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Abstract

The field of differential equations, no doubt, plays a vital role in the applications of mathematics to
scientific and engineering problems. A considerable number of the important physical laws of the
universe, more often than not, is expressed in differential equation form. Therefore, the solution of &
differential equation implies the solution of the physical problem it represents. Although a multitude of
families of approximate numerical methods for solving differential equations exists, for acceptability 2
numerical method must exhibit convergence; more so, for it to be effective, it must converge rapidly. in
this paper, we construct a numerical method of optimal order from the family of linear k-step methods.
Numerical tests verifying the efficiency and accuracy of the method are also presented.

Keywords: Linear k-step method, linear multistep method, Ordinary differential equation, Taylor
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Introduction
Given a first order differential equation
¥ = f(x.) (1)
We say that the differential equation (1), together with an initial condltlon
¥(xe) =¥ (2)

form an initial value problem (ivp).

Most problems in practical applications are often modeled, not with a single
differential equation, but with a system of n simultaneous first-order differential
equations in 7 dependent variables ¥;, ¥2, e, ¥y This system, which may be written
a's,
1 = [i(Ze ¥y ¥ e 30))
¥z = fa(%4. Y1 Y2, s V)

- (3)

Vn = fi(X1,Y3, V2, o0s ¥n)/
together with a corresponding set of initial conditions,
¥1(x0) = ¥10. ¥2(%0) = Y200, ¥ (%0) = ¥o (4)
is called an initial value problem for a first-order system.
We may write the initial value problem (3) and (4) in the form
y =f(x.y), ¥(x) =yo (5]

where,

F- b'ﬂ.!yza - !yn]Tr f [fp fz- "-rfn]T = f(x»:?)'

Yo = [0 Y200 "-»"no]

An essential property of the majority of computatlonal methods for the solutlon of (1)
or (5) is that of discretization; that is, we seek an approximate solution, not on the
continuous interval, a@<x<b but on the discrete point set
{x,In=0,.1,..,(b—a)/h}. '

Let ¥, be an approximation to the theoretical solution at x,,. that is, to ¥(x,), and let
fi = f(x,,¥,). Lambert (1973) defined a linear multistep method or a linear k-step
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method to be a computational method for determining the sequence ¥, which takes
the form of a linear relationship between Yy4;:fus;, J =01, ..., k. He further

defined the general linear k —step method as
k X

Y Y=Y Bifues©)
r=0 =0 .

where o and §; are constants; we assume that o<, # 0 and that not both o and f, are
Ze108.

Methodology

In deriving an optimal linear multistep method with step number 4 (i.e., a 4-step
method of order k + 2, where k = 4 in this case), Lambert (1973) used the method of
Taylor expansions. Ndanusa (2007) used the same method to derive a 6-step linear
multistep method (Imm) of order 8. A further analysis on this earlier work resulted in
(he derivation of another 6-step Imm by Ndanusa and Adeboye (2008).

in this paper, we derive yet another 6-step Imm of optimal order. Considering the
linear difference operator, ¢, defined by
Kk

£Iy(D:h] = ) [og, y(e + J1) = 1B, y(e +h)] @)

i=h -
Suppose we choose to expand y(z + i) and y' (¢ + jh) about t + rh; where r need
not necessarily be an integer. We obtain

€[y(r); h]z Duy(t + rh)+ Dlhy'(t +rh)+...+ th“y"(t + rh) 8)

The formulae for the constants D, expressed in terms of @, B, are

Dy=a,+a,+ta,+...a,
D =-ra,+(1-ra,+(2-r)a, +...+(k-r)a,

_(ﬂ0+ﬁ1+ﬁ2+'--ﬂk)r

D, =t[rtag+ A-rta + @)+ (k -r)a,]
| N (RS S (S 8.,
= 2y 3s o . 7

In order to derive the method of our choice, i.e.,.a 6-step method of order 8, we
require all the roots of the first characteristic polynomial p(§ ) to lie on the unit circle.

4

Since p(.f ) is a polynomial of degree 6, consistency demands that it has one real root

at +1 and another real root at -1. The four remaining roots must be complex.
Hence we have
= P — 18, ws ol — it iz
&y =¥l $, =1, =8¢, 4=¢e 63' s =e3, {e_’e‘a:;

Hence

x=+1, «;=-2(a+b), o,=(4ab+1), x=0, o,=—(4ab+1),
o= 2(a+b), x,=—1 b (10)
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We now state the order reguirement in terms of the cosfficients I,
) - et g
et —C‘ "‘Q—-X‘L‘.:’?‘\,_—,"‘.,._. Ly L 43
f) =—ra,+(1-ra, +(2-r)a, +(3-rg, +(¢-rja, - (S-rja; +{o-r)a
~(Bo+ B+ B+ B+ L.+ Fs+ B
Y . et K .
=gl g +(1-rla +2-Ma +(G-ro+l4-r S, +(5—1f o, +(6—r) ¢
'r ‘7 i TN i T 0 (p) o ’ i T ;- 7 .‘\
Sl B0 B B+ G Bt B G G- A
D= e+ (-7 a +@-r o + G-r o = (4-r o +5-r) oy +(6-r) )
1 oo (2= g ‘
—a[(—f) B +Q-» B+2-7) ﬁ2+ BB~ 4=r B +(5—1) f+(6-1) ;ﬂ
Settingr =3 and D, =0, ¢ 2,3, 4, 5 6,7 8wehave,

D2=%[32a0+22a1+a,,_+a4+22a5+32aﬁ]—[—3,50—2/i’1—ﬁ2+ﬂ1+2ﬂ5+3ﬁ6]=0

D3=§[—33a0—23a1—aﬁag,+23a5+33a6]—%[32,80+22)6’1+ﬁ2+ﬂ4+22}35+33/36]=0
=1 [3“0:0 +2'a o +2' +3'a ]—%—[33,80 +2'B - B + B, +2° B +33ﬁ6]:

D= [35% 2o - a2+a4+2a5+35a6] 4,[34ﬁ0+2ﬁ1+ﬁ2+ﬂ4+2“ﬁ; ﬁﬁ]—

D=—[36a0+26a1+a2+a4+2 o +3 |- 138 -2 - B+ B, +2°B,+3B,|=0

D=1[3¢q,- 2’a1—a2+a4+27a5+3’a6]—a[36ﬁ0+26ﬁ1+ﬁ2+ﬁ4+2ﬁﬁ5+3ﬁﬁ6]_0

D, __[33% +Pa +a +a, + 20+ -1 -3 8 -7 4 _B,+f,+2 B+ B)=0

However, on inserting the values we have ‘obtained for the a J. into these equations we

have

-

-38,-2B,-B,+ P, +2B,+3B,=0

328, + 22, + B, + B, + 2% Bs + 37 B, = 2[28 + 4ab - 16(a + b)]
—B B+ 2B - B+ B+ 2B +3 B =0 :
3‘*ﬁo+2“ﬂ]+Bz+ﬁ4+2“ﬁ5+34ﬂ6=3[244+4ab—64(d+b)] L (11)
3B, -2 B - B+ B+ 2B+ P =0 ‘
35, + 258, + By + B, + 2°B + 3° B, = 2[2188 + 4ab - 256(a+b)]
~3'8,-2"B, - B+ B, +2" B +3" B =0

In order to satisfy the first, third, fifth and seventh of the above equations we let

ﬁztﬁqv ’ ﬁ1.2ﬁ53 ﬂo=ﬁe
The remaining three equatlons give
328, + 2B, + B, =L1[28 + 4ab —16(a +b)] - (12)
3B, +2'B, + By = %[244 +4ab — 64(a+b)] 13)
398, +2°B, + B, = +[2188 + 4ab - 256 (a + b)] (14)

The above set of equations produce the following results,
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= L[278+ 5ab+16a+bil= 8

a L[160-8ab—T6la+bil= 8.
[b”+16’?ab 272%a+bi]= &

Finally, solving D; = 0 gives
- (3008+5688ab—1328(a +b))

945

We solve for the error constant, D,
B, = ﬂ;h![ 39a0 -2a,-a,+a,+2’a +39a6]—$[38ﬂ0 +2° B, + B, + B, +2° B, +33ﬁ6]
D, = —--[6016 + 736 ab — 8576 (a + b))

907200

Since a=cosf, b=cost,, 0<b <z, 0<6, <z, a and b are restricted to the range

-l<a<1ad -1<6b<1.

The following values are chosen for a and b, in order to minimize the error constant
as well as develop a method that makes computation easier by reducing the number of

operations involved.
GL'—'. 7/8' b=—?/8

This causes two coefficients @3 and o, to vanish. Hence the following values are
obtained for the coefficients o B;-

ag=+1 a, = 3 B = G = B
;=0 a, =0 ﬁ:;;g Bs

= ay=- pr == p,
ay, =0 By = 35"

On inserting the above values into Dg above, we obtain the error constant to be -
0.006010251323
And, finally, we obtain the following linear 6-step method.

--'m( / ]I1F4+ /ﬁ}m-" Yy =

L 17347 443 _ 281 155 __ 281 443 ]7547 ] (15)

60130 /n+6 T 280 Jn+s5 ~ 248 Tnea T 252 Jne3 T aas Tne2 T 280 Jne1 T G0as0

Convergence Test
For the above scheme to be consistent, we establish the following:

p)=1-1="0 Gs )
p @)=6@0)=¢6 Gs )
o ()= 6 , | G7 )

We find the roots of p(£):
p)=¢-1=0 (38)

And we have the following as its roots:

T NI
§4=1-;/3_1.,; ész-lgﬁt;; 56:—1;\/3“1_
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show the results of some problems solved using the three

Table 1: PROBLEM =(1+¥)/(2+Xx):;¥(0)=1;h=0.1
EXACT SOLUTION :¥(X)=2+X -1

X | EXACT Y(X) ERROR
0.0 | 7.0000000200  *.0000000000 | 0.0000000000E+00
0.1 | 1.100000000C ' ©.1000000000 | 0.0000000000E+00
0.2 | 1.2000000000 | *.2000000000 | 0.0000000000E+00
| 0.2 | 1.3000000000 | 1.2000000000 | 0.0000000000E+00
' 0.4 | 1.400000000C | 1.4000000000 | 0.0000000000E+00
0.5 | 1.500000000C | 1.5000000000 | 0.0000000000E+00
0.6 | 1.6000000000 | 1.5000000000 | 0.0000000000E+00
0.7 | 1.7000000000 | 1.7000000000 | 0.0000000000E+00
0.8 | 1.8000000000 | 1.8000000000 | 0.0000000000E+00
0.9 | 1.9000000000 | 1.9000000000 | 0.0000000000E+00
1.0 | 2.0000000000 | 2.0000000000 | 0.0000000000E+00

TABLE 2: PROBLEM
EXACT SOLUTION

P =X +2X+3X%:7(0)=1;h=0.1
:¥(x)=(x¢/6)+x%/5)+(Bx* 14)+1

X EXACT

Y(X)

ERROR

0.0 | 1.0000000000

1.0000000000

0.0000000000E+00

0.1 | 1.0000791667

1.0000793542

1.8749999997E-07

0.2 | 1.0013386667

1.0013390833

4.1666666672E-07

0.3 | 1.0071685000

1.0071691875

6.8750000004E-07

0.4 |1.0239786667

1.0239796667

9.9999999992E-07

0.5 | 1.0619791667

1.0619805208

1.3541666666E-06

0.6 |1.1360800000

1.1360800000

0.0000000000E+00

0.7 | 1.2669111667

1.2669111667

0.0000000000E+00

0.8 | 1.4819626667

1.4819626667

0.0000000000E+00

0.9 | 1.8168445000

1.8168445000

0.0000000000E+00

1.0 | 2.3166666667

2.3166666667

0.0000000000E+00

DISCUSSION OF RESULTS
As expected, the scheme exhibits high accuracy in Table 1. This is due to the fact that
the solution of the differential equation is a polynomial of degree one. This trend is

also visible in Table 2. This is according to expectation as well; since the solution of

the differential equation is a polynomial of degree six and the scheme is 6-step

method of order 8.

Conclusion

Due to the fact that the scherne has been proved to be convergent, and the results of

Tables 1 and 2, we conclude that our 6-step implicit linear multistep method of order
8 is accurate and acceptable as a numerical method for solving ordinary differential

differential equations.
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