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Abstract In this paper we proposed a Mathematical
model of Measles disease dynamics. The Disease Free
Equilibrium (DFE) state, Endemic Equilibrium (EE) states
and the characteristic equation of the model were obtained.
The condition for the stability of the Disease Free
equilibrium state was obtained. We analyze the bifurcation
of the Disease Free Equilibrium (DFE) and the result of the
analysis was presented in a tabular form.
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1. Introduction

Bifurcation theorem is concerned with dynamical systems
which contain one or more external parameters and with the
manner in which the solution set may undergo structural
changes as the parameters are varied. Such behaviour is
essentially determined by the stability of solutions and the
manner in which this may change as the parameters vary [2].
When modeling measles dynamics, or those of any other
microparasitic disease, the number or density of individuals
in each stage of the disease is the important quantity to keep
track of whereas the viral load per person is relatively
unimportant.[3]. Following the classical approach, the
population is divided into a susceptible, an infectious (and
infected), and a recovered class, denoted by S, / and R,
respectively.

Measles, also known as rubeola or morbilli, is an infection
of the respiratory system caused by a virus, specifically a
paramyxovirus of the genus Morbillivirus. Morbilliviruses,
like other paramyxoviruses, are enveloped, single-stranded,
negative-sense RNA viruses. Symptoms include fever,
cough, runny nose, red eyes and a generalized,
maculopapular, erythematous rash.

2. Materials and Methods

2.1. The SIR Model

ds
— = BN —aSI— uS
" B u

(1
£=aSI—()/+5+,u)I 2)
dt
dR
 —vI—uR 3
7 yi—p A3)
Where
B= Birth rate

o= contact rate
p = Natural death rate
S = Susceptible
vy = Recovery rate
I = Infected
d = Death rate due to disease
R = Removed with immunity/ Recovery
N=S+I+R
set, N =1, i.e. assuming a closed population for a given
period of time.

2.2. Equilibrium State of the Model

At equilibrium ﬁ = ﬂ _dR _ 0

dt —dt  di
Let S=x,/=y and R _,

p—oxy—ux=0 (4)
axy—(y+8+uy=0 )
w—uz=0 (6)

2.3. The Disease Free Equilibrium (DFE)

The equilibrium state in the absence of infection is known
as Disease Free Equilibrium (DFE) and is such that, y =0,
From (5)
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[ax—(7+§+,u)]y20 )

Either y =0 or ax—(7/+§+,u)=O
If y =0, then we have

xzé ®)
y7,
y=0andz=0 C)

Therefore the Disease Free equilibrium is:

(x,y,2z)= (g,o,oj

2.4. The Endemic Equilibrium (EE) State

(10

The equilibrium state with the presence of infection (i. e. y
# 0) is known as endemic equilibrium or non- zero
equilibrium.

if y # 0 then we have from (7)

.‘.ax—(y+5+,u):0

x=7+5+y
@ (11)
:aﬂ—,u(}/+5+,u)
a(y+6+u) 12)
Z:aﬁ’r—ﬂ7(7+5+u)
au(y+06+pu) a3

Then, the endemic equilibrium state is given as:

(x,y,2)= y+S+u af-ply+5+u) afy—uyy+5+u)
- a T aly+s+u) auly +6+ 1)

(14)

2.5. The Characteristic Equation

The Jacobian Matrix of the system is given by:

—(ay+n) o 0
J = ay ax—(}/+5+,u) 0
0 4 — U]
Thus, the det|J - | is
—(ay+,u+/1) ox 0
ay ax—(y+5+u)-A 0 |=0
0 y —(u+2
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1.e.

(@ + -+ ANoox = (y + 6+ u)— A+ 2)]

; (15)
+a’xy(u+1)=0
Equation (15) is our characteristic equation
But recall that the DFE is given as:
(x,y,z) = (E,O,Oj
y7;
Then,
B
—(u+A4 a= 0
(u+2) P
det|J-A1|=| 0 a%—(y+5+y)—ﬂ 0 |=0
0 ¥ —(,u+/1)

(,u+/1)2{a€—(7/+5+,u)—/1} =0 (16)

Either
(+A) =0 or ag—(j/+5+,u)—/1:0

Therefore, 4, = —u, A, = —pt,and s

h=al _(yrseu) (17)
y7,

The condition for stability of DFE is that the eigen values
A.<0; i=1, 2,3
From (17)

A, <0 and 4, <0

A, <0 if a£<(7/+6+,u)
Y7

A, >0ifa£>(7+5+y)
7

Hence, the DFE is stable if a£<(7/+§+,u) and
1

unstable if aﬁ > (}/ +0+ ,u)
7,

2.6. Bifurcation at Equilibrium State

74

Recall from (17) A; = ——(}/ + 5+/1)
7

The Disease Free Equilibrium state is stable if
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afp

—<(7/+5+,u) (17b)
yri

We use the inequality above to obtain a bifurcation
parameter from the Disease Free Equilibrium state

From (17b) we have:

p<

N

—(y+o+u
— ) s

Define,

a):ﬁ(y+5+y)—ﬂ
@ (19)

Let @ be a bifurcation parameter from the Disease Free
Equilibrium state, if @ <0 the disease free equilibrium
state will be stable and unstable if @ >0

It follows that as @ transit from positive to negative there
is likelihood of disease outbreak.

From (19)

@Ay +0)u—(B+o)=0 (19b)
Making g the subject gives
2
:—(;/+5)+\/(y+5) +da(f+w) 20)
2
or
2
—(r+0) (7 +0) +4a(fre)
ILl =
2
Taking the positive value of 1
Expanding the characteristic equation (15) we have:
A’ —|:05(x—y)—(;/+5+3,u)]ﬂu2
a,u(2x—y)
B +2a’xy 1
—(7/+5+,u)(ay+2,u) (22)
—20{2,uxy+(7/+5+y)(a,uy+,u2)
—op’x =0
Setting
A=a(x—y)~(r+5+3u)] (23)
B= —[a,u(2x—y)+2a2xy—
(24)

(7/+5+/¢)(ay+2,u)—,u2]

C:(y+5+u)(ayy+,u2)—Zaz,uxy—auzx
(25)
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Therefore, (22) becomes:

A+ AP +BA+C =0 (26)
Differentiating (26) with respect to ) we have:
2
P [Awl + B, A+ Cw] @7

“ 342 +2A4A4+ B

Here the index @ indicates differentiation with respect to
.
Using Hopf’s bifurcation theorem, we set @ =0,
A=igwith g#0.
. 2 .
4 - —la,Gay + B, Ga)+C, |
“ 3(ig)* +24(iq)+ B

A,q° —i -C
/1{0: qu qu w (28)
—3g°+2ig A B

Rationalizing (28) we have
—3q? (Aqu —igB, — Cm>
~2igA4,q° —iqB, - C,)
+B(4,q” —igB, - C,)
[—3q%(-3¢° + 2igA+ B)

. [=3¢g* +2igA\ -3q°
—-2iq
+B +2iqgA+ B

+B

(29)

w

The real part of (29) is given by:

(B—3q>) +4q> 4>
By Akinwade (1996) the
Re ﬂw >0 is for the numerator of (30) to be strictly

non-negative
ie.

Red, =

sufficient condition for

(4,4> —C,\B-347)-24°4B, >0 (1)

4 2
_3A(Uq +(A(UB+3C(0 _ZAB(o)q _BC(U > 0 (32)

Equation (32) is a quadratic in q2 , thus sufficient
conditions for it to hold are that:

-3A,>0 (33)
And
2
(4,8+3C,~24B,)" ~124,8C, <0 .
Assuming that (34) holds. From (33) we have that:
4,<0 (35)
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Recall from (23) 2a
A4, =
A=a(x-y)~(y+5+3u)] o +6) +4a(p+o0)
_ 3 2
Aw - 3luw ax, + ay, (36) - 20 ﬂ (40)
Recall from (20) (r+6) +2a(p+o) (r+0)
2
~(r+6)+ly +0)' +4a(p +0) o) N esalpo)
M= 5 +4a(B+ o)
P At ®=0
H, = > (37) 5
Jr+6) +4a(B+o0) (y+5) +2ap
Recall from (11) and (12) 2a +(y+5) (y+s) | 2078
x:]/+5+,u y:aﬁ_ﬂ(7+5+ﬂ) A = *dap (41)
a and aly +6+u) (y +6) +2ap
2 +5) +4
\/()/+5)2+4a( +) +4af
—2af Using (35) on (41) gives
Yo = 5 42
(y+8) +2a(p+o) (+o) (7/+5)2+aﬂ+(7+§)\/(7+5)2+4aﬂ<O 4
2
+(y+95) (r+9) +4a (B +w) (39 Let
+ha(f+w) ) :
| J, =(y+ 6V +aB+(y+ Wy +5) +4ap “3)
- \/(7 + 5)2 +da(B+o) Clearly from (43), J, >0 which imply that the Endemic

Substituting (37), (38) and (39) into (36) we have

3. Results and Discussion

Equilibrium (EE) state does not bifurcate, i.e. indicating that
the state is stable.

The implication of this is that the Measles may become
prevalent in the population but may not be endemic.
The table below justifies our analysis.

Table 1. The Bifurcation Analysis of Endemic Equilibrium State

o B o 4 1 REMARK
0.001 0.2 0.01 0.15 0.051797 STABLE
0.002 0.2 0.01 0.15 0.052388 STABLE
0.003 0.2 0.01 0.15 0.052973 STABLE
0.004 0.2 0.01 0.15 0.053553 STABLE
0.005 0.2 0.01 0.15 0.054127 STABLE
0.006 0.2 0.01 0.15 0.054697 STABLE
0.007 0.2 0.01 0.15 0.055262 STABLE
0.008 0.2 0.01 0.15 0.055822 STABLE
0.009 0.2 0.01 0.15 0.056377 STABLE
0.01 0.2 0.01 0.15 0.056928 STABLE
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4. Conclusion

The Disease Free equilibrium state will be stable if

ap

—< (}/ +0+ ,u) that is the population is sustainable.
Y7,

We went further to define a bifurcation parameter @ from
the condition of stability of zero equilibrium state and use it
to analyze the non-zero equilibrium state. The @ transit
from positives to negative, when it is negative it implies
disease outbreak otherwise no outbreak. The result was
tested by hypothetical values and it shows no indication of
outbreak of disease epidemics, which implies that once the
disease enters into a population, it is likely to persist.
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