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Abstract - <
 —————————————————————————————
In this paper, a mathematical model describing the dynamics of yellow fever
epidemics, which involves the interactions of two principal communities of Hosts
(Humans) and vectors (mosquitoes) is considered .The existence and uniqueness of
solutions of the model were examined by actual solution. We conduct local stability
analysis for the model. The results show that it is stable under certain conditions. The
system of equations describing the phenomenon was solved analytically using
parameter-expanding  method coupled with direct integration. The results are

presented gr.aphicallly and discussed. It is discovered that improvement in Vaccination
strategies will eradicate the epidemics.
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Introduction

Lﬂlow fever (YF), @ hemorrhagic fe_ver cau_sed by a Flavivirus, family Flaviviridae [1, 2], is characterized by fev_er, ch_llls,

s of appetite, Nausea, muscle pains particularly in the back, and headaches [3]. There are more than 200,000 infections
105(158,0 000 deaths every year [3]. About 90% of YF cases occur in Africa [4], and a billion people live in an area of the world

ar_lh :e ;he disease is common [3]. It also affects tropical areas of South America, but not Asia [3, 5, 6]. The number of cases
:(;ellow fever has been increasing in the last 30 years [3, 7], probably due to fewer people being immune, more people
fiing in cities, people moving frequently, an.d changing climate [3]. The origin of the disease is Africa, from where 1t sprgad

i South America through the slave .trade in the 17th century [8, 9]. The yellow fever virus was the first humaq virus
jiscovered [10], and its family comprises approximately 70 viruses [2], most of which are transmitted by arthropod insects
(rence the name arthropod borne viruses or arboviruses). A safe and effective vaccine against yellow fever exists and some
qountries require vaccinations for travelers [3]. In rare cases (less than one in 200,000 to 300,000 doses), the vaccination can
ause yellow fever vaccine-associated viscerotropic disease (YEL-AVD), which is fatal in 60% of cases, probably due to the
wnetic morphology of the immune system. Another possible side effect is an infection of the nervous system, which occurs
inone in 200,000 to 300,000 cases, causing yellow fever vaccine-associated neurotropic disease (YEL-AND), which can lead
o meningoencephalitis, fatal in less than 5% of cases [6]. In some rare circumstances, however, the fatality rate of vaccine
induced diseases can reach alarming proportions, as observed recently by Mascheretti et al. [11], who found 1 death per
million doses applied in a Southeastern Brazilian region.

This present study investigates the criteria under which the effectiveness of vaccination could lead to the stability of the
euilibrium point. We establish the conditions for existence and uniqueness of the solution of models, conducted local
siability analysis of the models and provide an analytical solution via parameter-expanding method.

L0 Model Formulation
IOI!OW‘“% [12], the equations describing yellow fever epidemics are:

S .
d\l/:/le_('ul +5)S/1 _a![m' h (1)
dlh
o mra+p)l, v a1, @)
&
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(/I - /)Z(‘\m +“ *(})/m)r /“7‘\111 - a:‘ m*h (4)
\(1’/,” ) 5
| (/I - (/}1 /m - /u,’_]m + (123’"1/, (5)
*\/.(’):S/.(’)+//,U)+Rh(’) )
{\N mitial condition based on our assumptions, we choose
‘ t\/.(m = g s Lo =1,. RO)=R,, S,0)= S, 1,0)= hss )
Where
Variables

S,(1) - the density of susceptible humans

Parameters\
B, - the natural birthratm

[,,(1) - the density of infected humans

P, -

the natural birthrate for vectors

Rh (1) - the density of recovered humans

M, - the natural mortality rate for hosts

S, (1) - the density of susceptible mosquitoes

A, - the natural mortality rate for vectors

1,(f) - the density of infected mosquitoes

o - the recovery rate

i
the effective bitting interaction wm

ng interaction rate betweey |
S,(1) and I () compartments

a, -

a, - the effective bitting interaction rate between
S, (1) and I,(t) compartments

£ - the death rate from infection

G -

the proportion of the offsprings of I (1) that is

infected vertically
L O - the vaccination rate
3.0 Method of Solution
3.1

Existence and Uniqueness of Solution

Theorem 1: Let 0 =0 .Then the equations (1) — (5) with initial conditions (7) has a unique

Solution forallz > (.
Proof: Let p=0, ¢(t)=S,(1)+1,(1)+ R, (1)

and (1) =S, (1) +1, () .We obtain

fi{-? =(Bi-ue #0)=(Sh 110+ Rig) = ¢y (3)
%’g =By-me . @(0)=(S,,+1,,)=0, O
By direct integration, we obtain the solution of problem (8) and (9) as (10)
H1) = ¢“e(ll. L e o(1) = (/)Oe(ﬁ’"”’
Then, we obtain )
S,(1) =@ " =(1,(1)+ R, (1))
1,(0)=4,e" 7" =(S,(+ R, (1) (12
R,(1)=¢,e """ =(S, (1 +1,(1) (13)
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A AL /m(/) (14)
C
( (,)/4 (/)/ ‘/l ”:)’ - ‘\‘Hl(/) (]5)
| () ~~' ‘/":‘L (s a uNique solution of problem (1) — (5). This completes the proof.
" there T
”‘.,u“ SIS
Qtﬂbil'r-" Aﬂnal) b~Lds' on equation (1) and (2). it wi
g St ation 3) depends q n (1) and (2), it will not be consider in the analysis.
e the € e cquations (1) (5) has a trivial steady state:
NI C
bl \rlclﬂ _ R
I. ‘\.\. —_—
PN, T=0. S,=0. 1,=0 (16)
5 0+ 0 _
Io rivial steady state:
n

(B, — 4 NP =2 (17)

i :(ﬂﬂ: s
(Dlal(gﬂ: '#l)
5, ‘d):a)_,ag(ﬂl +a+p)
) (4, +a+p)
.= o2
respondipg 10 clearance of infection and active disease respectively,
co
o ﬂIN,,—kz(/U1+a+p) O. = OB, — 1) By, — 15)
here = > 2
where =1 /11‘*'5 az(eﬂz_,uz)_azﬂz(l—g)

Theo

) 2”. IB]Nh ¢ﬂ1N11_k2(/11+a+p)
rem 4. /J]+5 /uI+5

there exist two equilibria.

N
{ The infection-free equilibrium is given by p, = [/81_/5 ,0,0 ,0]

Proo
Myt
N, —k +a+
i1,#0, S,#0,1,#0, then S, = BN, — k(4 P)
, /11+5
Hence, the other equilibrium is
p:(/le/,—ch(#]**a*’”P) (Gﬂz_/lz)(ﬁz“#z) q)lax(gﬂz"/—lz) q)z(#1+a+p)]
i u +5 (OB — )~y f,(1-0) " @, Do, (4, +a+p) D,

pz:((bl D,,0, :q)4)

This completes the proof.
\ext, we shall conduct stability analysis of the critical points.
Then, the jacobian matrix of our system of equations (1) —(5) is

-(m+8)-ad, 0 0 - S,
D(s,,1 s 1 )= al, —(y, +0+p) 0 .S, (18)
WOyl )= 0 —-a,S, (B — 1, —51,) £,(1-0)
O aZSm a'l]h (Oﬂ;’ —/'12)

Ihe linagpino- )
lincarization of (18) at p = M,O’0,0l is
' Iu;+5 )
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\ f
7 -, JN, N/L\,h
() -
( =(u, +0) 0 Hy +0
oyl BN, apNy (g
km.o,o,o - 0 -(u +a+p) 0 U+ 6 )
0 0 (ﬂzﬁ/’:) /}2(1_0)
. 0 0 0 (0/]7 _/12)
With eigenvalyes:

NS00 L= st <0 A=< I g5 g

L= 08) <0 i 08,

Hcre, We have four e

. T -zero and negative roots.
genvalues A, i=1,234, with distinct non-zero and neg rO01s. Then, h equilibrium~
(%,o 3 Oj is locally asymptotically stable if all the conditions above hold. |
U +§ ’
Now, let us denote the endemic equilibrium (EE) points (®17®2’(D3’q)4) here cach compone COMespong,
earlier specifieq value. )
The linearization of (18)at p, = (q),,‘D2>q)3’q)4) is
b0 0 -p
by -b, 0 b, (20
D@, o, 0,0,)=| > % ] !
1 2 3 4) —b) _b6 b7

0 b by -b
where,

b, :(y,+§)+b3,b2:alq),, by=o®,, b,
b, :ﬂz—ﬂzav bx:azq)p b9:#2_0ﬁ2

To evaluate the jacobian at the endemic equi
Using elementary row transformation [13]

=Htatp, b=a,0,, bﬁ:,uZ—,BZH;8

librium to determine the stabil

 the equation (20) becomes
=b 0 0

ity of the system.

-b,
0 -bb 0 bb, —b,b

Df(®,0,,0,,0,)= v (5, —byb, 1)
0 0 _(bs ‘bs) (b7 ‘b&))
0 0 0 -b,

where, by, = (b, ~ bs )(bibybs ~ bybybs - bibb,) - b1b4bx(b7 ==y}
Hence, the eigenvalues are:
A =~b =—(y +d+ad,)<0
7o = =bb,=~(1+ 8+ 00,) (1 + 6 + p) < 0
;a:_(ﬂz_ﬂ2)<0 iff ,uz>ﬂ'2
A= b <0 Uff (B~ b) (bbb, ~bbp, - bbiby) > (bib.
Therefore, the endemic equilibrium (EE) is locally asymptotical|
3.3 Solution by Parameter-Expanding Method ol
[)arameter—expand%ng method proposed b.y He was successfully applied 1o varioys engineering problems [14]. “es‘ﬂiiv‘
Parameter-expanding method to €quations (1) — (5), where details can pe fo:nd in cf]4]_ Suppose the $
AS‘/,([) > [}, (’) ) Rh (l) ’ Sm(l) and ]m (1) in (]) - (5) can b@ expl'essed as

i
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/./I,(f" cal, 1)+ (I,"/,,_W(I) th. .oy
] R D+ &R O+ R, 1 g,
| A SN+ @SN +a7S, (1) 4 ho,
‘ g | //"‘(/)‘{2‘./,"_‘(])*CI::IM‘(’)“ hoy
; , =aa
| ' hotread “higher order terms jp a,
iy e

. nvo terms.

and in gy analysis,

€ assume a

1 is small, 5o we are interested only in the
_juting (22) into (1) = (5) and processings, e obtain:
B - AN, —k.S,, »
=N, 1940 S,,O(O) = Sh0 (23)
== khio Lo(0)=1, 4
\/ = ~thRyo + 88y +al,, . Ry(0) =R, (25)
;:- = ﬂjSmO + ﬂz (1 - 0)11710 - /IZSmO s Smo (0) = SmO (26)
dr
LY N TN LoO)=1 @7
dr
’:i_ = _kIShl - [mOShO > Shl (O) = 0 (28)
ar
i‘L = _k_'_‘]hf - [mOShO > 1/"(0) = O (29)
ar
i: ~KR, +385, +al, . R, (0)=0 (30)
ar
l\;:/))ng T +ﬁ"(1 —Q)Im‘ _ﬂfs‘mf —asm(’[/ro > S"”(O) :O (31)
, -
1,,0)=1 (32)
= 0/)):/'”: - /[,1_.‘.1’"1 T (1‘§/IIO//1() . /:10( ) 0
al .
vulving equations (23) — (32) by direct integration, we obtain 33)
; —kyt
), (/v):ar.-aze ' (34)
[ —kyt
L(1) = o "2
=it (35)
hl)=ae™ 4 g e 4 ge* +a
il —u.e Tda,e Cl;(, 6 =
/=4 ) s : (36)
) 5 =My Of s —py
)= aelra e (37)
wll)= | o @r-w) (38)
¢ i . (G =Py =2m)! .
=g 1 g e g e (39)
2000, -1 )1
// ”):(1,,(‘ Kyt +a‘7€([//]1'//1’2/13 ) _a”@ . kst (40)
- = EYNY M a e
I , , OFy == 2120 a,e 18
h (I) Sae™™ + a‘j(jzmﬂ'} ary ayeC o) (Off - 1)1 (41)
( ' by g oW RY g e
"y {’):m el | g g lHafath +d,.C
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] .0 a (S -
P ' = ) =L & o
, Mok, 4o+ p. a /— boa,=8,,~4a,, 4, - b #l‘\k %\
s | /_l] \/\.’
) ) a,/ 1
a,o a/ a,0 B 0 (l 2
S — S = g Sy = ()
kT ST
1 1 2 ' 2\‘/(
ﬁ (l r())h i
(ll; = (/n,u) A /”U

a. ]/

2-}—ﬂz\2/_12.‘|_kj

— S = LAy = -
2(7/177 -2u, + k.’ %o 0/’); + 4, - 24, +k, 20/}3 h 2,[12 * k3

a,l . L g ) - oy - aq
g = — s Ay =——"—.qa, Y Y n
a5, + 4, ——2p:+k3 ‘ 20/]:*2113*/(3 _Hﬂz—»-/lz-hu] m
aa,, a,,o a,0 a0 o
+ —
/Uz‘/"? 0/5‘7+/32—2/12+p, 205:_2/“:+/[! 'ul_k|
& a,o oa,, - aa,, -~ a,o
1< = \_ 3 q -
208, 2u, + i, 20p, 2y +p 0B, + B 24, thy 6B, + B, 2,4y,
/ a 11 ]m
2, = a,o a, - oa,, = aya,1,, Jay, =0 //{O 0 @y =a,ta,
M, —k, My =k, ﬂ:_gﬂz_kz 2
a. = QBi(1-0) _ Py (1-6) L4600 _ ol yol g
kz Oﬂ: - ﬂ: - k: ‘9:83 - ﬂz kz 9182 - ﬁz —kz
qu - al)l;:lh() _ al‘)ﬂzk(l _0) : (124 — (130152(1—0) 4+ aOIh()]mo _ w

r o s Gy =
Q,B:—ﬂz_kz Hﬂz_ﬂz_kz

ter symbolic algebraic package MAPLE.

Qﬂz - /62

The computations were done using compu

4.0 Results and Discussion
Here the existence and uniquene

-free and e
quilibrium states are stable. Analytical so

Parameler-expanding method and computed for the values of

B = 0.000095, g, = 0.001, g, = 0.000035,;12 =0.09
0=00],

=1
o
@
3
)
@
Rt
=
g
=
=
3
a
=1
(93
w
=
(g
<
2
£

»@=0.143 o =0.01,¢, =0.1,p=0.02,
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- . . L o i P g i ime.
we can conclude that with the increase in vaccination rate & .the recover individuals increases with i1

and 1 (1)

> 2
om Figure = . .
can conclude that with the increases in effective bitting interaction rate «, between S,, (1) m

. Figure 3, W¢
‘ PI]th‘ indi\’iduals reduces to move to ianClCd indivh’hmlc Ane ta increacec in cAntact rate
qusce

00 A
' 100 A
0]
] 90
60 a =001 * 80
4 \ . 1 ~
g \ T =003 1 -
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il 3 o, =005 70 P -
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| {1 7 o
0] fyt i
.i T v | ¥ T v T g 1 ‘)0 T— v T  § T T Y T R |
0 02 04 06 028 1 0 02 04 06 08 1
' 1
Figwe Plots of 5, (1) aganst t for dufferent values of &) end Figure 4. Plots of /, ( 1) against t for different values of o, and
“100008, B, = 0,001, = 0.000035, p,, &= 0143, 3=05, oy = 0.1, {3, = 0000095, B, = 0001, p, = 0000035, ), x=0143,8=05, o, =0 1,
<002 6=00], N=150 S = - 0S5 =501 =3 _ _ = _ o _ R
101, N=150, 5, =100, 1,=%,R =0,5_,=50,i =30 p=0026=001,N=150,5, =100,1, =50, R,,=0, S =30, =30

"Figure 4, we can conclude that with the increases in effective bitting interaction rate &, between S,(8) and 1, (1)

“lected individuals increases with time.
Fisure 5 and 6, we can conclude that with the increases in effective bitting interaction rate ¢z, between

N and /,(1) | the susceptible individuals reduces and the infected individuals increases with time.
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5.0 Conclusion be effect of vaccinati
A non-lincar mathematical model has been proposed and analyzed to SIUd‘,V the ‘?_e‘f‘ ol vactination on the tryy,
Yellow fever infection in a population. The discase free and .Cn'demlC Cqullb”? werc Oblamed and theyr
investigated. The model showed that both the discase free equilibrium and endemlc'eqm]tbnum are locally ;.
certain conditions. From the studies made on this paper we conclude Fhat the most effective way to reduce the 15y,
Yellow fever epidemic infection is to increase the effective vaccination rate and the outbreak of this epidemics ,,
eradicated from our society.
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