

Y(1,a) = [(1.125 _0.125a)e|’® € 1011

Reduced to the system of ODE
L (y£(®) = yE(©),¥£(0) = 0.75 + 0.25a
%(yé"(t)) = y¥(t), y¥(a) = 1.125 — 0.125«

2. 7' = —5(t), #(0) = (0.96 + 0.04a, 1.01 — 0.01a)
Exact solution:
(0.985 + 0.015a)e %! — (1 — a)0.025e°%1,

YOL &)= |" 0,985 + 0.0152)e-01 + (1 — 2)0.025¢°1
Reduced to the system of ODE

,a €[0,1]
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% (y£(6)) = —y£(0), y£(0) = 0.96 + 0.04a
%(y?(t)) = —y{(t), y¥(a) = 1.01 — 0.01a

3. §' =) +t+1, §(0) = (0.96 + 0.04a, 1.01 — 0.01a)
Exact solution:
0.1+ (0.985 + 0.015a)e~%1 — (1 — a)0.02560'1,]
Y(0.1,a) = ,a €01
0.La) [0.1 + (0.985 + 0.015a)e~%1 + (1 — a)0.025¢%1]" % € [01]

Reduced to the system of ODE
% (yf(6)) = —y£() + t + 1,y#(0) = 0.96 + 0.04cx
L (y5(0) = —yf(®) + ¢+ 1,y5(@) = 1.01 - 0.01a

Results and Discussions

Problems 1, 2 and 3 were taken from Mehrkanoon et a/.(2009), Ivaz et al (2013). Results
obtained with the proposed methods were compared with the exact solution and shown in
Figure 1 while the absolute error in the methods is depicted in figure 2 respectively.

3 I I I

(1) o
— *f
y2SFBHEDF

P 5 ’m’, ;.
v33FBHEDF ey o
4SFEHEDF r

W(t)
— #" -
w1SFBHEDF -
w3SFBHBDF o

wiSFBHBDF -

L3 X J

Ea
T
Y
®
|

. Sl
I.F:i' - | | | | 7
0 0.2 04 0.6 0.8 1

t
Figure 1: Exact and Numerical approximation of Problem 1

Figure 1 shows the agreement between the exact solution and approximate solution using
the formulated methods. Y(t), y2SFBHBDF, y3SFBHBDF and y4SFBHBDF represents exact
solution, approximate solution of the respective k-step method developed for the solution of
the upper r —cut y(t,r) while W(t), w2SFBHBDF, w3SFBHBDF and w4SFBHBDF give the
solution of the lower r —cut y(t,r) for Problem 1 witht € [0,1],» = 0.8 and h = 0.1.

164



Journal of Science, Technology, Mathematics and Education (JOSTMED), 18(2), June, 2022

10 10
a b
-? _/_/ -? /
10 ¢ O 3SHRDF 10°¢ —- 25HBDF
—{- 35HBDF
—{1-35HBDF 45HBDF
3 43HBDF 3
\‘*;’/t " @g -0
10" | 10"}
10'13 I I I I I 10'13 I I I I I

0.0 0.2 04 0.6 0.8 10 0.0 0.2 04 0.6 0.8 1.0
f f

Figure .2: Absolute error in y;  (left) and y, (right) using the proposed methods for problem 1

From Figure 2, we represent the upper r —cut y(t,r)as y;,, and the lower r —cut y(t,r)as
¥2,, for Problem 1.1t is observed that as the number of step k increases, the absolute error
in the solution obtained with the proposed methods reduces.

[ | [ | ]
12 T T T T
¥(t)
L ]
VISFEHEDF  1foy,, i
e fo, o,
v3SFEHEDF Q’N;*;:‘
1 -
VSFEHEDF g | Ny T, }
W) oy o,
— '.’Iq_‘ g e
W1SFEHEDF Ny,
:|5 [~ M I-l. - -
" 3SFEHEDF %ﬁ% v ‘ "
L B &

s T
w4SFEHEDF oy Ty
- 04 B, =

"ﬁ;..-r‘_h
0 | | | |
0 02 0.4 0.6 0.4 1

[
Figure 3: Exact and Numerical approximation of Problem 2

Figure 3 shows the agreement between the exact solution and approximate solution using

the formulated methods. Y(t), y2SFBHBDF, y3SFBHBDF and y4SFBHBDF represents exact
solution, approximate solution of the respective k-step method developed for the solution of
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the upper r —cut y(t,r) while W(t), w2SFBHBDF, w3SFBHBDF and w4SFBHBDF give the
solution of the lower r —cut y(t,r) for Problem 2 witht € [0,1], A = 0.1 with r = 0.2.

a b
]_0-"T L W 10‘I L W
L L —{25HBDF
ISHBDF
—{+ ZZHBDF =H 4SHBDF
]_0'9 L _D_3SHEIDF ]-09 L
45HBDF
& 3 A 3
-, -,
10 11 | 10 11 |
10-13 L 10-13 L
0.0 0.2 04 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

f f

Figure 4: Absolute error in the proposed methods for problem 2

From Figure 4, we represent the upper r —cut y(t,r)as y;,, and the lower r —cut y(t,r)as

¥2,, for Problem 2.1t is observed that as the number of step k increases, the absolute error
in the solution obtained with the proposed methods reduces.

N x ]
14 T T T T

Tit)

EBHEDF
vISFEHEDF
v4SFEHEDF
W(1)

S 2SFEHEDF

¥ 3SFEHEDF

w45FEHEDF

0t 1

Figure 5: Exact and Numerical approximation of Problem 3
Figure 5 shows the agreement between the exact solution and approximate solution using

the formulated methods. Y(t), y2SFBHBDF, y3SFBHBDF and y4SFBHBDF represents exact
solution, approximate solution of the respective k-step method developed for the solution of

166



Journal of Science, Technology, Mathematics and Education (JOSTMED), 18(2), June, 2022

the upper r —cut y(t,r) while W(t), w2SFBHBDF, w3SFBHBDF and w4SFBHBDF give the
solution of the lower r —cut y(¢,r) for Problem 3 with ¢ € [0,1], A = 0.1 with r = 0.8.

10° L —{J~ 25HBDF
~~ 38HBDF
4SHRDF
o W
\*_ﬂ,ﬁlo n L
=,

14

10 '

i

0.0 0.2

0.4

0.6

0.8

1.0

b
L W
10° L —0- 25HBDF
—{ 35HEDF
45HBDF
ﬁIO n L
=,
10-12 |
10'14 I I I I I
0.0 0.2 0.4 0.6 0.8 1.0

Figure 6: Absolute error in the proposed methods for problem 3

f

We also solved Problem 3 for different values of r and the results obtained are presented in

Figures 7.

1)

YISFEHEDF
viSFEHEDF
v4SFEHEDF
W)
ISFEHEDE

¥ w3SFEHEDB.3%

w4SFEHEDF

-t s

0.8

0.4

0.6

o

0.8

Figure 7: Exact and Numerical approximation of Problem 3 for different values of r

Figure 7 shows the agreement in between the exact solution and approximate solution using
the formulated methods. Y(r), y2SFBHBDF, y3SFBHBDF and y4SFBHBDF represents exact
solution, approximate solution of the respective k-step method developed for the solution of
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the upper r —cut y(t,r) while W(r), w2SFBHBDF, w3SFBHBDF and w4SFBHBDF give the
solution of the lower r —cut y(¢,r) for Problem 3 at ¢t = 0.1 with r € [0,1],h = 0.01.

We also compared the absolute error in the one of the formulated methods (2SFBHBDF)
with the methods used in Ivaz et al/ (2013) for Problem 3 as shown in Table 1. It is
observed that the formulated methods perform better than existing methods.

Table 1: Comparing the absolute error in the new method for k = 2 with the
methods in Ivaz et a./(2013) varying r for problem 6 at t = 0.1 and r € [0, 1].

r Ivaz et al Ivaz et al New Ivaz et al Ivaz et al New
(2013) (2013) method (2013) (2013) method
y y y y
(Trapezoidal) = (Midpoint) y (Trapezoidal) (Midpoint) y
(2SFBHBDF) (2SFBHBDF)

0.0 8.00E-07 5.06E-03 4.43E-12 7.00E-07 5.06E-03 4.15E-12
0.2 7.00E-07 4.05E-03 4.39E-12 7.00E-07 4.05E-03 4.18E-12
0.4 7.18E-07 3.04E-03 4.38E-12 7.00E-07 3.03E-03 4.25E-12
0.6 7.84E-07 2.02E-03 4.36E-12 8.00E-07 2.02E-03 4.27E-12
0.8 7.51E-07 1.01E-03 4.35E-12 7.00E-07 1.01E-03 4.27E-12
1.0 7.18E-07 1.48E-06 4.34E-12 7.00E-07 1.50E-06 4.32E-12

Conclusion

We now have at our disposal, three different methods having good consistency properties
for the approximation of Fuzzy differentia equations, accuracy of which improves as the step
number increases. Efficiency and accuracy of the methods have been tested and established
from the results.
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