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Abstracy
—

The equation which descripes the two.

parridl' differential equation chamcferizcd by advect?maminant Slow model is a

fit order decay and zero-orer Source. Iy o 1on, dispersion, adsorption,
; . u 1 ;
dispersion parameter is introduceq in

10 the two § Ppaper, the off-diagonal
s 0 : .
model in order to study its ffect on the Imensional contaminant Sflow

' Concentratiop , ] '
modelinorder to adeort T e f the contuminant. It is

parameter expanding method is appliezli:zelfge b: reudlich tSotlierm. The
differential _equations which are thep sol
fyncrions expansion technique to obtain ¢
obtained are plotted into graphs to show ¢,
on the concentrfttion of the contaminants, Findings Jrom this research show
that the contaminant concentration decreases with increase in distance as the
off-diagonal dispersion coefficient, zero-order source coefficient and vertical
dispersion coefficient increases.

@
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Inroduction »
mikr of dispersion of contaminant in soil, water channels, groundwater and surface water has been an evolving
< geology and hydro-geological centers for many years. This is not unconnected with the Increased awareness of
o contamination of groundwater and surface water by industrial and human activities such as agricultural chemicals,

<L spills, landfills, toxic wastes and buried hazardous materials. While agricultural chemicals are generally useful in
e of the soil, their penetration into the unsaturated zone and groundwater cpuld contaminate grpundwarer. _ ;
"1 10 ts natural state is generally of excellent quality because the physical Stcture ‘“‘f‘: m“\‘fmi ;0215;“’;1::[‘3 o
= uwlf-punfying. Before the coming of industries, the major threat to groundwater Cm;l:’ﬂlgfzonll;\:itulé slome nff\::x
RSEIce of thege microbiological contaminants like bacteria, viruses and parasites in groundw:

Tty hegley

oy . ironments is modeled by transport equations{1}.
J?;cl?e;r[egfc(;o?}:wmmms ! hmugh.gmqndw.ate[rhandei)ulf)fgiccilw?(:nrnzg\én more accurately, a tasking job emerges tor
g ¢ Contaminant migration in the gf ~<oort equation, defining the flow lines of groundwater of the
4t e [emp‘f;bifm 1“;’01"65 providing gxe S(;m:;n;% :(r)a;rfc?lct the chemical reaction and zero order source coefficient
i me of water along the flow lin

._'z‘r:islsciﬁzscgggintmtiOﬂ during transport. - ansport or contaminant flow modell is p{edoq?\alnltl)' hori;qn:.ﬂ s ff‘f“@
Ly s that the flow in the solute transp \ts may occur in the domain pt vertical ).penet\rgun-a A\t elh~ and
g ) 1y, e gss, appreciable vertical flow Cowpfigi;mm flow problems, a lot ql sm:cess_c‘s-\\ ?lreiaL l:;\e\ e;,l 3‘\ .\;\me
K u[‘l‘n §1 Ort W provide solutions to th LO? ous initial and poundary condmon:)- mﬁz 1;1: \:rejm c; ; :\l,\u [o ﬁe
Ny 105l on one-dimensional cases with van Jlinear contamunant flow [3]. On the dispersic olute, the
o - Itardation factor on the contaminant in a NOI

. : s media was explored {4].
al d; fluid flow 1n one dimension ough porous
1Spersion of miscible flui
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Influence of Off-diagonal Dispersion... )
an analytical solution Lo lemporally ,1,:,”_::“!“‘

transform techmgue (LTT) Was proyig,y
live contatunant on the flow were f"“m"‘} Ul om o,
point source and discovered that the concepr,, -
cuclive case by homotopy perturbation Methi s

¢ of contamuinant in a flow,

. iy swils s hehiavio
In lme with desire to understand the bel st by Laplace

dispersion through seni-finite. homogencous |mrm|s| m”ﬂmu-
Computational analyses on the effect ol reacuve and I :. e
dimenstonal non-lincar contanumant flow with-an inihia) um'l " l;(m_r
decreases with ncrease mn time and distance from the ongm for the

7. |

In this research, we provide asemi-analytical solution 0 Gk
m both horizontal dwections, of (-diagonal dispersion parameters in o
the parameter expanding technique and Eigen functions expansion method.

[ the two-dimensional contaminant flow problem m;;”rp(%”nﬂ fliyey
addition to hirst-order decay and zero order sources Usiriy

2.0 Formulation of the Problem o . ' i1 with non-zero initial concentratio,n -
We consider an meompressible fluid flow through a finite homogeneous porous n}e(hdlr:ﬂclc“(m of x and yeaxis ’[],etf”m in
the transport daomain. 1t is assumed that the flow is (wo-dimensional and in the ’ ] e ingnlEE T 2mundwmc¥;ur%
concentration is assumed at the ongin (i.e. at me /= 0). It is assumed that the contaminé g rleve)

from point source  a finite homogeneous porous lﬁcglla. _ _

Following [1. 5. 8. 9. 10. 15]. we mtroduce the off-diagonal dlspcrslo
= el P <) 1 . OT ¥

difterential equation describing hydrodynamic dispersion in adsorbing

n parameter into the two dimensional parabolic Partia
homogeneous, isotropic porous medium and obtaye,,

: s (1)
s e\ ) Falr ¢ el 85 &' (g
X, 2.p D ieD,—+D,——
> & s R N " axay T oo
~-w{{) &% - v & = 2(OC + py).
5.} o

where (is the concentration of the contaminant in the flow, § is the concentration' of the C(?ntarr-nnan_t adsorbed to the
porous media, p_ is the dispersion in the horizontal direction, D, is the dispersion in the vertical direction, ng and Dﬂ

are off-diagonal dispersion coefficients. y(r) is the decay parameter, u(t) is the source term, u(r) and v(/) are the
velocities in the horizontal and vertical directions respectively,

o 4
a.u (o4
= —_—

D:

=

'\f‘)l‘r + 1': \";Il: +v:
D, = -a;k'z i ,af”-’ i
Nul sy NuT +v? (2)
D, =p, =St 3)
Vit +v?
as in [14]. ' » .
The adsorbed contaminant is assumed to be directlly proportional to the contaminant concentration. i.e.,
S=K,C )
LAY (5)
or “ o
as found in [16].
Following the relationship (4) and (5), equation (1) can be rewritten as
vl a2 ~2 ~2 v v -
#Zep, 2., 2 0, € _utnZ v pC st (6)
ct éx’ o° > eady ox oy

D 15 the iniual off-diagonal dispersion component. The initial and boundary conditions are chosen as
Cix,y)=¢,,x20,y20,1=0 ]
Coy)=Cyll+e™);x=0/y=0,1<0
Caoyy=c, x> Ly—L120 J
We Jet

D, =D, fr)
ult)= “uf(’]
)= v fli) (8)
D, =D,f(r)
.“(', = H S )
A= rofu)
D;, = Dryﬂ,[(’)

D, f)= w'
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sreary function of time as yced

 artrary as used ip (5 .

£ fUl) » l‘ ] l).\-() 1S 1nigy

o g . L al thIZ()[
pml“" coefficient, 1)“,0 1s the inig) off-dj wal dispersion coefficient, [ , is the initial

agonal djy
)ers
‘h qal e arizontal velocity, g, 18 the initial zey. -order source i [ o Coefficient Vois the initial vertical velocity, o 1S
A . coef'fj .
i e -d a new time variable as in [11); icient ang Yo 15 the initial first order decay coefficient.
l*‘
F,v\i‘]\ 9)
t ‘,{ .
RO somponents of equati .
.r.;mnﬂﬂil the compe juations (8) and 9 in (6), the followin o s
4 .3(‘ :__L+ . e g 0_( . ,«(‘ ] & €quation is ohtained:
'-n‘\.\f“)‘o A v MEEL W S (10)
! . ..\0‘\07-—()
b qr)‘AO\-OfZO (11)
- sLy L0

llhe parameters as defined previously.
ﬂ \pum | variable is introduced below as used in [14):

i (12)
N . -
4 whstituting equation (12) in equation (10), we have )
2 M a2
. D D, & ’
L .‘—";+2D“0 = (;—C,‘ o + vy E’_C'_’ C+yu (13)
T Dm ‘(D cn v 8r1 0 0
E-Di—g—l -:K‘——IOC+.UG (14)
a3 [/ ci]
5a=Cin20r=0
20=(,2-qr);n=0,r20 ' (15)
stn=c L1220
<14
9, -i%\,}zo_w D_w}
t~ 1 D, D
0 0" x0 (16)
—
L‘.‘(..iP—m =
\D
" an

Y1
|

iy \Oﬂ-Dlmensmnahzatlon
"(14)1s non-dimensionalized by using the following dimensionless variables:

Ci]

:,.‘l
;{'(.. } (18)
o
.:l_ |
il
I".:l{-_q,j
ity following equation is obtained.
l\ b 3:0.£ € above dimensionless variables in equation (14), the g( lg)
S X _nle L
"W N By Tt
g ’ U CU

"VCHJ

Wiy

; ~o g 2 lhe Primes are dropped and obtained
C

' 5?]1 = a,’ }’0( +/"l (20)
y"(ﬁ) s
J D
2
\ l(, (e4)

i
| ‘dn‘ens nles boundary condilions is
" S €quation together with the initial and b0
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act &t act .
e =)y e e T A
or “ént aon K '
o=
Cy
C(0,r)=2-qr. 720
c (22)
Coy=-"L720
Cﬁ
2.2 Solution of the Model . The parameter expandi ,
equation (221 nto simpler ones which can be easily solved successively. 23) » ,
1= av,
in the advection term of equation (22) and
. s (24)

C@H.V=Con.D+5,C (.0 +.. . . . )
as in [12], [13] and [11]. When equation (24) is substituted in equation (22), the following was obtained.

C = T~
—(Cn. )+, C(p. D)+ 7,7 C.n.t)+.)
'l o

i (25)
=D, f— (Con. 71+ 7. Cin. )+ 7, Co(.0) +..)
ol &

—ay, —(Co(n. D)+ 7C(.0) + %, C(.7) +...)
on

=y (Cun. i+ C(n.0)=+ 7C:(”:(77, T)+.)+ 4,

Equating corresponding coefficients on both sides of equation (25), the resulting equations together with the initi o
houndary conditions are given below: : |

eI op Zlesy,
2 (26)
((37‘L01=C— i
Cl.
C,U.ry=2—-g¢gr

Il 7} c-C 24
‘—:‘"I_=D;_. "J(TL'_(W

cT cn” L i

J T (27) |

(»47‘0,:0 19
(:(U.T)=0 !
(_!lf:=0 J
oC ,(n.1) a4 aC
T p, e _(‘l

or cn’ crn ,
C,0.0;=0

C,0.7)=0 ;!
C,(,rj=0 ;

§

uations (26) (27) and (28) are transf: iy s ~ . 'Nn;{
ﬁ;i Eigen funciions exban )u)' ransformed (o satisty (e homogeneous 1 {25 - d qucccssl"‘l\lw?
e g pansion method. Tg accomplish this, a fyners Upndaxy conditions and solved St o pout™ ¢
conditions. 1.¢., % 4 lunction is chosen which satisfies the &Y
win.r)=ale)+ n(pr)- alr))
where (29)
ult)=2-¢ r(
%
plr)= z [ (30)
such that
Coln.r)= vol#.7)+wla. 1)
That 18 3D
Co(’]‘ f): Yo(I], T)*(Z'—qf)i' J’((I‘J —(2-qr))
| of the Nigeri : (32) J
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ange of varables,

P
R CR
X
[

o)
— crt

*:“»V.?’l\?

g Y

IMOAIT

~ata

(34) and (37) in equation (26) to obiain

[11

i

‘e t — (_’f _ 1}]

ir 2 imnal and boundary conditions,

s 00 +w )

Znal condition, C,(17.0)=0

4

\

D=0 1e |
’,‘..::—2’,7' _L__z =0
{ i
e )
r'.",_c. [ c
4 —-—2iq-”_7’_f’
<o

< Dartial g g
,,’Af',‘d" differentia]
V0 Using the Eig

Ry
/f
4

en Function expansion method and

'n(?]bﬂi(n;zq)

;.i“-s(']-TJ-i-w{T}

)y Wr),

: “l‘:}bQ
“qr)) =
) 47)] '7)+pr

N

|

N

2.C,Ar Jsin(n )

bl s (cos(nr) -1 - e(—u;(nrrr))

B‘Z(

R .,;k‘“ (to.s(n,-,)_ 1)

sin(nn)

e(szllnx)z r)

4

'

L b
ik 4 e Cosnur

[

|

¢

b, Sow : '
N cquaion (27) and (28) are solved bY F!

lry e ath
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(33)

(34)

(35)

(36)

(37
(3%)

(39)
(40)

(41)
(42)

(43)
(44)
oundary conditions (40) and (42) and the imitial condition (44)

ng result:
(45)

obtain the followi
(46)

(47

(43)

following results :

- expansion method, the 8 results were
aunctions €X| .

gen Fu

ime 45, (March, 2018 Issue), 303 — 319

ematical Pysics Vols

307




ARYY

osimi, Jiva and Bolarin
‘ A\l -

. Joof
Jimoh, AV f'\‘“lp

Influence of Off-diagonal Dispersion.:-

| )

\

1) (n'r) (49)
) 0 Pl 20 Kl sin(nm))

—_— - (u\\(’IT e i
n=y 1):()1,1) (q “ ('( Dy(nx) r\

N I)_.(”:r))

! - _;{.’_. (\\\stll.-‘f)—- ])
i nac, (_(,Lv_.(n.-r"r"_ Siﬂ(”"r’f)

_cosna

: =D, n.?l‘f)
‘ 1 oo

D) 2
(,p_‘(n:\'rl (50)
1 ey

Yo o)1 -
X A e
l {—D,(H:ff]

| ,n;r
\

/

[ »a
{

—(cos(nz)-1
n,

- (—D,(nr}' f)

f——+

L\ ax n'-'r0

Clm.ti= i(,‘,; (r)sin{nzr; ]

cosna

D
The solution of the contaminant flow equation (22) where ¢; # Ois therefore,
, 52
5.7)=Colm.7)+ 1C, (0. 7)+ 1 C, (. 7) + . i _ )
where Ci(7.7). C,{n.7) and €, (p.r)are as givenin (48), (49) and (51) respectively.
3.0 Results and Discussion

The ans'ytical solution obtained in e quation (52) is plotted into graphs with the help of input data and Maple software (Maple
16) pdckaoe as presented in the following figures.

{ .

III

NN

= _:,"e__.;.,;;!.;;]

Fg 1. C t i =
1gure ontammnant Concentration profile for D.,=4,D_, =5, D_,=6 when co=1.44=03,¢c, =1, 7, =01
9=3.D_=1,D,=15, Uy =0.1,v, =0.1with yandxhxedasos

CEXRR LER |

Figure 2: Contaminant Concentratiop profile for D,

9=3,D,=1, D, _,=4, U, =01y, =

o=L5.D <16, p

o =1.7 when
0.1with x and/ fixed as 0. 5.

:041"
Co=1,p=03¢,=L 7 |
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-\m“mm\;ml Coneentration profile for )
P wo 40D .
‘ v 0D S,

, I y . )
R Oy = O W Y and / (ixe W o o0 When (u

a5 0.3
N 0\ l"“l “‘_“ “I' |, Yo 01, y ),

\

<& Contamunant Concentration profile for p) c=4D =5 D) |
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D, =13 0y =00, = O.1with X and/ fixed as 0.5

N
\
\\
%
N
R
TRk
N
.‘\\
X
BN
NN
“a\
B T
‘ T

=¥ Contamunant Concentration profile for Dy, =15,D =10, D,=117 when ¢, =lu =03, ¢, =1
! ! : : 3.¢,=1
and { fixed as 0.5.

o

“g=3D =15, D, =4, 4, =0.1.v =0.1with y

-1 ]).|) - 1'l| ])xﬂ = 12 when ¢ ::l,'ul -:_-0_3‘ (.” =1, Yo = 0.1.

=1y D - ; d[ﬁXCd as 0.5

T g = = , = Q Qwith yan et dvosedan soaltie _

;10‘1 Sl gy 1 wo =4, 1, =0.1,v = 0.1 ) ot (o e for Varying ofl-diagonal dllsptlslm: coelTicient from
\ § . : ith respe O IE T aases, (he concentration dechine v

w!f»{)_ e (:r[) 1 of contaminant concentration with r )‘lm(m coellicient increases, (he u‘ m;(‘ ‘ ‘»-‘m\ { ‘\(‘:d"lk with thue,
3"&3‘2& 81aph shows that as the off-diagonal dispett SLY: yerucal uhspcl;.mln :oc u: g v\m the graphs, as
Mgy o A€ the ¢o _ 1o of contamunit > creases Wilh distanees and y.

3 ) ncentration profile ol ¢ . jon de¢ A LA

L SPISioN coeffi s d,] n. pr onanunant v -« lustrated bY figures 3 and 4. ‘These figaees show
g O off n coefficient increases, the contative  oncentralion 12 llus cases With erease distane

i, e o -diagonal dispersion on the contaminant ¢ i © euse ase distances w
o , the cont oelficient inereases, the

] )m?cnlrnliun decr
\ i contanunant concentrat
Wliyg,-diagonal gisnersion coelficient | creases ' i
) dispersion coefficient ”llw horiz’(“ua dlS]N!lthnl o his qudy Ay Lssist the geologist m Anowing the

¢ WS iteet:

o ey R Cog C ; »

8 Wit in llb..Lastly, in figure 6, as the DV cults oD T ese are (he distances al which the contamumant
Xy 1CTe 1e 1€ - wells, THese

‘*‘eml, Om the « a8€ in the horizontal distance X- for Jocation of wells
lon j 2 Source of congaminant that is good 10!

0.

e GCO Tk
o -
Minant Concentration profile for D

jcs Volume 45, (March, 2018 Issue), 303 - 310
1_“ Bh

S

Jonr""’ ofr M /hemaﬂ'f-'lll Phy
the Nigerian Association of M4

309



Influence of Oft-diagonal Dispersion... Jimoh, Aivesimi, Jiy

40

ln‘lhl\\‘ work, the ettect of oft-diagonal dispersion of T the
D) . » - l ‘ con
ot the two-dimensional contanmnant flow problem incorporating the off-diag

wa and Bolarin J. of NAMp

Conclusion

concentration is studied. The semi-analyticy Solyg
onal disperston coefficient has been Solvc(]"m

caled that the contaminant concentration decrey

the method of Figen tunctions expansion technique and the study rev , ‘ ot : : 5¢5 w;
?rwrcasc m tme and distances j\sm(hl:\ |L.‘t;‘llil:;‘1;{:l[:“| disporsiun.y horizontal dispersion and vertical dispersion Coefﬁcic;;]
INCTCase,
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