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A Class of Implicit Five Step Hybrid Method for Solving First Order
Initial Value Problem

L. Ipris!, Y. A. Yanaya? anp U. MOHAMMED?

ABSTRACT

In this paper, a self-starting five step continuous block hybrid
formulae (CBHF) with one Off-step point is developed using col-
location and interpolation procedures. The CBHF is then used to
produce multiple numerical integrators that are of uniform order
and are assembled in to a single block matrix equation. These
equations are simultaneously applied to provide the approximate
solution for the ordinary differential equations. The order of
accuracy of the block method was discussed and its accuracy over
the methods in literature is established numerically. The result
of the proposed hybrid method performed absolutely better,
when compared with the exact solution and the result obtained
by Mohammed (2011), which are all of step five (i.e. k = 5).

1. INTRODUCTION

(Lie and Norsett, 1989), (Onumanyi et al 1994), (Yahaya and Mohammed, 2010),
(Yahaya, 2004) and (Mohammed, 2010) have all converted conventional linear
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multistep methods including hybrid ones into continuous forms through the idea
of Multistep Collocation (MC). The Continuous Multistep (CM) method, associ-
ated with conventional linear multistep methods produces piece-wise polynomial
solutions over k—steps for the first order differential system.

This research work aims at deriving a five-step block hybrid method for numerical
integration of ordinary differential equations. It allows the block formulation and
therefore is self-starting and for appropriate choice of k, overlap of solution model
is eliminated.

2. THE METHOD:

Let us consider the first order system of ODE’s:

(1) Y =f(z,y), a<z<b

where y satisfies some additional two-points or multi-point boundary condi-
tions which can involve derivative values either the point a,b or other points in
between as well. The function f is sufficiently smooth, f : R™*! — R™. where
y is an m-dimensional vector and z is a scalar variable.
A particular useful class of methods for (1) is the k-step linear multistep methods
(LMMs) of the form:

k k
(2) Z¢jyn+j = hZ%an
=0 =0

The idea of the k-step MC, following (Onumanyi et al, 1994), is to find a
polynomial U of the form:

t—1 m—1
(3) U= Z(b] (T) Yn+j + 1 Z oj () f(2j,u(@))), on < T < Tpg
=0 =0

where t denotes the number of interpolation point’s x, 41, ¢ =0,1,...,t —1m
denotes the distinct collocation points x; € [Ty, Xpik] @ =0,1,...;m — 1.
The point’s z; are chosen from the steps x,+1 as well as one more off-step points.
We make the following assumption:
(i) for a given mesh x,, : &, = a+nh, n=0(1) N where; h = 211 — xp
N=(b—a) /h is a constant step size ; and
(ii) that (1) has a unique solution and the coefficients ¢; (z) and ¢; (z) in (4)
can be represented by polynomials of the form:

t+m—1

¢ (@)= > ¢jina’je{0,1,- t—1}

=0
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t+m—1

=0

with constant coefficients ¢;; 1, hy;;y1 to be determined using interpolation
and collocation conditions:

U(.Tn+1) :yn+1,i € {0,1, ,t—l}

(5) U'(z5) = f(Zj,u(xy));5 €{0,1,--- ,m —1}

With these assumptions, we obtain a MC polynomial, see (Onumanyi et al,
1994), in the form:

t+m—1 i—1 m—1
i
(6) Ul(z) = E a;x’,a; = 5 Cit1,j+1Yntj + E Cit1,j+1fn+j
i=0 j=0 Jj=0

where z, < x < xp4p and ¢; j,1,j = 1,2...t+mare constants given by the elements
of the inverse matrix C=D~'. The multistep collocation matrix D is an m+1
square matrix of the type;

- 9 el -
1 Tn .CQUn ma_m X
1 Tpal Tpiqee T
_ 2 r+m-—1
(7) D=| 1 @pyr1 x5 g T ,
0 1 2xg... (r+m—1)z{t™
-2
| 0 1 2Tm—1... (r+m—1)zlFm==

Is the multistep collocation matrix of dimension (r + m)x(r + m). Then it
follows from (7) that the column of matrix C=D~! give the continuous coefficients

aj (z) and Bj ()

3. DERIVATION OF THE CONTINUOUS AND DISCRETE BLOCK HYBRID
METHODS:

Using the general multistep collocation methods see (Onumanyi., et al. 1994),
(Yahaya and Mohammed, 2010) and (Mohammed, 2010) lead to the following
D-matrix:
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L @np2 2540 Tpyo 1’%2 37%1+2
0 1 27, 35”g+2 Az, 4o 5x2+2
D 0 1 2wp43 3T 3 4x§b+3 51,1 3
o 1 2 322 Aa3 54 (8)
Tntd  OTpyy Fpiy OTpiy
0 1 2,5 327,5 43,5 bpy;
0 1 2wny, 3ah,, 425, 5Th.,
using the general form of (3), this method will be expressed as:::::::: help

9)  y(2) = oYtz +h[Bofare + Bifors + Bafura + Bafurs + Bafarul

With the help of the maple software package, it gives the column of D!, which
are the elements of the matrix C. The elements of C are then used to generate
the value of continuous coefficient

(10) ap (:l?) s ﬁO (CL’) ) Bl (l‘) ) 52 (l’) ) 53 (:‘C) and 64 (l‘)

The values of the continuous coefficient (10) are substituted into (9) to give
the continuous form of the five step block methods as:

Y (2) = Ynyot+12 (2 — 2,)° =15 (u + 12) ( — 25)" h4+20 (120 + 47) (z — z,)> h2—30 (471 + 60)
(2 — 2n)2 B + 3600y (z — ) bt 2 (16200 = 1088) B°] frsafoy o) pa

+[=12(z — )" + 15 ( + 11) (z — 2)" h — 20 (11 + 38) (z — ) h? + 30 (384 + 40) (z — 2,)? b
24004 ( — ) W4 (4400 = ) B] fussfyo gy e

+[12 (2 — 20)° — 15 (u + 10) (z — @)* h + 20 (101 + 31) (2 — ,)® h? — 30 (31 + 30) (x — )2 h3
+18004 (z — ) bt —4 (3108 =164 D] fuafyo () gy o

+[=12(z —2,)° +15 (u+9) (& — )" h — 20 (9 + 26) (& — 2,,)® h% + 30 (26 + 24) (& — x,)* h®
1440y (x — ) B H4 (2400 = 12O W] fuis oy ) gy s

(11)

+[6 (= 24)° — 105 (x — 2,)* h + 710 (& — 2,)> h? — 2310 (z — 25,)* B> + 3600 (x — w,) h* —2152h%] foiy

30 (u4 + 120 — 1544 + 71p2 — 14p3) b4

Evaluating (11) at the points:z = Zp45,& = Tpia, T = Tpt3 & = Tpil, T =
Tp, & = T, 0and p = % to obtain the following six discrete hybrid methods
2

which are used as a block integrator.

Ynt5 = Ynt2 = 505 163 fnt2 + 285 fris + 45 fria + 192f,, 9 +15fn15]
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Ynta = Ynt2 = 305 [TLfnra +320fnss + 15 fnia + 64f, 19 —20fnts5 ]
Ynt3 — Ynt2 = Tosg 099 fnt2 + 1805 fris — 1515 f, 44 + 16064f,, o — 4345 045 ]
Ynt1 — Ynt2 = T [—5129fpr2 + 944 fp 43 — 17835 frr g + 16064 f, 19 — 4345 045 ]

Yn+2 = Yo = g5 [3101fnrz — 8680 fnts + 18465 s — 17216, 0 + 478045 |

(12)
h
yn-i—% — Ynt+2 = m [365fn+2 + 1625fn+3 + 375fn+4 + 640fn+% - 125fn+5 ]

(12)
Equation (12) constitute the member of a zero-stable block integrators of order
(5,5,5,5,5,5) and constants; Cg = [43—0, ﬁ, #30, %, %, %]Tthe application
of the block integrators with n = 0 give the accurate values of y1, vy2, y3, Y4
along with y5 as shown in table (5.1 and 5.2). To start the IVP integration on
the sub-interval, we compute (12), when n = 0, i.e. the 1-block 5-point method
to produce its unknown simultaneously without recourse to any starting method

(predictor) to generate y1, y2, y3, ya before computing ys.

4. CONVERGENCE ANALYSIS OF BLOCK HYBRID METHODS:

Recall that, it is a desirable property for a numerical integrator to produce so-
lution that behaves similar to the theoretical solution to a problem at all times.
Thus several definitions, which call for the method to possess some “adequate”
region of absolute stability, can be found in several literatures. See (Lambert,
1973), (Fatunla, 1992) and (Fatunla, 1994) etc. Following (Fatunla, 1992), the
five integrator proposed in this report in equation (12) is put in the matrix-
equation form and for easy analysis the result was normalized to obtain:

10 00 0O Yn+1 000001 Yn—5
010000 Yn+2 000001 Yn—4a
001 00O Ynts | 1 O 0 0 0 O 1 Yn—3
000100 Yn+a | | O 0 0 0 O 1 Yn—2
00 0O0T1FPO Ynt2 000001 Yn—1
00 0O0O0T1 Ynis 00 0O0O01 Yn
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(13)
0 19679 11999 8659  _ 15208 6779 a 00000
o MR T o A @) (7
= = ) n+2 00000
A 1303 sl _ A6 s
0 Jn+3 00000
Thig g _aeh adh oAb 6 fora |0 0000
5 n
0 4%%?7 _2247:)87 Sg’%l _@ 13%527 f+9 00 0 0 O
nts
The first characteristic polynomial of the block hybrid method is given by:
(14) p(R) = det(RA® — A1)
Substituting the value of A% and A® into the function above gives:
R 0 0 0 0 -1
0O R O 00 -1
0 0 R 00 -1
(15) 0 00RO -1 |ZEED
0 0 0 0 R 1
0 00 00 R-1

Therefore: R1 = Ro = R3 = R4 = Rs = 0 and Rg = 1. The hybrid method is
zero stable and consistence, since the order of the method R > 1 and by (Henrici,
1962); the block hybrid method is convergent.

5. NUMERICAL EXPERIMENT:

In this paper, we use newly constructed block hybrid methods and four step block
hybrid Adams-mouton methods proposed by (Yahaya and Sokoto, 2010) to solve
stiff and non-stiff initial value problems (IVP), in order to test for efficiency of
the schemes derived.
Example 5.1:

Consider the initial value problem:

Y =-y; y(0)=1
(16) 0<z<1:h=01

exact solution ; y(x) =e *

Firstly, we transform the schemes by substitution, to get a recurrence relation.
Substituting n = 0, 5, 10, --- and solving simultaneously using maple software
package we obtain the required results displayed in tables below:

SO OO oo

fn—5
fn—4
fn—S
fn—2
fn—l
In
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Table for Example 5.1:

X | Exact So- | Numerical Solution Absolute Error
lution
Proposed Mohammed | Proposed Mohammed
Hybrid (2011) for | Hybrid (2011) for
Method for | k=5 Method for | k=5
0.1 | 0.9048374181.9048374180 0.9048549405 | 0.00000E+00 1.75225E-05
0.2 | 0.81873075310.8187307531 0.8187488967 | 0.00000E+00 1.81436E-05
0.3 | 0.7408182200.7408182205 0.7408344615 | 2.00000E- 1.62408E-05
10
0.4 | 0.670320046®.6703200461 0.6703348438 | 1.00000E- 1.47978E-05
10
0.5 | 0.6065306590.6065306603 0.6065438712 | 6.00000E- 1.32115E-05
10
0.6 | 0.54881163610.5488116368 0.5488342186 | 7.00000E- 2.25825E-05
10
0.7 | 0.4965853038).4965853042 0.4966071254 | 4.00000E- 2.18216E-05
10
0.8 | 0.44932896410.4493289649 0.4493486023 | 8.00000E- 1.96382E-05
10
0.9 | 0.4065696591.4065696606 0.4065874913 | 9.00000E- 1.78316E-05
10
1.0 | 0.3678794413.3678794420 0.3678954677 | 8.00000E- 1.60265E-05
10

Example 5.2:

Consider the initial value problem

(17)

Yy =—-9; y0)=e
0<z<1; h=0.1

exact solution ; y(x)

1

:6_

9z
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Table for Example 5.2:

X | Exact So- | Numerical Solution Absolute Error
lution
Proposed Mohammed | Proposed Mohammed
Hybrid (2011) for | Hybrid (2011) for
Method for | k=5 Method for | k=5
k=5 k=5
0.1 | 1.10517E+001.10501E+00| 1.252501337E40060000E- 1.473304190E-
04 01
0.2 | 4.49329E- | 4.49262E- 5.267040462E-| 6.70000E- 7.737508220E-
01 01 01 05 02
0.3 | 1.82684E- | 1.82678E- 2.125875480E-| 6.00000E- 2.990402400E-
01 01 01 06 02
0.4 | 7.42736E- | 7.42874E- 8.737521120E-| 1.38000E- 1.310163320E-
02 02 02 05 02
0.5 | 3.01974E- | 3.01985E- 3.381617705E-| 1.10000E- 3.618794050E-
02 02 02 06 03
0.6 | 1.22773E- | 1.22778E- 1.558146272E-| 5.00000E- 3.304122720E-
02 02 02 07 03
0.7 | 4.99159E- | 4.99238E- 6.552343872E-| 7.90000E- 1.560749872E-
03 03 03 07 03
0.8 | 2.02943E- | 2.03019E- 2.644647840E-| 7.60000E- 6.152168400E-
03 03 03 07 04
0.9 | 8.25105E- | 8.25289E- 1.086971770E-| 1.84000E07 | 2.618667700E-
04 04 03 04
1.0 | 3.35463E- | 3.35538E- 4.206825865E-| 7.50000E- 8.713628650E-
04 04 04 08 05
Conclusions:

A Collocation technique, which yields a method with continuous coefficients,
is been presented for the approximate solution of first order ODEs with initial
conditions. Two test examples of stiff and non-stiff problems have been solved
to demonstrate the efficiency of the proposed method, and the results obtained
compared favourably with the exact solution and block hybrid method of Mo-
hammed (2011), which are all of step five (i.e. k& = 5). Interestingly, all the
discrete schemes used in the Block formulation were from a single continuous
formulation (CF).
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