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1. INTRODUCTION

The Tau method was initially formulated as a tool for the approximation of special functions
of mathematical physics which could be expressed in terms of simple differential equations
(Ortiz, 1969; Adeniyi, 1985; Adeniyi and Aliyu, 2011). It later developed into a powerful and
accurate tool for the numerical solution of complex differential and functional equations. The
main idea in it is to approximate the solution of a given problem by solving exactly an
approximate problem. The method is related to the principle of economization of a
differentiable function implicitly defined by a linear differential equation with polynomial
coefficients.
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1.1. The Differential Formulation of Lanczos Tau Method
Consider the m-th order linear differential system as shown in Equation (1).

Ly():= X pr(@)y®(x) = f(x), a< x <b (1)

Ly () 1 = Z:;Ol arie Y (%) = @, k=1(1ym (2)
The idea of Lanczos, C. (1938) as in Adeniyi (1991) and Aliyu, (2007) is to approximate the
solution of the differential Equation (1) by an n-th degree polynomial function.

Y@ = Toax,  n<w 3)
To obtain the exact solution of a perturbed equation, the polynomial perturbation term is
added to the right hand side of Equation (1). The polynomial y;,, (x) satisfies the condition
given in Equation (4).

Ly, () 1= Y1 By D () = f(x) + Hy (x) 4)
Where:
Hn(x) = Zirl:-'bs_l‘[m+s—1 Tn—m+r+1 (x) (5)

H,, (x) is taken as a linear combination of powers of x multiplied by Chebyshev Polynomial
(Fox, 1962; Adeniyi and Aliyu, 2007). The corresponding coefficients of x in Equation (5)
are equated and using the initial conditions, the system of equations are solved by Gaussian
elimination method.

1.2. The Integrated Formulation of Lanczos Tau Method

Consider the m-th order linear differential system of Equation (1) and let
1] l [ g(x)dx denote the indefinite integration i times applied to the function g(x), and

let I be

defined as follows:

L=[["[1()dx (©)
The integral form of Equation (1), is then:

Ly@)=[[[" [ f)dx + cpn1(x) (7)

Where c,,,_;(x) denotes an arbitrary polynomial of degree (m — 1) arising from the
constants of integration. The Tau approximate y,(x) of the solution y(x) of Equation (1)
thus satisfies the perturbed problem:

LG = [ [ 7 F@)dx + e (x) Hyym (x) ®
L* yn (k) ax, k =1(1)m )
where Hy,4p,(x))is as in Equation (5).

1.3. The Ortiz Recursive Formulation of the Tau Method

It was noted in Lanczos.C (1938) as in Aliyu A. I. (2007), that if a sequence of
polynomials Q,(x), n = 0, 1 such that DQ,(x) = x™ for all n € N can be found for any
linear differential operator with polynomial coefficients D, then since the chebyshev
polynomial
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n
T, (x) = Z My (10)
k=0
The solution of the Tau problem would be immediately given by:
n
Y (%) =le &0 11

where the parameter 7 is fixed using the initial condition. A recursive generation of Lanczos
canonical polynomials was proposed by Ortiz (1969). Let y(x) be a known function which
satisfies

Ly(x) = f(x) (12)
where L is m-th order linear differential operator with polynomial coefficients and
&) =% _pa, x" 13)

is a given polynomial of degree n with real coefficient f;, i = 0(1)n. In addition, it is
assumed that y(x) a < x < b, satisfies Equation (1).
A sequence Q, (x),r = 0 of canonical polynomial Q, (x) is uniquely associated with the
operator L in Equation (1) such that:
LQ,(x) = x7

(14)
A few members of the sequence may not be defined for certain operators L. Let S denote the
set of indices for which members of the sequence are not defined and let s denote the number
of elements of S. For the generation of the sequence, the generating polynomials Lx" is
utilised. The Tau method involves seeking a polynomial solution of the perturbed equation:

Ly (x)zzf 0 frx" + ;'mbs_l Tmts—r In—m+r+1 (x), 1= F (15)
Lyn (=% g fi X7+ TG Tnpsr Thogr Tt SLm Y 2 (16)
Using Equauons (14) and (16), we have:

m+s 1 (n— m+r+1)
LYn (x) Zr 0 fr Qr (x)+2 Tm+s—r Z LQk (x) (17)
Since L is linear, this becomes:
Lyn ()= L{Z) L fir Qr () + TP Tnsr TR0 ZUL"TY Q1 (0)) (18)
Assuming that L exits, this further gives Equation (19) as the approximation:
Lyn (=%l o fir Qe (0 + B Tgsmr ZR20 S5 Qe (1) (19)

At this stage, all the quantities on the right hand sides of Equation (18), except 74, ..., Tpy_s are
known. To determine these parameters, the Gaussian elimination is applied to m+s algebraic
equations.

(a). The coefficient of any Q, (x) ,reS in (18) is set to zero to give n conditions and

(b). y, (%) given by (18) satisfies (a) and also m conditions L*y, (x,) = a,, k=1,2,...,m

2. NUMERICAL EXAMPLE

Consider the solution of an ordinary differential equation with the Tau method for the three
variants described above.

2.1. Example 2.1
Consider the first-order IVP
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Ly(x):=(x — D) y'(x) +y(x) =0,y(0) = (20)
with exact solution y(x) = (1+x),0 < x < 1.From (2.1), m=1,s=0and f(x) =0

2.1.1. First variant (differential form)
From Equations (4) and (5), the Tau approximant (Equation 20) satisfies the condition of
Equation (20)

YTl (x) r 0 ar l n <®
21

(x + Dyn () + ¥ (x) = 71T, (%) (22)
yn (0) =1 (23)
Equation (22) is then solved for n=5, so the Tau problem we are concerned with is:
x+ Dy, () + ys (1) = 14 T5(x) (24)

ys(0) =1 (25)
where:

TZ(x) = —1+ 50x — 400x? + 1120x3 — 1280x* + 512x° (26)

Substituting Equation (21), (n = 5) into (24) gives:

5
r 5 r—1
Zrzo(r +Da, x" + ), ra.x

=1,(—1 + 50x — 400x? + 1120x3 — 1280x* + 512x°) (27)
Equating corresponding coefficients of powers of x in (27) and a, = 1 from the condition
(25) we obtain the Tau system‘

1 0 0 0 O az -1
2 2 00 O —50 az 0
0 3 3 0 0 400 a (_|0 (28)
0 0 4 4 0 —-11201(] a2 0
0 0 05 5 1280 | a, 0
0 0 00 6 —=5124lt 0

The solution of which gives:
T,=-3/2342, a,=-2339/2342 , a, = 2264/2342 , a; = -1864/2342,
a,=1024/2342, ag =-256/2342
Hence, the 5-th degree Tau approximant of Equation (20) is
ys(x) = — (256x° — 1024x* + 1864x3 — 2264x? + 2339x — 2342) /2342 (29)

2.1.2. Second variant (integrated formulation)
From Equation (4), we have for the given problem:

L(yG) = [IA+x)y' () +y()]ldx +¢c;, =0 (30)
= I,(y(x) = 1A +x)yx) - [y()dx + [ y(x)dx + c1=0

€1y
consider Equation (31) in the range [0, x] to obtain:
1+x)yx)—1=0 (32)
Thus, the perturbed integrated problem becomes
(1 + 1)y ()=1 + 71 Ty (x) (33)

Yn(o) =1
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Substituting Equation (21) and (n = 5) into Equation (33) gives

Yrcoar X"+ Z 0 drX X" =141, Te(x) (34)
Where:
To(x) =1 —72x + 840x% — 3584x3 + 6912x* — 6144x° + 2048x° (35)

Equating corresponding coefficients of powers of x in (32) and the proceeding as in the first
variant to obtain, for the case n = 5:
ap, = 19600/19601, a; = 19528/19601, a, = 18688/19601, a; = 15104/19601
a, = 8192/19601, as =2048/19601, t; =-1/19601
Hence the 5-th degree Tau approximant of (20) becomes
ys(x) = (19600 — 19528x + 18688x2 — 15104x3 + 8192x* — 2048x°)/19601

(36)
It is observed that the value of 7, in (36) is smaller than that obtained for the first variant due
to the higher order perturbation term used in Equation (33). If we define the error of the Tau
method at the point x = a,0 < a < 1,as |y(a)- ya (0)], then the error at the point x = 0.5,
for example, from the use of Equation (29) is approximately 7.12 X 1075 while the one
obtained from the use of Equation (36) is approximately 3.40 X 107>, justifying the claim
that the integrated formulation of the Tau method gives more accurate approximants than the
differential form.

2.1.3 Third variant (recursive formulation)

From Equation (19), we have, for the IVP (Equation 20)

Y ) =1 Teo 60, () (37)
where the members of the sequence Q,(x) ,r =0(1)n, of canonical polynomials are
generated recursively as follows:

From equation (20):

=(1+x)rx"™ 1 +x" (38)
ie. Lx" =+ Dx" +x"1 (39)
Using Equation (14) in Equation (39) we have:

=(r+1) LQy(x) +rLQr—1(x) (40)
and since L is linear, Equation (40) becomes:
x" =1Qr—1(x) + (r + 1)Qr(x) 41
which gives the recursive formula:
Qr(x) = *—rA ‘Tf;;“") , TeN “2)
From Equation (42), we obtain for r = O 1 2,3,4,5

Q@ =1 Q=22 Qux) =222, Qy(x) = T
342 I B

Q4(x) — x X x X+1 QS( ) — x X +x X +X+1 (43)

6
Thus, the 5-th degree Tau solution of Equation (22) is given by:

Ys(x) = 11(=Qo(x) + 50Q:(x) — 400Q;(x) + 1120Q5(x) — 1280Q4(x) + 512Q5(x))

(44)
where Q,(x), r = 0(1)5 are defined by Equation (43).Using condition of Equation (25) in
Equation (44), we obtain:
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7, =-3/1830. Thus, Equation (44) now becomes:

ys(x) = —(256x° — 1024x* + 1864x3 — 2264x2 + 1827x — 1830)/1830

After substituting the values of 7; and the expression for @, (x) and then simplifying the
resulting expression, thus, we observe that Equation (45) is almost the same as Equation (29)
obtained for the differential formulation.

3. ERROR ESTIMATION OF THE LANCZOS TAU METHOD

The subject of error estimation is of central concern in numerical analysis since most
numerical methods provide approximations to the true desired solutions of mathematical
problems; Namasivayam, S. and Ortiz, E. L. (1981) and Adeniyi R. B. (1991). It is important
to be able to bound or estimate the resulting error and a numerical method therefore that fails
to provide a suitable procedure for doing this is incomplete. The error estimation for the
three variants are thus reviewed hereunder.

3.1. Error Estimation for the Differential Form

The error function e, (x) defined

en(x) = y(x) = Y () (46)
which satisfies the error equation:

Len(x) — Hp(x) 47
and

Q)n m T;{—m

Enyy (x) = SnfniinomnC (48)
To determine @, in Equation (48), we consider the perturbed equation:
LEn41(x) = —Hp(x) + Hyyq (49)
Where:
Hurt(X) = T Tress1(0) + T2 Trgs(0) + oo Tonss Tr_my2 (%) (50)
That is:
LEnt1(X) =+ T1 T 4541 (X) + (T2- T1) Tpys(X) + (T3 - T2) Toesa(x) +. .. +
('l—'m+S 'Tn+s—1) Trt—m+2 (x) ~Tm+s — Tn-m+1 (x) (51)
The necessary (m+s+1) equations to determine 71, 72, . . . , Tm+s and @,, are given by equating

the coefficients of x™+$*1 x™*s _  x"~™~1 in Equation (51). Then the value of @, is

obtained by a forward substitution which depends on n and 7,,,¢. Substituting the expression
so obtained into m+s+1 (48) gives E,.;(x) in terms of known quantities and for large n,

Equation (52) is obtained as an estimate of the maximum error ¢, in the interval 0 <x < 1.

— .
SI - OlélxasxllEn-'-l(x)l - 22n-2m+1 (52)

3.2. Error Estimation for Integrated Formulation

The integrated formulation of the Tau method often leads to better accuracy of the Tau
solution (Fox, 1962; Ortiz, 1969; Aliyu, 2007). The integrated error equation is therefore
considered here with the aim of improving the accuracy of the estimate Equation (52). To the

1] l [ g(x)dx denote the indefinite integration i times applied to the function g(x) and let

(45)
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=f[" JL()dx (53)
be the integrated form of Equation (47). Therefore:

IEn(x) =- [ [ ™ [ Hy(x)dx (54)
The perturbed form of Equation (54) that is the perturbed error equation:

W(Ener () = = [ [ 7 [ Hy()dx + Huemen () (55)
which is satisfied by E,.;(x) given by Equation (48) with @, replaced by @x.

Hn+m+1(x) =T n+m+s+1(x) + 7T, T*(n+m+s) (x) + Tm+sTn+2(x) (56)

Equating corresponding coefficient of like powers of x in Equation (55) and solving the
resulting algebraic equations lead to the values of @, which yields Equation (57) as an
estimate of &.

&t = | @n |
1 7 j2n-2m+1

(57)
3.3. Error Estimation for the Ortiz Recursive Formulation

The expression of the approximate solution of y, (x) in terms of canonical polynomials
offers several advantages as canonical polynomials neither depend on the interval in which
the solution is sought (Crisci and Russo, 1982). Also, when an approximation of a higher
degree n+k, k > 1 is required, it is only necessary to compute Q41 (X), Qniz (X),...
Q41 (x), canonical polynomials, and then weight these and the ones already computed with
a different set of coefficients Cr(n+k), r=0(1)(n + k), to get the desired approximation.

Once the canonical polynomials are generated, they can be used for an error estimation of the
Tau method (Namasivayam and Ortiz, 1981; Crisci and Russo, 1982; Adebiyi and Aliyu,
2007). Here, we consider a slight perturbation of the given boundary conditions, by &; given
by Equation (52) to obtain an estimate of the Tau parameter T;,,; in terms of canonical
polynomials which is then substituted back into the expression for & in Equation (52) for a
new estimate &3.

4.0. NUMERICAL EXAMPLES

In this section, two examples are considered. The error was estimated for the three variants of
the Tau method. The effect of perturbing some of the homogenous conditions of the error
function e, (x) for the error polynomial E,,(x) for the case of boundary value problems
was also examined.

4.1. Example 4.1
We consider the IVP:

d

LJ’(X)i=(1+x)d_z+Y(X)=0,J’(0)=1 (58)
with theoretical solution y (x) = (1 +x)™!, 0<x <1

For the problem, m=1,s =0, f(x) = 0:

Ho(x)= Ty (x) =11 XPo C™ %, Honi(x) = &5 Tiyy () = 7 2L 7
En+1 (x) — (an’rn(x) _ anTn(x) _ Q)n 21”'}:& C;l Xr+1 (59)

cm-m-10) 7 o2n-1 T j2n-1
n-m+1
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4.1.1. Differential formulation
From Equation (49), we have:

LEps1 () =71 — Ty(x) + T3 Tpyqy (%) (60)
Substituting Equation (59) into Equation (60) results in:

(1 +x) (Epy1(0) +Epyy (x) ==XF20Cl X" + Ty X7 G X7 (61)
Where:

EL(x) = n_r+ 1) CMam= 22 (4 1)CP (= DX 2 ] (62)

22n 1

Expandlng both sides of Equation (61) results in:
2+n) CV x4 [((n+1) Y+ (n+ 1) ] x™+..] =

22n 1

22n 1
C(ﬂl)x"+1 +(Ty Cﬂ:l) C,Sﬁ:l))x +.....
(63)
Equating corresponding coefficients of x™*1 and x™ in Equation (63) gives the system of
equations:
feY = 2 2+m) Y (64)
HeY e = 2 (@ +n) ¢+ (n+ 1) CY) (65)
Equation (65) was solved for 7; and @,, by a forward substitution. From Equation (64):
_ @ 66
T = Zan-1_ D On (66)
_ _ Cr(zn_l) -1 CT(1n+1) -1
Cr(ln) = p2n 1’ CrgTil) 22n 1, =0 =7n, C(n+1) 5 (n + 1) 67)
n n+1
Substituting Equation (67) in (66) results in:
_ 2+n)0y,
=228 (68)
Substituting Equation (68) into (65) and simplifying results in:
_2°(2n-2)
On = (n+1) (69)
From Equation (49), we have form = 1:
&= 2(:i|1) (70)
4.1.2. Integrated formulation
From Equation (53) we have:
Jo I+ OEp41 (O + Eq(D]dt = =74 [ Hy(£)dt + T3 Hy(x) (71)
Replacing @, by @,, and H, ,,(x) = % Tpyp(x) = F 202 CRH 24T
Thus:
(1+ )Eps1 (OF = [ Ener (Odt + [ Enyy(Ddt = =T[5 T, ()dt + Tpip(x) (72)

Expanding Equation (72) and collecting like terms results in:

[C(n) n+2 + (C(n)+C(n)1)xn+1+ ]=‘L’1C(n+2) n+2 +

22n 1 n+2
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(n+2) _ T.C
ZToN n+1]] x4 (73)
Equating the corresponding of x™*2 and x"*! in Equation (73) gives the following system
of equations.
[QOF
(n+2) _Cn 9n
TChyz =Bt (74)
e
LY~ = s 6+ 6] (75)
Solving for 7;and @,, using forward substitution results in:
= % _ D 48 =——2"1 76
1= 2zn-1g(MHIF T g2n and Yn = GiDGrr10) (76)
From Equation (57):
* 2|f1|
€2 = an(@Ent10) (77)
4.1.3. Recursive formulation
The Tau approximant L, (x) = (1 + x) ~+ y(x) = 0,y(0) = 0 is defined as:
Yo (X) = T 2720 GF Qr(x)
(78)

where the members of the set of canonical polynomials Q,-(x), r= 0 (1) n, are generated
recursively from:

Qr(x) = TQ+1(")
(79)
Q) =1, () = 1, 0,(0) = TFH, 050 = T
and we let
REX) =370 C 0 (), K=0(1)m 50)

denote the derivative of R, (x) where Q,(x), r =0 is set of canonical polynomials
associated with conditions. Using the initial condition y,, (0) = 1, we have from Equation (79)
and (80):

7R, (0) =1

Hence, |7, | |Rn (0) <1+ & Since &5 =0
and this becomes:

~ 2(n+1)

< — - i

%l < 2 (n+1)| Ry (0)]-1

This estimate of |7 | is substituted into Equation (70) to give:
1

* < .
= D R 1 3 (82)
This is dependent on the canonical polynomials but independent on 7; .The main attraction of
Equation (82) is that it is possible to obtain an estimate of the error prior to computation of

81)

Yn (x), assuming Cr(n) and Q,- (x) ,r = 0(1)n are known.
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4.2. Example 4.2

Consider the second Order IVP:

Lyx)=y"(x)—4y=0,y(0)=1,y'(0)=1 (83)
with analytic solution y(x) = % (3e?* —e™2¥), 0<x<1.

For this problem m = 2,5, = 0, f(x) = 0

Hy () = BT~ () = 520G 2™ + 5 N0 ¢ 1

iT = * = * = 1 1 —
Hyyr ) = 11Ty () + 5,7, () = T, Z,(j:(r) )Cr(n+ ) X +1; ZSBO Cr(n) x"
Onx?Th_1 () Onx?Th_1 () [0} -1
Enes () = S5 = 200D = S 6T are (84)
n-m+1

4.2.1. Differential formulation

From Equation (49) we have:

LEpy; () = =TT (0) — T 1 () + T1Thyy () + 7T (%) (85)
which after expanding Equation (85) results in:

o =40 = 4c Y x4 [n(n+ DETTY - 40Pt 4
=7, 2 + [5CTY + 5 Y - P at +
(G0 + B0 = Gy =15 GV ! 4o (86)
Equating the corresponding coefficients of x™*1,x™ and x™ ! in (86) and solving the
resulting systems equations we obtain the value of @,,.

2n—4
B = —— 87

1
where k, = 16 "tV — ¢ —n(n — 1)22n
Hence:
* 22n—1|T2|
17y (88)
4.2.2. Integrated formulation
From Equation (55):
t ~

Iy (Eper )= — [0 [ Hy Wdudt + Hyys () (89)
Where:

Hops () = T, 202300 x4 g, ymt2 2 yry
H, (X) =17 2;1:0 Cﬁn) X7 + T, Z:«l;(} C,gn_l) X"

Ppx2Tp_q (x)

Enii (0) = =—F55— (90)
Substituting Equation (89) into (90) results in:

5 Jy Evva@dudt — [ [ Epyy () dudt = —t; [T f3 Hy () dudt + Hoes (x)  O1)

n+1 ;

n+3 x™*2 and x™*!in (91) and solving the resulting

Equating corresponding coefficients of x
systems of equations results in the following:
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(n+2)(n+3)x26n=3¢
_ 2

B, = - (92)
ky = (M 2)(n+3)[nx 2401 — n(n + D2t 2250 M| -
n(n + 1)CIEY x 22n-3 (93)
Thus:

4n
Sik _ (n+2)(n+k32)><2 |T4] (94)

4.2.3. Recursive formulation
The Tau approximation of Equation (58) is defined as:

Yo (0 =T B0 G Qr () + 12 2053 677 @, () (95)
where the members of the set of canonical polynomials Q,(x), r = 0 (1)n are generated
recursively from:

0, (x) = [z @ ()

4
That is:

W= "o w-"t0w-" - w = L
Qox—4'Q1x—4'Q2x—8 4'Q3x_8 Tk

) = -3 3x? x* ) = —15x 5x¢3 x5
Q)= g 4 7 =3 x4
Substituting the initial conditions Equation (83) in (95) results in:
7t 206 0 () + 1 X153 7Y @ (0 =1 (96)
and
7 210 6 Qu(0) + T, X1 ¢V Q(0) = 1 97)
In the notation of Equation (80), these yields:
1R, (0) + 2R, -1 (0) =1 (98)
71 Ry (0) + 7R, (0) =1 (99)
From Equation (99):
71 =[ 1= 73R;_1(0)]/R(0) (100)
Inserting Equation (100) into (98) gives:
[Rn-1(0)]Rn(0) — Ry _1(0)] 72 = Ry, (0) — R, (0)
Thus:
|[Rn-1(0)R7.(0) = Ry—1(0) Ry, (0]]I72] < Rp(0) — Ry (0)] + &f
since & = 0 from Equation (88), thus:

K1|R7.(0)= Ry (0)]
<
el < lke1 [I[Rn-1(0)Rp(0)=Ry,—1 (0) Ry (0)[ 22771 (10D)
k *

But: |75| = 221:‘_11
This estimate of |t,| is substituted back into Equation (101) to give:
e < |R7.(0)= Ry (0)] (102)

= 27 D|ky ||Rp—1 (0)R7,(0)~Ry—1(0) Ry (0)| -1
where k; = 16C™1Y — ™ _n(n — 1) 22
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This is the error estimate which is dependent on the canonical polynomials but independent

of 1,
Table 1: Error and error estimate for Example 1

No.of opproximant 2 3 4 5
& 2.17x10°  3.68 x 107! 6.25 x 10?2 9.94 x 10*
& 245x 103  2.66 x 10 3.15x 10° 3.96 x 10°¢
€3 222x 102 3.69x10° 6.28 x 10 1.07 x 10*
Exact Error 229x 102 4.95x 1073 7.51 x 10 1.12 x 10*

Comment: &7 has smaller error than &

Table 2: Error and error estimate for Example 2

No.of approximant 2 3 4 5
&l 416x10° 1.70x 10" 1.19x 102  9.94 x 10*
& 1.96 x 102 1.11x10° 570x10°  3.36x 10°
&3 486x10° 1.71x 10" 1.19x 102  9.94 x 10*
Exact Error 1.55x10° 4.92x 10" 3.61x102 4.86x10*

Comment: &, shows significant improvement over &; for example 2
4. CONCLUSION

It is observed in this work that perturbing the integrated error equation appears to improve the
accuracy of the error estimate significantly. Also the representation of the estimate in terms of
canonical polynomials does not lead to appreciable loss of accuracy. In Examples 4.1 and 4.2,
it is noted that both the differential and recursive forms yield approximations of the same
order when all the parameters involved in the general form took value.
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