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Abstract – Ebola fever has been a major cause of death in 

recent times. It has claimed thousands of lives in West Africa 

since 2014 till date. Very few mathematical models have been 

developed to study its transmission dynamics. In this paper 

the stability analysis of the disease free equilibrium state of a 

mathematical model of Ebola Fever disease epidemic were 

carried out. 
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I. INTRODUCTION 
 

Ebola fever is an acute viral hemorrhagic fever that is 

highly contagious, named after a river in the Democratic 

Republic of the Congo (formerly Zaire) where it was first 

identified in 1976,  (CDC, 2004). It is from a family of 

RNA (ribonucleic acid) virus called Filoviridae.  

Ebola fever is transmitted by physical contact with body 

fluids, secretions, tissues or semen from infected persons.  

[1,6]. Nosocomial transmission (transmission from 

patients within hospital settings) has been typical as 

patients are often treated by unprepared hospital personnel 

(barrier nursing techniques must be observed). Individuals 

exposed to the virus who become infectious do so after a 

mean incubation period of 1 − 21 days 

Ebola fever has been a major cause of death in recent 

times It has claimed thousands of lives in West Africa 

since 2014 till date. With reports of outbreaks from nine 

countries namely, Guinea, Liberia, Sierra Leone, Senegal, 

Mali, Nigeria,, Spain, United Kingdom and United States 

as a total of 22,560 cases of infections and 9019 deaths.  

Few people have shown considerable interest in the 

transmission dynamics of Ebola Disease. For example: 

(Chowell et al, 2004), Astacio et al (1996), Althaus 

(2014), Nishiura (2014). Very few mathematical models 

have been developed to study its transmission dynamics. 

 

II. MODEL FORMULATION 
 

A mathematical model of the dynamics of Ebola Fever 

incorporating Quarantine and public campaign as controls 

was formulated.  The population is divided into six (6) 

compartments, namely:  Susceptible S(t), Latent L(t), 

Infectious I(t), Quarantined Q(t) Recovered R(t), and Dead 

D(t).   

The Total population is N(t) = S(t) + L(t) + I(t) + Q(t) 

+ R(t) + D(t) Figure 1.1 is a schematic diagram of Ebola 

fever transmission and Control model. 

 
Fig.1.1 Schematic diagram of Ebola Fever transmission 

and Control model.
 

 

Ebola fever models are usually comprised of individuals 

who have not had effective contact with the virus. These 

individuals are referred to as Susceptible S(t). When 

susceptible individuals come into contact with infectious 

individuals, they get infected but do not become infectious 

immediately, so they move into a class known as Latent 

L(t). 

After the latency period, these individuals now become 

infectious, meaning they can now spread Ebola Fever. 

And so they move into a class known as Infectious I(t). 

To prevent the spread of the Ebola Fever, these 

individuals are isolated into a class known as Quarantine 

Q (t) for some treatments. 

During the treatment period, some of the individuals in 

Quarantine recover permanently and now move into a 

class known as Recovered R(t). 

Some individuals who die as a result of Ebola Fever 

move from I(t) and Q(t) into a class known as Dead D(t). 

This class exists because they are capable of spreading 

Ebola Fever Virus through unsafe burial. 

S(t) are individuals who have not had effective contact 

with Ebola virus but are prone (susceptible) to Ebola fever 

through contact with the I(t) and D(t) at the rate 
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NN

)1(21  
 where  1 is the effective contact rate 

between )(tS  and  )(tI . )1(2    the effective 

contact rate between  )(tS  and )(tD . They are 

generated through a natural birthrate   from )(tS , 

)(tL  and )(tR  and are reduced by a natural  death rate

  .    

)(tL  are individuals who through contact with the 

)(tI
 
and )(tD , got infected at the rate 

NN

)1(21  
 , 

where  1 is the effective contact rate between )(tS  and 

)(tI . )1(2    is the effective contact rate between  

)(tS  and )(tD . They are still in incubation period since 

they have not yet manifested the symptoms of Ebola Fever. 

After the twenty one (21) days incubation period, they 

may become infectious if they do not possess strong 

immunity to fight off the disease, they then join )(tI at a 

progression rate  . They are reduced at a death rate  . 

)(tI are the individuals  that are infected with Ebola 

Fever. They are generated by   , where   is the natural 

birth rate of  )(tI  and through a progression rate   from 

)(tL to )(tI . They a reduction reduced due to  , q and 

1 , where   is the natural death rate, q is the rate of 

quarantine and 1 , the disease induced death rate. 

)(tD  is the compartment for those who are dead 

through infection, and are generated from both classes

)(tI and )(tQ  through  , 1  and 2  respectively, 

where  is the natural death rate of )(tI and  )(tQ . 1  

and 2  , the disease induced death rate of  )(tI and 

)(tQ respectively.
 

)(tQ  are the individuals that are generated 

(quarantined) from )(tI through  , where   is the rate 

of quarantine. They are reduced through  ,  and 2 , 

where   is the treatment rate,  is the natural death rate, 

and 2 is disease induced death rate of )(tQ . 

)(tR are the individuals that have recovered and have 

acquired permanent immunity through  a treatment rate  

 . They suffer a natural death rate  . 

The following assumptions were made to formulate the 

model: 

1.  The mixing of people is homogeneous, meaning that 

all individuals have 

equal chance of getting infected if they come in 

adequate contact with infectious individuals. 

2.  Those in )(tS  get infected through contact with 

)(tI and )(tD . 

3. 
 

)(tL are infected but not yet infectious, since they 

get infectious, only when they are symptomatic. 

4.  The isolation of )(tI to )(tQ  cause the spread of 

Ebola Fever to be very low treatment rate  . 

5. 
 2 < 1  due to the treatment of )(tQ at the rate  . 

6.   Offspring of )(tI and  )(tQ are not taken into 

consideration because offspring from these classes die as 

soon as they are given birth to. Princess Christian 

Maternity Hospital, Freetown, Sierra Leone. Saturday, 

September 20th, 2014. 

7.  If Persons in )(tQ  recover, they recover 

permanently due to the treatment rate  .   

8.  The dead class )(tD is not the compartment for the 

total dead, but for the disease induced death from classes 

)(tI and  )(tQ  

The variables are defined as follows: 

)(tS  Susceptible class at time t 

)(tL  Latent class at time t 

)(tI  Infectious class at time t 

)(tD  Dead from )(tI  

)(tQ  Quarantined class at time t 

)(tR
 
Recovered class at time t 

The parameters are defined as follows: 

  birth rate 

  death rate 

1  disease induced death rate of  )(tI  

2  disease induced death rate of Q(t) 

1  effective contact rate between )(tI  and S(t) 

  12  effective contact rate between D(t) and S(t) 


 

progression rate from L to )(tI  

  rate of quarantine 

  treatment rate 

  the rate of effectiveness of public campaign  


 

rate at which the dead is decontaminated and 

buried 

 1
 
proportion that ignored public campaign who 

can still be infected with EBF.  

Model Equations 
 The schematic diagram is described by a system of 

ordinary differential equations (1.0) - (1.5): 
 

SS
N

D

N

I
RLS

dt

dS  





 

 )1(
1

)( 21 (1.0)

 
LS

N

D

N

I

dt

dL
)()1(

121 







 

   (1.1) 
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IL
dt

dI
)( 1 

   

(1.2) 

  

QI
dt

dQ
)( 2 

   

(1.3) 

   

RQ
dt

dR  
    

 (1.4)  

 

DQI
dt

dD   )()( 21

  

 (1.5) 

 

Where, 

)()()()()()( tRtQtItLtStN   (1.6) 

 

So that the total population which is changing at the rate 

dt

tdN )(
, is given by  

 

)(
)(

RLSN
dt

tdN
     (1.7) 

 

III. EQUILIBRIUM STATE OF THE MODEL 
 

At equilibrium state, the rate of change of each variable 

is equal to zero.  

 

i.e. 0
dt

dD

dt

dR

dt

dQ

dt

dI

dt

dL

dt

dS

 

 (1.8) 

 

Let ),,,,,())(),(),(),(),(),(( zyxwvrtDtRtQtItLtS 
 
(1.9) 

 

ntN )(
 

(1.10) 

 

Where      

 

yxwvrn 
 

(1.11) 

 

Hence, equations (1.0) to (1.7) become 

 

0)1(
)1(

)( 21 





 

 rr
n

z

n

w
xvr  (1.12) 

 

0)()1(
)1(21 





 

 vr
n

z

n

w 

 

(1.13) 

 

0)( 1  wv 
 

 (1.14) 

 

0)( 2  xw 
 

(1.15) 

 

0 yx 
 

(1.16) 

 

0)()( 21  zxw 
 

(1.17) 

 

0)(  yvrn 
 (1.18) 

The equilibrium states are then obtained by solving 

equations (1.13) to (1.18). 

3.1 Disease-Free Equilibrium 0E  

At the disease free equilibrium state 0E , there is 

absence of infection. Thus the infected classes are zero. 

The whole population comprise of the susceptible clas. 

From (1.17) gives  


 xw

z
)()( 21 


 

 (1.19) 

From (1.13) gives 

   zw
n

r
v )1(

)1(
21 









 

(1.20) 

 

Substituting (1.19) in (1.20) gives   

 
  

  














x

ww

n

r
v

2

221 )1()1(







 (1.21) 

 

From (1.15) gives 

 wx
2





 

(1.22) 

 

Substituting (1.22) in (1.21) gives 

    

  w

w
n

r
v

)(

)1(
)1(

2

2

121

















 (1.23) 

 

Substituting (1.23) in (1.13) gives 

 

     
  0

)(

)1(
)1(

1

2

2
121 


































wn

r








0w  (1.24) 

 

or 

 

  
 

 
0)(

)1(
)1(

1

2

2

221






































n

r

 

 (1.25) 

 

Substituting (1.24) in (1.22) gives 

0x  (1.26) 
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Substituting(1.26)  in (1.16) gives  

0y
  

(1.27) 

Substituting (1.24)  and (1.26) in  (1.19) gives 

0z  (1.28) 

Substituting (1.24) in (1.14) gives 

0v
      (1.29) 

 

Substituting (1.27) and (1.28) in (1.18) gives  

nr




      (1.30)

 

Therefore the disease free equilibrium state is given by: 

  







 0,0,0,0,0,,,,,,

0
nzyxwvrE




  (1.31) 

From  (1.0) to (1.6) we obtained the Jacobian matrix 

given by  

 
 

 

     

 

 

   

21

21

2 21 1

1

2

1 2

1 (1 )(1 )
01

(1 )

1 1 (1 )(1 )
(1 ) 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0

rr
zw

n n
n n

z rw r

n n n n

J

 
   

  


      
  

   

   

 

    

 
  

   
       
 
 
    
        
 

  
  
 
 
    
 
  
 
     

0

   

(1.32)

  

3.2 Local stability of Disease-Free Equilibrium 0E  

We used the Jacobian stability technique of determining 

the local stability of the system. Consider the Jacobian 

matrix of (1.32). At disease free equilibrium, 0E  is given 

by: 

   

   

 

 

   

21

21

1

2

1 2

1 (1 )(1 )
0

1 (1 )(1 )
0 0 0

0 0 0 0 0

0 0 0 0

0 0 0 0

0 0 0

rr

N N

rr

N N

   
   

   
 

   

   

 

    

  
   

 
 
 

    
 
 
    
 
    
 
  
 
    

   

 (1.33) 
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Using reduced row echelon form gives 

   

 

 21

where,

1 (1 )(1 )
,

rr
c d

N N

     
   

, 

N

r
g

)1(1  
 , 

 
N

r
h

)1(12  
   

 1 j ,  2 l
,

 1 p
,

 2 r    

   

Thus the characteristic equation of the row reduced 

echelon Jacobian matrix is given by:  

 

= 0        (1.34) 

 

Thus the eigen values are: 

01  
   (1.35) 

 

02  
   (1.36)

 

03 






 jjg

  (1.37)

 

  024  
   (1.38) 

 

05  
    (1.39)

 

6 0
( )

g l hlp hr jl jl

l g j j

      
  

   
 

 
 (1.40)

 

 

IV. RESULT 
 

The condition for stability is that  654321 ,,,,,   

must be negative.   

Therefore 1 is negative if     

2 is negative since 02  
  

4 is negative if 2   

5 is negative since 05  
 

For 3 to be negative,  jjg   must be negative 

and so from  

03 






 jjg
we must have 

0  jjg  

Also for 

0
)(

6 








jjgl

jljlhrhlplg
to be 

negative 

 0  jljlhrhlplg
 

  

from 0  jljlhrhlplg
 

 

  02  l  implies that 2  , 
.  

 

V. DISCUSSION OF RESULT 
 

2   implies that the inequality (1.40) will hold 

and so 6  is negative and so we take the condition for the 

stability of the disease free equilibrium state, to be locally 

asymptotically stable. 

Meaning that  treatment rate must be greater than both

 natural death rate and 2 disease induced death rate, 
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for the disease free equilibrium state to be locally 

asymptotically stabile and so the disease will  die out.  

If otherwise 2  that is  treatment rate is less 

than both  the natural death rate and 2 disease induced 

death rate, the disease free equilibrium state will be 

unstable and this could result in an outbreak of epidemics. 

 

VI. CONCLUSION 
 

The current epidemic of Ebola Fever disease has shown 

to the world that in absence of a strong public health care 

delivery system even a rare disease can risk the lives of 

millions of people. The crux of this epidemic is that a 

large scale and coordinated international response is the 

need of the hour to support affected and at-risk nations in 

intensifying their response activities and strengthening of 

national capacities. 
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