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Abstract 

In this paper, amodified single-step method is proposed to integrate stiff systems of ordinary 
differential equations. In order to obtain higher order A-stable methods, we have used second 
derivative of the solutions and imposedsome special sets of off-grid points in the formulation 
process of the algorithms. The consistency, convergence and order of accuracy of the algorithms 
were successfully established and in addition, the methods are found to be A-stable. The 
proposed methods which are self-starting were applied as simultaneous numerical integrators on 
non-overlapping intervals. In order to demonstrate the effectiveness of the proposed algorithms, 
some stiff systems of IVPs are considered and results obtained are compared with those from 
related schemes and from other methods in the literature.  

Keywords: collocation, interpolation,intra-point, one-step method, second derivative. 

1. Introduction 

Numerical meth0ds f0r Ordinary Differential Equati0ns (ODEs) are very imp0rtant t00ls f0r 
scientific c0mputati0n, as they are widely used f0r s0luti0n 0f real life pr0blems. Analytical 
meth0ds have been used in s0me literature t0 s0lve mathematical pr0blems. But s0me 0f the 
pr0blems that 0ccur in real life cann0t be s0lved using analytical meth0ds. The purpose0f using 
numerical meth0ds is t0 find appr0ximate s0luti0ns t0mathematical pr0blems. It is imp0rtant t0 
n0te that numerical meth0ds cann0t give an exact s0luti0n, theref0re the err0rs inv0lved are 0f 
great c0ncern 0f study. 

Many fields 0f applicati0n, n0tably c0ntr0l system, spring and damping system, chemical 
reacti0n, electrical circuits, diffusi0n and c0ntr0l the0ry, usually lead t0 initial value pr0blems 
inv0lving systems 0f 0rdinary differential equati0ns which exhibit a phen0men0n kn0wn as 
‘stiffness’(Lambert, 1973).  This pr0perty is disturbing because these systems are characterized 
by very high stability, which can turn int0 very high instability when appr0ximated by standard 
numerical meth0ds (Butcher, 2008). Attempts t0 use classical numerical meth0ds t0 s0lve such 
systems 0f ODEs usually enc0unter very substantial difficulties.Linear multistep meth0ds have 
been f0und t0 pr0duce relatively higher 0rder 0f accuracy t0 differential equati0ns in the stiff 
systems 0f 0rdinary differential equati0ns by many researchers – (Awoyemi, 2003), 
(Mohammed and Yahaya, 2010) (Mohammed, 2010), (Ndanusa and Adeboye, 2008), (Ndadusa 
and Adebody, 2009), (Ndanusa, 2007), (Yahaya and Mohammed, 2010), (Brass and Jackiewicz, 
2020), (Jackiewicz, 2002), (Yu-Kulikov and Weiner, 2020). S0me researchers have als0 
attempted the appr0ximate s0luti0n t0 higher 0rder differential equati0ns directly using linear 
multistep meth0ds with0ut reducti0n t0 system 0f first 0rder 0rdinary differential equati0n see 
(M0hammed et al., 2010, Mohammed et al. 2019). 
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In this paper, a modified form of Single-step method is presented to solve stiff systems of 
ordinary differential equation. In the derivation process of the proposed methods, some special 
off-step points   0,1x (which are referred to as intra-points) and the second derivative of the 

solution are incorporated in order for higher order and zero-stability be guaranteed(see Enright, 
1974, Abhulimen and Ukpebor, 2019, Fazeli and Hojjati, 2020). The methods are implemented 
as block method whereby, there is no requirement for a different strategy for finding starting 
values. In the implementation process,we obtain initial conditions at 1, 0,1,..., 1nx n N    using 

the computed values 1ny   over sub-intervals    0 1 1, , ..., , .N Nx x x x  For instance when 

 10, ,n y y  are obtained simultaneously over the sub-interval  0 1,x x , as 0y  is known from 

the IVP, for  1 21, ,n y y  are also obtained simultaneously over the sub-interval  1 2,x x , as 

1y  is now known from the previous block, and so on. Therefore, the sub-interval  1,n nx x  do not 

over-lap and the solutions obtained in this manner are more accurate than those obtained in the 
conventional way.  

2. Theoretical Procedure of the Method 

The proposed one-step second derivative block intra-step point method for the solution of stiff 
systems of first order ordinary differential equations is of the form: 

1 1
2

1
0 0

n n j n j j n j
j j

y y h f h g   
 

          (1) 

and the additional method  
1 1

2

0 0
n n j n j j n j

j j

y y h f h g    
 

         (2) 

where 1 10, 0   , , ,j j j j     are unknown coefficients, v  is the intra-step points. The 

general approach in the derivation of (1) and (2) involves the use of continuous collocation 
approach using a trial function of the form: 

 
2 1

0

r s
j

j
j

Y x a x
 



            (3) 

where ja ’s are unknown coefficients to be determined, r  and s  are numbers of interpolation 

and collocation points respectively. We interpolate (3) at nx  and collocate its first derivative at 

,nx and 1nx  , and a countable number of intra-step points defined as n nx x h    . Here, 

 0,1   are points generated from the Bhaskara cosine formula (see Orakwe,lu2019). These 

lead to a system of equations of the form 

 
 
 
0,1, 1, 2,...,

n n

n jv n jv

n jv n jv

Y x y

Y x f

Y x g

j v m

 

 

 


  


  


  

          (4) 

which is solved using matrix inversion method to obtain 'ja s  and then substituted into (3) to get 

the continuous scheme of the form 
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               2
0 1 1 0 1 1n n v n jv n n v n jv ny x y h x f x f x f h x g x g x g                (5) 

The continuous scheme (5) generated produces the main and additional algorithms which are 
merged to generate approximations simultaneously. In this paper, we consider two different 
blocks. 
The specification of one-step second derivative block method with 5 intra-points is given as 

 1

5 1 1 3 69
1, 5, , , , , , ,

74 4 2 4 74j n nk m x x x 
     
 

 which results in system of equations 

nY D              (6) 

where 

5 1 1 3 69 1, 5 1 1 3 69 1,

74 4 2 4 74 74 4 2 4 74

0 0 5 1 1 3 69 1 0 5 1 1 3 69 1

74 4 2 4 74 74 4 2 4 74

, , , , , , , ,g ,g ,g ,g ,g ,g ,

, , , , , , , , , , , , , ,

T

n n n n n
n n n n n n n n n n

Y y f f f f f f f g

               

 
         

 
  
 
 

   
 

  and  

The D-matrix for this method is given as: 

5 5 5 5 5 5 5 5 5
74 74 74 74 74 74 74 74 74

2 3 4 5 6 7 8 9 10 11 12 13 14

2 3 4 5 6 7 8 9 10 11 12 13

2 3 4 5 6 7 8

1

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

0 1 2( ) 3( ) 4( ) 5( ) 6( ) 7( ) 8( ) 9( ) 10( )
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n n n n n n n n n n n n n
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x x x x x x x x x         5 5 5 5
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) 42( ) 56( ) 72( ) 90( ) 110( ) 132( ) 156( ) 182( )

0 0 2 6( ) 12( ) 20( ) 30( ) 42( ) 56( ) 72( ) 90( ) 110( )

n n n n n n n n

n n n n n n n n n

x x x x x x x x

x x x x x x x x x

       

         69 69 69
74 74 74

10 11 12

2 3 4 5 6 7 8 9 10 11 12
1 1 1 1 1 1 1 1 1 1 1 1

132( ) 156( ) 182( )

0 0 2 6( ) 12( ) 20( ) 30( ) 42( ) 56( ) 72( ) 90( ) 110( ) 132( ) 156( ) 182( )

n n n

n n n n n n n n n n n n

x x x

x x x x x x x x x x x x

  

           

 
 
 
 
 
 
 
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 
 
 
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Equation (5) is solved by matrix inversion technique which yield the continuous coefficients

     0 , ,j jx x x   ; which are then substituted into (5)to obtain its equivalent continuous 

scheme: 
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 
         

   
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n n n n

n

n
n

n
n n n n n

n

x f x f x f x f x f

y x y h
x f x f

x g x g x g x g x g x g
h

x g

    

 

     



   




    



    
 

     
 
     

 
  

(7) 

Evaluating (7) at 
5 1 1 3 69

, , , , ,
74 4 2 4 74

x h h h h h  and h gives the following discrete schemes which 

form the block for the one-step second derivative block intra-points method with 5m  

(OSDBM5) 
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74 74
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 
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   
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For the case, 6m the specification is given as 

 1

1 10 45 71 43 19
1, 6, , , , , , , ,

20 53 116 116 53 20j n nk m x x x 
     
 

 which results in system of equations 

nY D               

where 

1 10 45 71 53 19 1, 1 10 45 71 43 19 1,

20 53 116 116 43 20 20 53 116 116 53 20

0 0 1 10 45 71 43 19 1 0 1 10 45 7

20 53 116 116 53 20 20 53 116

, , , , , , , , ,g ,g ,g ,g ,g ,g ,g ,

, , , , , , , , , , , , ,

T

n n n n n
n n n n n n n n n n n n

Y y f f f f f f f f g

              
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  1 43 19 1

116 53 20

, , ,  
 
 
 

 

Similar to the above procedure, the coefficients of the discrete one-step second derivative block 

method with 6 intra-points (OSDBM6) are given as 
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
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






































 (20) 

4. Analysis of the method 

4.1. Local truncation error and order.Let the Linear operator defined on the method be  

     2

0 0 0

;
k k k

j j n j j n j
j j j

L y x h y x jh h f h g   
  

               (21) 

Assuming that  y x  is sufficiently differentiable, we can expand the terms in (21) as a Taylor 

series about the point x  to obtain the expression  

       0 1; ... ...q
qL y x h C y x C hy x C h y x            (22) 

where the constant , 0,1,...qC q   are given as follows 
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 

     

0
0

1
1 0

2

2
1 1 0

1 2

1 1 1

1

2!

1 1 1

q! 1 ! 2 !

k

j
j

k k

j j
j j

k k k

j j j
j j j

k k k
q q q

q j j j
j j j

C

C j

C j j

C j j j
q q



 

  

  



 

  

 

  

 



  

   



     




 

  

  



     (23) 

3, 4,...q   
According to Henrici (1962), we say the method (1) is of order p if 

0 1 1 1... 0, 0.p p pC C C C C      is the error constant and    11
1

pp
p nC h y x
  the principal 

truncation error at the point nx .  

From our analysis, the block methods have the following order and error constants summarized 
in tables 1 and 2 respectively. It is noted from table 1 that OSDBM5 is of uniform accurate order 
14. And the members of the block OSDBM6 are of uniformly accurate order 16. 

Table 1. Order and Error Constants for the Proposed One-step Second Derivative  
  block method with 5 intra-points (OSBDM5).  

Equation Order p Error constants, 1pC   

(8) 14 
213743559100493024975

98073727507265805514550207132752882434048
 

(9) 14 
4754047589

141115163246626160693477376000
 

(10) 14 
222373

44098488514570675216711680000
 

(11) 14 
12402993

64524537378429886005248000
 

(12) 14 
250824629782342469253

1121098851249037557322247452363430297600
 

(13) 14 
222373

984341261485952571801600
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Table 2. Order and Error Constants for the Proposed One-step Second Derivative 
 block method with 6 intra-points (ODBM6).  

Equation Order, p Error constants, 1pC   

(14) 16 
2872743542107280593655166031

9156100122216741050207591989248000000000000000000000
 

(15) 16 
398065442180692238002290610432411

76286346497654031883858780099732915625575515979807457280

(16) 16 
2896474682793103185456928522899

150146212445951165887041672606246013030792227738091520
 

(17) 16 
609250024915265883890645700510873851893

15392332810279462490388756468274688929609809471712788480000000

(18) 16 
2046548331663368127001493773853407891049

38143173248827015941929390049866457812787757989903728640000000
 

(19) 16 
536169061329179050656344833969

9156100122216741050207591989248000000000000000000000
 

(20) 16 
86246688779405813

1464976019554678568033214718279680000000
 

 

4.3. Consistency: The block methods OSBDM5 and OSBDM6 are said to be consistent if the 
order of the individual block member is greater or equal to one. That is, 1.p  Therefore, we can 
infer from tables 1 and 2 that the methods are consistent. 

In what follows, the methods OSBDM5 and OSBDM6 can generally be written as a matrix 
difference equation as follows: 

           1 0 0 1 0 12
1 1 1w w w w w wA Y A Y h B F B F h C G C G  

               (24) 

where 
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74 4 2 4 74

1 69 3 1 1 5

74 4 2 4 74
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 
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 

 
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 

 
  
 

 1 1 3 69 1
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    

















      
 
  
  

 

And the matrices          1 0 1 0 1, ,B , B ,CA A  and  0C are matrices whose entries are given by the 
coefficients of the method OSBDM5. And the method OSBDM6 has similar representation.  

4.2.  Zero stability: Zero-stability is concerned with the stability of the difference system in the 
limit as h tends to zero (Akinfenwa et al., 2017). Thus, as 0h , the method (24) tends to the 
difference system 

   1 0
1 0w wA Y A Y             (25) 

whose first characteristic polynomial     is given by 

   1 0A A              (26) 

Definition (Zero-stability): The block method (22) is said to be zero stable if the roots of the first 
characteristic polynomial     satisfies 1, 1, 2,3,...j j    and for those roots with 1j  , 

the multiplicity must not exceed 1 (Fatunla, 1991). Therefore, the characteristic polynomials of 
the methods OSDBM5 and OSDBM6 are respectively given as:  

   
 

5 1 0

0,0,0,0,0,1

   



  


           

and  

   
 

6 1 0

0,0,0,0,0,0,1

   



  


 

Therefore, our methods are zero stable since they both satisfy 1.j   
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4.3.  Convergence: The necessary and sufficient conditions for one-step second derivative 
methods OSDBM5 and OSDBM6to be convergent are that they must be consistent and zero 
stable (Lambert, 1973). Following this theorem, OSDBM5 and OSDBM6 are convergent. 

4.3. Region of Absolute stability 

The region of absolute stability is determined by obtaining the stability polynomial of the form: 

               1
1 1 1 0 0 02 2z A zB z C A zB z C


          (27) 

where z h  

The matrix  z  has eigenvalues  0,0,0,..., k , and the dominant eigenvalue :k   is a 

rational function with real coefficient given by  

 
 k

P z

P z
 


          (28) 

For our methods, the stability functions are given in the Appendix 1. It is clear from the stability 
functions that for  Re 0, 1.kz   The two methods are A-stable since their regions of 

absolute stability contains the left half-plane  . 

 

 

 

 

 

 

 

 

 

 

Figure 1. Stability Region for OSDBM5  Figure 2. Stability Region for OSDBM6 

 

5 Numerical experiments 

In this section, we test the performance of the one-step second derivative block methods on some 

systems of initial value problems particularly on stiff problems.We find the absolute errors of the 

approximate solution on the partition N  as    ny x y x  and also make comparisons with 
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some existing methods in the literature. For the purpose of comparative analysis of performance 

of the new methods on the various numerical examples, we use the following notations: 

 OSDBM5: The new One step second derivative block method with 5 intra-points  

 OSDBM6: The new One step second derivative block method with 6 intra-points  

 CEA: The method of Abhulimen(2014) - a 3-step third derivative of order p=5  

 EOS: The method of Ehieie et al. (2013) – a 2-step method of order p=3. 

 AUK: The method of Abhulimen and Ukpebor(2019) – a 4 step method of order p= 6 

 AAK: The method of Akinfenwa(2014) – a 2-step method of order p=8. 

 NJT: The method of Ngwane and Jator(2012) – a one-step method of order p= 6  

 AJY: The method of Akinfenwa et al.(2014) – a 6-step method of order p=6  

 NOK: The method of Nwachukwu and Okor(2018) – a 4-step method of order p=5 

 ABG: The method of Akintububo (2019) – a 4-step method of order p= 8. 

Problem 1. We considered the following IVP on the range 0 1.x   Source: Ngwane and Jator 

(2012). 

 
95 , (0) 1

97 , 0 1

y y z y

z y z z

    
    

 

Exact solution:  

 

 

2 96

96 2

95 48

47 47
48 1

47 47

x x

x x

y x e e

z x e e

 

 

 

 
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Table 3: Comparative analysis of errors for Problem 1 at 1x   . 

h Methods  1y error   1z error  

0.03125 CEA 91.91 10  92.01 10  

 EOS 93.40 10  93.60 10  

 A&U 83.0 10  91.4 10  

 NJT 145.0 10  145.0 10  

 AAK 195.0 10  205.0 10  

 OSDBM5 4.40*10^(-36) 3.01*10^(-34) 

 OSDBM6 3.00*10^(-37) 2.80*10^(-36) 

0.0625 CEA 91.91 10  92.01 10  

 SOC 12.73 10  12.49 10  

 AUK 83.0 10  91.4 10  

 NJT 123.0 10  123.0 10  

 AAK 161.0 10  171.0 10  

 OSDBM5 2.86*10^(-32) 3.01*10^(-34) 

 OSDBM6 2.50*10^(-34) 2.80*10^(-36) 

Problem 2. We considered the following nonlinear IVP. Source: Akinfenwa et al. [3]. 

 
   

21002 1000 , 0 1

1 , 0 1

y y z y

z y z z y

    

    
 

Exact solution:    2 ,x xy x e z x e    
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Table 4: Comparative analysis of errors for Problem 2 at 1x  and 10x  . 

x  h N Methods y error  z error  

1 0.02 50 AYJ k=6 139.11 10  121.25 10  

 0.1 10  NJT 135.68 10  136.57 10  

 0.008 125 NOK 151.80 10  166.11 10  

 0.1 10 OSDBM5 2.07*10-32 1.80*10-32 

 0.1 10 OSDBM6 7.00*10-35 1.00*10-35 

10 0.02 500 AJY k=6 202.20 10  121.25 10  

 0.01 1000 NJT 227.10 10  187.82 10  

 0.02 500 ABG 212.12 10  177.98 10  

 0.2 50 OSDBM5 9.28*10-36 7.18*10-32 

 0.2 50 OSDBM6 3.12*10-40 2.47*10-36 

 

Problem 3. We considered the following system of three linear equations. Source: Akinfenwa et 

al. (2011). 

 
 
 

 

21 19 20 , 0 1,

z 19 20 20 , 0 0,

40 40 20 , 0 1

0,1

y y z w y

y z w z

w y z w w

x

     

    

     



 

Exact solution: 

     

     

     

2 40 40

2 40 40

40 40

1 1 1
sin 40 cos 40

2 2 2
1 1 1

sin 40 cos 40
2 2 2

sin 40 cos 40

x x x

x x x

x x

y x e e x e x

z x e e x e x

w x e x e x

  

  

 

  

  

 
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Table 5: Comparative analysis of errors for Problem 3  at 3x  . 

x  h N Error in NJT Error in 

OSDBM5 

Error in 

OSDBM6 

3 0.02 150 79.34 10  368.80 10  362.40 10  

 0.01 300 81.40 10  379.00 10  351.51 10  

 0.005 600 102.31 10  354.36 10  356.57 10  

 

Problem 4. We consider a singularly perturbed problem. Source: Nwanchukwu and Okor 

(2018). 

   
 

4 4 2

2

2 10 10 , 0 1

, 0 1

y y z y

z y z z z

     

    
 

Analytical solution:    2 ,x xy x e z x e    

 

Table 6: Comparative analysis of errorsfor Problem 4. 

x Error in NOK 
h=0.01 

ny  
nz  

OSDBM5 h=0.1 

ny  
nz  

OSDBM6 h=0.1 

ny  
nz  

5 
141.2 10  
139.29 10  

362.08810  
341.42 10  

386.90 10
364.60 10  

10 
196.07 10
156.68 10  

401.88 10  
361.59 10  

426.40 10
386.80 10  

 

Concluding Remarks 

In this paper, we derived a modified multi-step method to overcome the Dahquist barrier 
theorem by imposing varieties of countable intra-step points for one-step methods from the 
Bhaskara cosine approximation formula, and incorporating higher derivatives in the derivation 
process of our algorithms for direct solution systems of first order initial value problems of 
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ordinary differential equations. Analysis of basic properties of numerical methods was carried 
out and findings show that the methods are convergent and are A-stable of higher order. The 
effectiveness of the derived methods is demonstrated by considering two test problems for stiff 
systems. The desirable property of a numerical solution is to behave like that of the exact 
solution of the problem which can be seen in the figures presented. 
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