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1. INTRODUCTION

The essence of the tau method is to perturb the given differential problem in such a way that
its exact solution becomes a polynomial (Lanczos, 1938; Lanczos, 1956; Ortiz, 1969). This is
achieved by using a polynomial perturbation term, added to the right hand side of the
differential equation. The desired Tau approximation is written in terms of a special
polynomial basis called the canonical polynomial basis. This is uniquely associated with the
given differential operator D which defines the given problem such basis does not depend on
the degree of approximation (Ortiz, 1974). The order of the approximation can be increased
by just adding one or more canonical polynomials to those already generated and updating
the coefficients affecting them (Adeniyi and Ma’ali, 2008; Yisa and Adeniyi, 2012).
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An attempt to improve upon accuracy of the tau approximant of y(x) resulting from the
differential form led to the integrated formulation. By this method, the differential equation is
integrated through as many times as its order, which consequently leads to higher
perturbation than the original differential formation. To give more flexibility in computation
of Tau solution, Lanczos (1956) introduced a systematic use of the so-called canonical
polynomials in the Tau method. A recursive generation of Lanczos canonical
polynomials was proposed by Ortiz (1969) and extended in Namasivayam and Ortiz (1981)
and more recently, Adeniyi and Aliyu (2012a), Adeniyi and Aliyu (2012b) and Ma’ali
(2012).

Let us consider the following m-th order linear differential equation:

Ly(x) := X156 pr ()" () = Zloo fix”, a<x2b (1)
Ly(x) := ;n=—01 Qrk y(r)(xrk) = ag, k=11)m.
2
The integrated form of Equation (2) is given by:
LyG) = [ff I [fG)dx + Cn(x) 3)
Where C,,(x) denotes an arbitrary polynomial of degree (m-1),
arising from constants of integration, and equation (4) is the m time indefinite integration of

L()

LyG) = [If .0 [L()dx + “)
The tau approximant y, (x) of Equation (1), satisfied the perturbed problem:

LyG) = [[[ .7 [fG)dx+ Cn() + Hpn(2) 5)
Ly, (xp) = ay, k=11)m (6)
Where:

Hpem (x) = Z;n:-gs—l Crts—rT-mar+1(X) @)

and
yn(x) = 2?:0 ar x" = Y(x) ,n+ )

The tau problem (Equation 5) gives a more accurate approximate of y(x) than Equation (1)
due to the higher perturbation term.

2. THE GENERALIZED RECURRENCE RELATION FOR THE INTEGRATED
VARIANT FOR M-TH ORDER ORDINARY DIFFERENTIAL EQUATIONS

The generalized recurrence relation for the initial value problem (Equation 1) will be
obtained for the cases m = 1,2,3,...and s = 0,1, 2, .... The following individual cases are
considered and from which the general case will be obtained.

Thecasem =1,s=0

From Equation (1):

(Pro + P11x)y'(x) + Pooy(x) = Zfzofrxr as<a<b )]

y(@) = a (10)

From the method, we have:
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S WPro + Praw) (€5 (Wnsr + Poo (en(W)psaldu = =74 [J Hy(du + #1Hoiy(x) (11)
Where:

Vin ()9 @ _ 52)m@ _ _ Ga@ra)

(en(x))n+1 = = xc(rTLIT:;+T)+1 - = = Z(ri? - == nz);n‘[_n1x (12)

n-m+1 n

(enCnsr = o [Kx™ + Kox™ + Kax™ 4 4 + o] (13)
1

Where:

Ky=C, K, =C, Ky =C™, etc.

and

Hy(0) = 1y 2000 G and Hyyq () = 74 5722 2 17 (14)

Thus, from Equatlon (13) we have:
O [Kyx"t2 K, xTH1
Sy (n(W))nsq du = KT[ g 4t ] (15)

Substitute Equation (13), (14) and (15) into (11), expanding it and collecting the like terms
results in:

Kgxn

_ ()
K% [Ax™F2 4+ x4+ ] = TlC(EZ)x”” [th”If %] x g (16)
Where:
_ P00+(n+1)P11 _ P00+nP11
Al - [ n+2 ]Kl' /12 = P1o + [ n+1 ]KZ (17)
Equating the corresponding coefficients of x™*? and x™*! in Equation (17) and solving the
resulting system of equations results in:
A P2
bR "
and
= Kity
0= (n+1)R; (19)
where:
C(n+2)R
Ry = 2, — 2ttt (20)
n+2
Thecasem=1,s=1
Ly(x) = (Pyo + Pyq + Pi2x?)y' (x) + (P + Ppya)y(x) = Zf:ofr x" (2D

a<x<b
With the initial condition as given in Equation (10). The perturbed integral form of Equation
(21) becomes:

f [(Plo + Pjju+ Plzuz)(erl (W)n+1 + (Poo + POlu)(en(u))n+1] du
0

= —1; f} Hpsr Wdu + 7142 (x) (22)
where:

Hn+1(x) = T1Tn+1(x) + TZTn(x) (23)
and

Hypyp (%) = T1Tn13(x) + T2T542 () (24)

Inserting Equation (24), (13) and (15) into (22) gives:
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—~

o
ra [Ax™3 4+ 2,02 + L™+ + 4 -]
1

T C(n+1)
=7, ynt3 g g, ¢ g D) Lntl |2
n+2
(n+1) (n)

e + oy - s - sl @
where:
A = [ ] K

L n+3 1
%= [+ [

n+2 n+ 2( 0

by = P+ [P0 ] |«

3 10ty + n+1 2 n+1 3
K,=cP, K,=c™, k;=c™, etc. (26)

Equating the coefficients of powers of x™*3,x™*2 and x"*! from both sides of Equation

(25) we obtain the following values for T;,T,, and d:

i PAy
=
(n+3)
KICM% ) (n+3)
n+ i n+
£, = TlCn+1 + 2 , - Cn—z /‘11‘
+2 +3
m+2)c57 Gl oY
R _TKi1T2
O = (n+1)R3 @7
Where:
s _
R3 =13 — ) - D) (28)
n+3 n+2
Which gives the following recursive form:
Ri=X4
(n+3)
R _ A _ Cn+2 Rl
2= 72 (n+3)
( n+)3 (n+2)
Cnn+3 R Cnn+2 R
R3; = A3 — J(rri+3)1 - J(r71+2)2 (29)
Cn+3 Cn+2

Continuing with the process using m = 1,s = 1,2, 3,4, ... by expanding Equation (1) we
have the following recursive forms:
Form = 1,s = 2, we have

+4
R = 1 — 61(113 'R,
272 (n+4)
R (n+3)
n+ n+
R3 - 13 _ Cn+2 Rl _ Cn+2 RZ

(n+4) (n+3)
Cn+4 Cn+3
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Cr(zn+4)R C(n+3)R C(n+2)R
Ry =24 — J(rri+4)1 - (n+3)2 - (n+2)3 (30)
Cnss Crys Crsz
Where:
M = n+4 Kl
z i n+3 ] 1 n+3 2
T = Poo+(n+1)P11K+[Po1+”P1z] Poz+(n—1)P13K
T n+2 ! +2 177 n+2 3
Ay = PoK, + [P00+nP11] K, + [P01+(n 1)P12] Ks + [Poz+(n 2)P13] K, 31)
Form =1,s = 3,,we have
Ry =X
(n+5)
R _ A Cn+4 Rl
2 =2 C(n+5)
C(rrlIISS)R C(n+4)
R.=21 n+3 1 *~n+3 2
3=/ C(n+5) C(n+3)
C(rﬁss)R C(n+3)R cm3Ip
R, =1 n+2 1 “n+1 2 ~n+42 3
4 — M (n+5) (n+4) (n+3)
(Cn-sk)s ¢ C1)1+4 ¢ B)Cn+3
c n+ R C n+4 R C n+ R
RS = AS - Tcl,-'(-rt+5)1 - 2?1;4)2 - nt11+3)3 (32)
n+s n+4 Cnts
Where:
1 = 'Po3+(”+1)P14'K
1~ 1
n+5
z i n+4 ] ! n+4 2
T = P01+(n+1)P1zK+[Poz+np13]K Po3+(n—1)P14K
3 n+3 ! n+3 2 n+3 3
/14 — P00+(Tl+1)P11] Kl [P01++n2P12] Kz + |:P02+§1Tl+—21)P13:| K3+ [P03+£ln+—22)P14 K4
P00+nP11 Po1+(n—1)P;, Po2+(n—2)P;3 Py +(n—1)P;3
s = Proky + [2EE] y + [FEEie o [P R g o [HREREEE i
(33)
Similarly, form = 1,s = 4:
Ry =X
(n+6)
R _ A Cn+5 Rl
2 =72 C(n+6)
(n16) (n+5)
n+ n+
R.= 1 Cn+4 Rl Cn+4 2
3~ /37 C(n+6) C(n+5)
n+6 n+5
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(n+6) (n+5) (n+4)
Ry =2, — Cn+3 Ry _ Cn+3 R, _ Cn+3 Rs
(n+6) (n+5) (n+4)
€n+6) €n+5) €n+4) (n+3)
+6 +5 +4 n+
Re = A — Cnr-il-z Rl _ Cnr-}-z RZ _ Cnr-}-z R3 _ Cn+2 R4
5775 (n+6) (n+5) (n+4) (n+3)
(Cn+)6 } C;?)l+5 } )Cn+4 } ) Cn+3( )
— CnTEG Ry Cn?—-: Ry Cn:l—-;‘l- R3 Cnrri?’ Ry Cnﬁ—-;z Rs
Fomle ™"l ~ 7 e o G4
Where:
[Py + (n+ 1)P;5]
A= K
! ! n+6 | !
Pys + (n+ 1)Py, Py + nPys
he koo [Pt
z i n+5 ] ! n+5 2
[Py, + (n + 1) Py3] Py3 +nP. Py, + (n — 1P
A, = 02 TE+4 )Py3 K1+[ 03 +414] , [04 YE+4 ) 15]K3
Py, + (n + 1Py, Py, + nP Pys + (n—1)P.
A, = o1+ ( )12K1+[02 13 , [03 ( )14]K3
n+3 ] n+3 n+3
Pos + (n — 2)Py5
| |
n+3
[Py + (n+1)P. Py + nP Py, + (n—1)P
A = 00 n(+2)11]K1 [01n+212]K2 [02 YE+2)13]K3
Poz + (n — 2)Py,
n+2 o
[Py, + (n— 3)P
4 [Fos ( ) 15] K,
| n+2
Pyo + nP Py, +(n—1)P Py, + (n—2)P
/16=P10K1+[0(;1+111]K2 01 TE+2)12]K3 [02 TE+1)13]K4
et fustan os

Thecase m=2,s=0

From Equation (1) we have form = 2,s = 0:

Ly(x) := (Pyo + Pp1 + Pzzxz)yii(x) + (Pyo + Pllx)yi(x) + Py (x) = f:ofrxrr

x<b

y(a) = ao,yi(X) =0
which yields:

a<
(36)
(37)

f(;c ff[(on + Pyt + Pypt?) (el (0))nar + (Pro + Pi1t) (e, (6))ns1 + Poo(en(t)Ins1]dtdu =

= Iy Iy Ha(@®)dtdu + i1 (x) (38)
B (=) i1 (1) BpxPTpy ()
(en(X))n+1 = - Ca(n—;rn+1) 22 = 92(;_1)1 > =
n-m+1 n—1
D, x%7,_1(%)
- 22nn—31 (39)
ey (X)) pay = :_f [Kyx™ + Kox™ + Kax™ L + ++.. ] (40)
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Where:

K=Y, K=Y K=Y

and

I:Ivn(x) = Tl‘[n(x) + TZTn—l(x)

Hn+m+1(x) = fl‘tn+3(x) + 72T (x) (41)

Inserting Equation (39) and (40) into (36), collecting the like terms and equating the

corresponding coefficients of x™*3, x"*2, and x™*1! yields:
= _  —Kit,

n = n(n+1)R3 (42)
Where R;s are obtained recursively by
Ry =4
(n+3)
R — /1 _ Cn+2 Rl
2= 72 (n+3)
( n;)g (n+2)
Cnn+ R Cnn+ R
Ry = A3 — CJ(rri+3)1 - CJ(r11+2)2 43)
n+3 n+2
and
' Pyo + (n+ )Py + n(n+ 1)P,,
! (n+2)(n+3) !
_ [Plo + nP21] Pyo + nPy; + n(n— 1)P,,
z n+ 2 1 n+1)n+2) z
_ P1o+(n—1)P;y Poo+(n—1)P11+(n—1)(n—2)P,,
/13 - PZOKI + [ n+1 ]K2++ [ nn+1)(n+2) ]K3 (44)

Continuing with the process, using m = 2 and varying the value of si.e. (s=1,2,3,...) and
expanding Equation (36) the following recursive form is obtained:

+4
R = 1o — 61(113 )Rl
2= 72 (n+4)
n+4

(n+4) (n+3)
Ry =25 — Cn+2 Ry _ Cn+2 R,

(n+4) (n+3)
(Cn+)4 ( Cr)l+3 (n+2)
n+4 n+3 n+2
R, =, — Chi1 R _ Cni1 Ro _ Cni1 Rs (45)
4 — 4 C(n+4) C(n+3) C(n+2)
n+4 n+3 n+2

Where:

_ [Por + (n+ DPy; +n(n + 1)Py3
’11__ (n+2)(n+3) ]
1= [Py + (n+ 1)Py; + n(n + 1)P2] [P01 +nPy, + n(n — 1)P23]

2 i n+2)(n+3) ! n+2)(n+3) 2
1 = P + nP21] [POO +nPy; + n(n — 1)P22]
37 n+2 ! n+1Dn+2) z
[Po1 + (n— 1P + (n— D(n — 2)P23]K

nn+ 1)(n+2) 3
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Pyo+ (n—1)Pyy Pyo + (n — 1Py + (n —1)(n — 2)P,,
As = Paoly + [ n+1 2+ nn+1) Ks
Po1+(n—2)P1,+(n—2)(n—3)P,3
+ [ n(n-1)(n+1) ] K4 (46)
and for m =2, s =2, we obtain:
Rl ::Al
5
R. = 1 e Ry
2 =A== G
(ni9) (n+4)
n+ n+
Ry = Aa — Cn+3 Rl _ Cn+3 RZ
3773 C(n+5) C(n+4)
n+5 n+4

+
CO R COEPR, O PR,
R4 ::A4'_ - -

(n+5) (n+4) (n+3)
Cn+5 Cn+4 Cn+3 (n42)
(n+5) (n+4) (n+3) n+2
Re = Ae — Cnril Ry _ Cn?—l Rz _ Cnr-}-l R3 _ Cni1 Ra (47)
5 — 75 (n+5) C(n+4) C(n+3) C(n+2)
n+5 n+4 n+3 n+2
Similarly, the recursive form for m = 2, s = 3 were obtained as follows: R; = A4
(n+6)
R, = 1, Cnts B
2= 72 (n+6)
n+6

(n+6) (n+5)
Ry =213 — Cn+4 Ry _ Cn+4 R,

(n+6) (n+5)
(Cn-'-)6 ( Cr)l > (n+5)
n+6 n+s n+s
R, =1, — Cniz Ra _ Chiz R2 _ Chiz Rz
4 — 4 C(n+6) C(n+5) C(n+4)
(re), S p ) (n+3)
n+6 n+5 n+4 n+3
Re = Ac — Cn+2 Rl _ Cn+2 RZ _ Cn+2 R3 _ Cn+2 R4
5775 c+6) c@+5) c@+D c+3)
n+6 ; 7)1+5 n+4 } ) n+3 ; )
+6 n+5 +4 n+3 n+2
R. =1, — Cr(:}rl )Rl _ Chii Rz _ Cr(z?q )R3 _ Cni1 Ra _ Chi1 Rs (48)
6 — té (n+6) C(n+5) C(n+4) C(n+3) C(n+2)
n+6 n+5s n+4 n+3 n+2
Continuing with the procedure for m = 3, 4, . . . and varying s i.e. (s = 0,1,2,3,...) and

expanding Equation (1) fully, the following general expression for 4, and R,, is obtained as

shown:
C(n+m+s+2—i)

R, = A, — YVo) stz R, v=123,..m+s. (49)
n+m+s+2—i
Where 1,,:
P {0 (Prs—vris pGDCH2K
A, = P—— : v=123.m+s+1 (50)

Tyr—q ~(n+s+m+3-v-r)
Providedi 2v—-—m+1
In order to establish the validity of Equations (49) and (50), the following theorems were
stated.

2.1. Theorem
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The parameters R,,,¢.q Of the error estimate is given by the recurrence relation:

C(n+m+s+2—i)

i=1 _
RU :AU_ L—l%Ri ,U = 112;31 '"m+s (51)
n+m+s+2-i
Where: 1,,:

A, = P20 P sy UDG K
, =

STV (i s+m+3—v—-1)

v=123.m+s+1 (52)

2.2. Proof

The principle of mathematical induction was employed over the summation variables m and
v to establish the validity of Equation (50). This was done by varying one of these variables
at a time while the other was fixed.

1= Z {1 0P s—vrir y GHCTK;

v L Tt s+m+3—v—7)
Firstly, let v = 1 in Equation (50), that is, it is assumed that Equation (50) is true for v = 1, so
that:

{(ZTo(Psep G i
i (n+s+m+2-7)

A= lei=v=1 (33)

Now, using induction on m for fixed v = 1, it is shown that Equation (50) holds for m=1, that
is, for m=1:

_ (BB GHG

A i.em=1
! T (n+s+3-r)
- PO,S + Pl,,s+1(n + 1) K
n+s+2) 1
_ (Post(+1)Py 541
- { (n+s+2) }Kl (54)

Which is the same as A; in equation (54) when s=0,s=1,s=2 s=3,and s =4
respectively.

Hence, Equation (53) is true for m=1. Thus we now assume that Equation (53) is true for m=
[ which gives:
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{BoPsspy DG Ky
n£:1(n+s+c+2—r)

A = m= (55)

It is then shows that Equation (53) holds form = [ + 1.

From the construction of A, for m=1 up to m=[:

_ ZeoBsen DG {(Praasnir) I+ DUGEDIK
ol (n+s+1+3-71) rtln+s+1+2-7)

r=1

{ Yimo(BisrpGDG N {(Pryasrien)[L+ 1)!](?:11)}}1{
Tl (n+s+1+3-7) awtlm+s+l+2-7) ) !

r=1

e

TP sy GO DK
:{ j 3511, UG} (56)

Ty (n+s+l+2-1)

Thus, since equation (49) holds for m = [ + 1, hence it holds for all positive values of m

Next, it is assumed that Equation (49) holds for v = [, that is:

_ Zf':l{zyio(f’j,s—mﬂ)(ﬂ)(?“_i)}Kz

A Ty, (n+s+m+3-1-r) (57)
and then it is shown that it holds for v = [ 4+ 1. That is:
P ﬁii{Z}io(Pj,s—mm(J'!)(}”z_i)}l(i 53
I+1 — At = (g sema3—1-1) (58)
But by the construction of Aj+1:
I Tia (B0 (Pys-14ie p UD )i, .\ +{2}"=0<P,-,s_z+1)<j!)(7+2‘i)}m+1 59)
1= il nts4+m4+3-1-1) L, (n+s+m+3-1-7)
l+1fym iy mt+2-i
=112 j=0(Pjs—1+i+j+1) UDGT I K;
g = Bty UG D) (60)

Me—7 (nts+m+3—-1l-r)

Thus, from the foregoing it can be concluded that Equation (49) and (50) hold for all values
of m and v and this confirms the validity of the theorem.

4. CONCLUSION

The derivation of a general formula for the integrated formulation of the tau method for m-th
order linear ODEs has been presented. The formulae are recursive and hence makes for easy
determination of particular cases for which m will be specified. The present error estimation



213
A.Y. Badeggi et al. / Nigerian Research Journal of Engineering and Environmental Sciences
2(1) 2017 pp. 203-214

technique shows a remarkable improvement over these works done on the subject of error
analysis of the Tau method as it leads to error estimation formula with wider scope of
application. Also, the estimate proposed here does not involve any iteration for linear
problems nor matrix inversion. This is desirable in handling non-linear problems, where s, the
number of over determination of the equation being considered, depends on n, the degree of
the Tau approximant being sought and for large value of n, (m + s) then becomes very large.
All these features are desirable and render the error estimation technique and the formula
attractive for use with software design for the Tau method.
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