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ABSTRACT

In this research work, we reformulated the block hybrid Backward Differentiation Formula (BDF) for k = 4 into Runge Kutta Type
Method (RKTM) of the same step number for the solution of Initial value problem in Ordinary Differential Equation (ODE). The
method can be use to solve both first and second order (special or general form). It can also be extended to solve higher order ODE.
This method differs from conventional BDF as derivation is done only once.
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1. INTRODUCTION

In an earlier work (Muhammad and Yahaya (2011)), the idea
of multistep collocation was adopted to obtain the continous
forms of some derived hybrid Backward Differentiation
Formulae (BDF) collated from literature. The continous
forms were evaluated at some grid and off grid points which
gave rise to block BDF (Hybrid and Non-hybrid) for k =
1,2,3....6. The Block Backward Differentiation Formulae

y =f(xy) y(xp) =y
y' =fxy) y(xo) =y y'(x) =B
y' =fxyy) y(x) =y y'(x) =B

We consider the numerical solution of the Initial Value
Problem that has benefits such as self starting, high order, low
error constants, satisfactory stability property such as A-
stability and low implementation cost. We emphasize the
combination of multistep structure with the use of off grid

Y0 = B () yney +h X B F(%,¥(E))

(Hybrid and Non-hybrid) were used to obtain solutions of
some stiff and non-stiff Initial Value Problems.

In this paper, we seek to reformulate the Block Backward
Differentiation Formulae (Hybrid and Non-hybrid) for k = 4
into Runge Kutta Type Method for the solution of Initial
Value Problems in Ordinary Differential Equations (ODE) of
the form

1)

)

(©)
points and seek a method that is both multistage and
multivalue. This will enable us to extend the general linear

formulation to the high order Runge kutta case (Butcher
2003) by considering a polynomial

(4)

Where t denotes the number of interpolation points x,,,;,j = 0,1....t — 1 and m denotes the distinct collocation points
X;€[xn, xn4i],j = 0,1.....m — 1 chosen from the given step [x,, Xy, ].

Butcher defined an s-stage Runge Kutta method for the first order differential equation in the form

Vne1 = Yn + R 27 =1 aijk;
wherefori =1,2..........s

ki = f(xi + (Zjh, Yn + hZf,;i1 a”k])

)

(6)

The real parameters «;, k;, a;; define the method. The method in Butcher array form can be written as

a | B
bT
Where a;; =
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The Runge Kutta Nystrom (RKN) method is an extension of Runge Kutta method for second order ODE of the form

y'=f0yy) y(x0) =yo ¥ (x0) = ¥o @)

An S-stage implicit Runge Kutta Nystrom for direct integration of second order initial value problem is defined in the form

Yn+1 = Y + @ihy, + W2 35 2 a;k; (8a)
Yne1 = Yo + W25, @55 k; (8b)
wherefori =1,2..........s

ki = f(x; + ajh, y + ashy, + B2 X5 iy aijk;, v + h 352, @55 k) (80)

The real parameters a;, k;, a;;, a;; define the method, the method in butcher array form is expressed as

A=aq;=p? A=a;=8 B = Be

2. CONSTRUCTION OF THE BLOCK HYBRID BACKWARD DIFFERENTIATION FORMULA WHEN
K = 4 (BHBDF4)

Consider the approximate solution to (1) in the form of power series

y(x) = X5 agx/ €))
a€R,j=0L)t+m—-1,y€ C™(a,b) c P(x)

y'(x) = X5 (10)

Where q;’s are the parameters to be determined, ¢ and m are the points of interpolation and collocation respectively.

When K = 4, we interpolate (t =5) atj = 0,%, 1,2,3 and collocate (m = 1) at j = 4. The equation can be expressed as

1

y(x) = T axd =y j=0,7,123 (11)
y' () =X oyt = foy j=4 (12)

The general form of the proposed method upon addition of one off grid point is expressed as;

() = a1y + a2 () Yns1 + a3()Ynez + A ynes + as(x)yn% + hBo() frsa  (13)

The matrix D of dimension (t + m) = (t + m) of the proposed method is expressed as:

X, xZ Xy Xn x5
X, +h (x,+h)? (x,+h)? (x, + B)* (x, + h)®
X, +2h (X, + 2h)? (x, + 2h)* (%, +2R)* (x, + 2h)5
X, +3h (x, +3h)? (x, + 3% (x, +3R)* (x,+3h)°
Xp+ih (o +30)? (5 +20)° (o +3DY (x, +3h)°
1 2x, + 8h 3(x, + 4h)* 4(x, +4h)®> 5(x, + 4h)*]

‘O RR R R R
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Using the maple software package, we invert the matrix D, to obtain columns which form the matrix C. The elements of C are used
to generate the continous coefficients of the method as:

a,(x) = Cyq + Cpyx + C31x?% + Cpyx3 + Coyx* + Cgyx°
a0, (x) = Cip + Cppx + C35x? + Cupx® + Cspx* + Cgpx®
a3(x) = Ci3 + Cyzx + C33%% + Ca3x® + Co3x* + Cy3x® (14)
a,(x) = Cpg + Coux + C34x% + Cagx® + Coux* + Coyx®
as(x) = Cis + Cosx + C35x? + Chsx® + Cosx* + Cysx®

Bo(x) = Cig + Coex + C36x% + Chex® + Csex* + Coex®

The values of the continous coefficients (14) are substituted into (13) to give as the continous form of the four step block hybrid
BDF with one off step interpolation point.

V)= (5 = (238815 + 9688h" + 13191x2h* + 7666x3h? +1953x4h + 178x3) — —-- L (4844h* + 13191x,h* +
11499x,21h2 + 3906xf;h + 445xf{)x + % 13191h3+22998xnh;;-11718xnh+1780xn 2 ﬁ 3833h2+39(:;xnh+890xn 3 4

ﬁ 190 42 25) g+ (ke = (2 (1534R% + 4694x,h* + 3785x2h? + 1139x3h + 114x)) -

L1 (x, (1536h* + 4694,k + 378522k + 1139x3h + 114x))x + o 2 II9Tan HOBGN IO 2

ﬁ 3785h2+455:;cnh+1140xn 3 + ;8 1139h;5570xn 4 19597th )yn+1 +

( 2388 K5 (xn(7591xnh3 +7978x2h? + 2837x3h + 314x; + 2136h"))

(7591xnh3 + 11967x2h? + 5674x3h + 785x; + 1068h*)x

T 1194 ms
1 7591h% + 23934x,h? + 17022x2h + 3140x3 , 1 3989h% + 5674x,h + 1570x2
2388 1S X T 1194 hS X
L 2837h+1570%, , = 157
2388 PE X T 110aps * ) Ine2

11 - . ) 3 4
+lz970 E(xn(4613xnh +1893x2h + 230x; + 4038x,h® + 1088h*))

(13839x5h2 + 7572x3h + 1150x% + 785x% + 8076x,h% + 1088h*)x

T 597088
L1 13839x,h” + 11358xth + 23003 +4038h° , 1 4613k +7572x,h +2300%3
5970 hS * 75970 hS x
L 1 1893h+1150%, , 23
5970 hS x 597hs © ) Yn+s
( 321 (xn(25xn +262x3h + 947x2h? + 1382x,h° + 672h4)> 432 e L (125x* + 1048x3h + 2841x2h + 2764xnh3
4 __°s = 2 2 3 2 3 _ 24
672h*)x i 1 (25043 + 1572xnh +2841x,h% + 1382h0)x2 + 2L (250x2 + 1048x,h + 947h?)x® — 22 L (125, +

262h)x* + 7h5x Wntrjz + o (= o X (224 + 13630 + 28x3h? + 23x,h° + 6h*) + (2 (St + 26x3h + 420207 +
23xnh3 + 3h%)x — (= (ZOxn + 78x2h + B4xyh + 23h%) ) X% + (s (5x3 + 13x,h + 7Th?)x® — (ﬁ (10x, + 13h)x*) +
Too ¥ )f"+4 (15)
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Evaluating (15) at point x = x,,,, and its derivative at x = X3, X = Xp11, , X = Xp42,X = Xpyq,, Yields the following five
discrete hybrid schemes which are used as a block integrator;

784 4588 2352 + 43072 147 hf
Too Vnt1 T oo Vnez ~ 5oz Ynas T Vnaa t 5o Vni12 = 155 Vn 55 Wna
925 143 3712 515 1990
- +—= =— ——h —h
Yn+1 — 2415yn+2 2415yn+3 2415yn+1/2 2415yn 2415 fn+1 2415 fn+4
6390 942 3968 _ 825 2985 2985 ¢ hf
Ja0s Yn+1 ~ Yn+2 T oo Vn+3 T ot Vn+1/2 T T 50 Vn T 550 Wntz T 50s Wnta
19125 18075 14208 3275 5970
- +— +— =— —h + —=h 16
9883 Yn+1 9883 ongs Yn+2 ~ Yn+3 9883 Yn+1/2 9883 Yn — 9883 fn+3 9883 fn+4 ( )
204750 31675 5838 53025 95520 450
+ + 1 = — — 1 — —h
125886 7" *+1 T 125888 "2 T 1258880 7+3 T Vnil 125886 °" 125888 fn+5 Tzs8w8 s
227 241 283 1561

It is of order [5,5,5,5,5]7 with error constants [—

]T

995’ 47760’23880° 9552’ 305640

Re-arranging the block implicit hybrid schemes simultaneously we obtained the following block scheme

30976f, 1 — 24035f,41 + 10985f,,, — 4281fn,5 + 755fn+4}

h
Vsl =¥t 28800{

Yn+1 = Yn 16064f 1 —6265f;41 +4165f,, —1659f 45 + 295fn+4}

h
12600{
a7

h
Vv = In+ Tozz {1856, + 140 sy + 14350 — 336 s + 5]

h
+ s {1728f —105f,,, +2205f,,, + 357 f,,5 + 15fn+4}

Yn+3 = Yn
h
Ynss = Yn + 332 (256f 1 + 40fuss + 260 + 264fys + 80f, ]

3. REFORMULATION OF THE BHBDF4 INTO RUNGE KUTTA TYPE METHOD (RKTM)

Reformulating the block hybrid method with the coefficients as characterized by the butcher array

a| B
bT
Where a;; =
Gives
0 0 0 0 0 0 0
1 0 242 4807 2197 1427 151
2 225 5760 5760 9600 5760
4 0 256 8 52 88 16
225 45 45 75 45
3 0 216 3 63 51 3
175 40 40 200 280
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2 0 1856 4 41 16 11
1575 45 45 75 315

1 0 2008 8 52 88 16
1575 45 45 75 45

0 2008 8 52 88 16

1575 45 45 75 45

Using Equation (5) we obtained an implicit 6-stage block Runge kutta type method of uniform order 4.

242 4807 2197 1427 151

Vit Yt h(0ks + 555 %2 = 57607 T 57604 ~ 5500 5 * 5760 <6
~ +h<0k L2008 179 119 79 59 k)
Ynt1 = In 1T 15752 73603 T 360 4 600 5 T 2520 ¢

(18)

1856 4 41 16 11
k6>

Vn+2 =yn+h(0k1+ﬁk2 +4—5k3+4—5k4—7_5 5+m

= +h<0k e AL P 3k>
Ynt3 = In 1T 175" T 40" T 30" T 20075 T 280 6

52
ks

8k+
3745

88 16
+E ks +_k6>

256
Vs = Y+ h (ks + 50k kst o

225
Where

ky = f(xn' yn)

242 4807 2197 1427 151 ))

1
ko = fCon +5hyn + h(Okl *225%2 5760 * 5760 T 96005 T 5760 "

. . W (o, 4 2008, 179, 119 79 59
3=f(n+hy, + ( 1+1575 27 360 3+% 47 600 5+2520 6>)
ky, = 2h h(0k —1856k * k 41k 16k - k

4= O, + 2h,y, + ( 1+1575 2+E 3+4—5 LT 5+E 6))
ks = f(x, + 3h +h(0k e L PO k)

s = f(xn » Yn 1719752 4072 " 40"* " 200 ° " 280 o))

56k+8k +52k +88k +16k)
274573 T 4574 T 7575 456)

ke =f(xn+4h,yn+h(0k1 +E

Extending the method (18) with the coefficient as shown in the butcher array

a ‘A‘A
‘BTb

A=aij=,32 A=d},]=ﬁ :B=:Be
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0]o 0 0 0 0 0 0 0 0 0 0
110 242 4807 2197 1427 151 | 583 24937 5339 13297 1711
2 225 5760 5760 9600 5760 1500 57600 19200 96000 57600
4|0 256 8 52 88 16 |0 5248 24 856 104 16
225 45 45 75 45 1125 25 225 375 75
310 216 3 63 51 3 0 2988 87 459 54 129
175 40 40 200 280 875 100 200 125 1400
210 1856 4 41 16 11 | o 1952 208 76 148 118
1575 45 45 75 315 875 225 75 375 1575
1 2008 8 52 88 16 | o 7804 58 797 301 169
1575 45 45 75 45 7875 " 75 1800 1500 4200
0
2008 8 52 88 16 | o 7804 58 797 301 169
1575 45 45 75 45 7875 75 1800 1500 4200
0
NOTE:

The butcher table is being rearranged with the off grid points appearing first, followed by the c;.; in descending order. This is done in

other to satisfy the consistency condition.

Using Equation (8), we obtained an implicit 6 stage block Runge kutta Type method of uniform order 5.

) 583 24937 5339 13297 1711
Ynel = Ynt3 hy" +h (0k1 1500 2 57600 ks + 19200 4 96000 ks + 57600 6)’
, 4807 2197 1427 151
Yot = yh+h 0k + 22k, = 2% ks + 220k — (20 + 2k )
_ +h ’+h2(0k +7804—k 58k + 797k 301k + 169k>
Ynt1 = Yo ¥ Wn 17787527 753 T 1800 * T 1500 ° ' 4200 ©
I 2008, _ 179 1o 59
Ynt1 = yn th (0k1 575k 360 ks + 360 ky — 600 5 " 2520 ke)

1952 208 76 148 118 K )

— y, + 2hy! hZ(Ok Ky — kg ook — kg e
Yn+2 = ¥Yn T 2hyy + 1t 875 2 2285 3+75 4" 375 5+1575 6

, , 1856
Vn+z = Yn+h(0k1 kz+ k3+ k4 Eks 315k6)
(21)
= yu + 3hy;, + b2 (0K F 2 2 2 D ko)
Yn+3 = Yn F 30¥n 177875 %2 7 100 3 T 2004 125 ° ' 1400 °
3
Yars = v+ 0 (0ky + 22k, = 2ky + Sk, + 2ok + kg )
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= yu + dhy; + b2 (0K PR ST LTI +16k)
Yn+a = ¥n Yn 1T 72552 T 53 T e Xa T 3opKs T e Ke

Yira = v+ 0 (0ky + 22k, + Sk + 2k, + 2k + 2k,

225

where

k; = f(Xp, Yn, ¥n)

kp = f(xq + 20,y + S hyh + h? (Ok1

3 24937 5339 13297 1711
2= k3 + 4 = 5 6 )
1500 57600 19200 96000 57600

4807 2197 1427 151 ))
5760 3 ' 5760 % 9600 s+ 5760 ©

y;1—yn+h(0k1 22k, —

225

ks = f(xy +h,yn + hyp + 2 (0k; + 2k, — 2y 4 0, — g 4 22k ),

7875 1800 4 1500 ° ' 4200

2008 179 119 79 59

e ke — kg + 2ok, — —= kg +ﬁk6))

Yn+1 = Yn th (Okl 360 260

2 1952 118
k, = f(x, + 2h,y, + 2hy’, + h (Ok1 2k, — ks + ok, — 5ok + Hkﬁ)'
, 1856 11
yh+h(0ky + 122k, + ok + ok, — 2kg + ok )
2 (k. + 28 _ B ) 4159 129
ks = f(x, + 3h,y, + 3hy’, + h (Ok1 ke — kg ok — ook s k6),

3

, 216
v, +h (Ok1 + 20k, — kg + Sk + ook + %kﬁ))

175 200

ke = f(x + 4h +4h'+h2(0k +5248k 24 +856k +104k +16k)
6 = f(xn + 4h, yn + 4hyy 1T 12572 7 2573 T 25 %4 T 375 %5 T 75 %6

: 256, 8, 52, 88, 16
yn+h(0k1+225k2+45k3+4Sk4+75k5+45k6))

4. NUMERICAL EXAMPLES

To study the efficiency of the method we present some numerical examples widely used by reknown authors such as Yahaya and
Adegboye (2013), Sunday etal (2013).

Example 1: (SIR Model)

The SIR model is an epidemiological model that computes the theoretical number of people infected with a contagious illness in a
closed population over time. The name of this class of model derives from the fact that they involve coupled equations relating the
number of susceptible people S(t), the number of infected I(t), and the number of people who have recovered R(t). This is a good
and simple model for many infectious diseases including measles, mumps and rubella. It is given by the following three coupled
equations

s _ v
— =ul=8)—BIS

i _ [ —yl + BIS
- M-y B
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dR_ R+yl

Where u,y and g are positive parameters. Define y to be

y=S+I+R

And adding equation (7), (2) and (3) we obtain the following evolution equation for y

y' =ul-y)

Taking u = 0.5 and attaching an initial condition y(0) = 0.5 (for a particular closed population), we obtain

y' =05 -y),y0) =0.5

Exact Solution

y(t) = 1 —0.5e70¢

Applying the Runge Kutta Type Method (RKTM) to this problem yields the following result as indicated in table 1.
Problem 2

y'—xy' +4y=0, y(0) =3 y0)=0 h=0. 0.1 <x<04

Exact Solution

y(x) = x*6x? + 3

Applying the Runge Kutta Type Method (RKTM) to this problem yields the following result as indicated in table 2

TABLE 1: PERFORMANCE OF RKTM ON PROBLEM 1

t Exact Solution Computed Solution Error

0.1 0.524385287749 0.5243852876 1.49E — 10
0.2 0.547581290982 0.5475812908 1.82E— 10
0.3 0.569646011787 0.5696460117 8.70001E — 11
0.4 0.590634623461 0.5906346233 1.61E — 10
0.5 0.610599608464 0.6105996083 1.64E — 10
0.6 0.629590889659 0.6295908895 1.59E - 10
0.7 0.647655955141 0.6476559550 1.41E - 10
0.8 0.664839976982 0.6648399767 2.82E—-10
0.9 0.681185924189 0.6811859239 2.89E-10
1.0 0.696734670144 0.6967346699 2.44E—-10

IJST © 2015- 1JST Publications UK. All rights reserved. sy



International Journal of Science and Technology (IJST) — Volume 4 No. 4, April, 2015

Table 2: Performance of RKTM on problem 2:

X Exact Solution
0.1 2.9401
0.2 2.7616
0.3 2.4681
0.4 2.0656

Computed Solution Error
2.940100001 -1E-09
2.761600000 -1E-09
2.468100001 -1E-09
2.065599998 2E-09

5. CONCLUSIONS

Our computed results in both tables are very close to the
exact solutions. This indicates the efficiency of the methods.
The results are obtained at once which saves computer time
and human effort. Also in this proposed method, the
derivation is done only once and we can extend to higher
orders unlike in conventional Backward Differentiation
Formula.
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