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Abstract

In this work we develo
ped and anal M 1
and Control of Lassa Fever usin st Tocie s e

A _ 8 Quarantine Technique. The model is a
S rs‘;.o;;ie; (_)rd'"‘f'y Differential Equations, in which the human population
1§ divided into six mutually- exclusive compartments namely; Susceptible
Individuals (S;,) , Susceptible vector (Sy) , Infected Human (I;) ,

Quarantine Human (Qy,), Recovered Human (Ry) and Infected Vector
(Iy) . The equilibrium states were obtained and their stabilities were

analyzed by using Bellman and Cooke’s theorem. The result shows that the
endemic equilibrium state is stable and the criteria for stability of the disease
free equilibrium state were established. Also, this is the first time a
quarantine compartment will be incorporated into a vector borne dynamical
model for Lassa fever.

Keywords: Disease Free Equilibrium, Endemic Equilibrium, Lassa Fever, Bellman and Cooke’s theorem,
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10  Introduction

Lassa fever is a viral disease, with possibility of transmission from an infected animal to a human; it can also be transmitted
from individual to individual. The virus attacks the liver, kidney, nervous system and spleen, causing them to bleed. It was
first discovered in the town of Lassa in 1969 in Borno State, Nigeria in the Yedseran river valley near south end of Lake
Chad [1]. It takes between one to three weeks for the symptoms of_' Lass_a fever to show up [2].. A rat thgt is common in
endemic areas, known as Mastomys natalensis is the real host of the mfectlo_n [3]. Human can bg mfef:ted with this infection
once they eat foods that contain saliva, excreta or urine of the hosted Ifass_a virus rat. Lassa ﬂ_aver is a dlsicase that qﬂen ocecurs
in the dry season because dust particles from dead rats that carry this virus are more mobile making it easy to mh_a!e. The
fever is caused by Lassa virus which belongs to the ;renMa Vtm-lS i‘aanrl;lfiwfidfn]g. [PSC]OPle with greatest chance of acquiring the
infectj iving i al areas where the Mastomy LRI

Lassalt;:y::re it:z :::g]l; I;:lrslgr;:'letgz:;;ies like Nigeria, Sierra I;deone, Liberia, Gumeg etc. It affects ne_ariy 2_t0 3 million
individualg with about 5000-10,000 fatalities yearly [6]..As at 2% March 2012, agprl?xlmately 62} cases including 70 deaths
Were recorded from 19 states out of the 36 states in Nigeria w:tl.1 Edo and Taral a having the highest number of deaths. In
S0me patients neurological problems, including hearing loss (which may be transient or permanent) and tremors have been

ribed [7].
_Lassa fever can be transmitted from infecte
" favaging some West African countries inclu
dnnually |y takes about 2 to 21 days for the symp
ling, diarrhea, chest pain and among others

d rat to human and also from human to human. Lassa fever is a deadly disease that
ding Nigeria with case fatality of approximately 5000-10,000 death occurring
toms to show up and some of the symptoms include cough, vomiting, facial
[2]. Lassa fever is a neglected tropical disease. Very few articles on
: i f its control. Hence, in this work we seek

o ; found especially on modelling o , _ eek to
_ ;;)neat:;dldmodel'lmg ;)thaZ§a :z\:rf:igtﬁ:.te a mathematical model of the spread and control of the disease, obtain the
i € dynamics of the disease, i g he points.
8 . ty analysis on the p
mongry points of the model and perform ;[t;l:lé zvemg‘e"t’ it became very important to study the method mathematically
‘::lf 't(}ile lmetl;od adopted b_y.thLgdozuring the Ebola Saga. Since Ebola and Lassa are similar, applying a similar method
3 Sidering the success register
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of prevention is worth studying. Hence, it is hoped that the study of the disease mathermatically wi ve.as 'nformatjy,, ang

1 : inistrators.
i tonpate to govemment officials, PLE el e S"d ﬂ'(:)r:]irrlllfcctious diseases mathematically. Severa) a
Mathematicians and Epidemiologists have tried over the years to descri ; Uthgy,

: issi iseases, to access the disegger
[8-13] have developed mathematical models to study dynamics e ?f::rl::rol strategies via behavi(f:reaf q <
and more importantly, to understand different ways to prevent epidemics, optima Lhange_

vaccination, treatment quarantine and other measure. Y o
: 5 ) cal; for example a .
Also, some authors have attempted to describe the dynamics of Lassa fever mathematical; P Suscepnb[c.

lnfected-Susceptiblc model was developed and analyzed for the transmission of Lassa fevc_r d'ts:aif]eﬁf:;:) Zttz::;hz.[ 14), alsg
another researchers developed and analyzed a SIR model for controlling Lgsga _fever transmvlss;o g anoih‘ igeria ®
and lastly, a sensitivity analysis was carried out on a Lassa fever deterministic mathematical m del qt);ate €T group o
researchers [16]. But none of the authors put into consideration the importance of quarantine as a control strategy.

2.0 Materials and Methods

2.1 Mathematical Formulation : i
Here, we divide the population into six mutually- exclusive compartments namely; Susceptible Human (S, ), Suscepib

vector (S, ), Infected Human (/1) , Quarantine Human (Oy ), Recovered Human (R, ) and Infected Vector (/)

The model parameters to pe incorporated include; recruitment rate of human due to natural birth and immigration ( 4,
contact rate between infected vector and susceptible human ( By ), contact rate between infected human and susceptib]e
vector (S, ). Natural death rate of human (#), the rate at which quarantine human becomes susceptible ( p, ), the rate 5
which recovered human becomes susceptible ( P2 ). The rate at which infectious individuals leave the compartment for the

quarantine compartment ( § ), removal rate from qQuarantine compartment ( £ ) to recovered compartment, removal rate from
infectious compartment (7) to recovered compartment, death due to infection for infection compartment ( A4 ), death due to

infection for quarantine compartment ( , ), recruitment rate of vector ( A4y ) and death rate of vector due to natural causes or

accident. The flow diagram is presented blow (figl) in which the circles represent the different compartments and the arrows
represent the transition between the compartments,

I’ ‘\,
: ﬂv]HSv i
SV
C' j g; HT
H M,

Fig 1: a schematic diagram of the model equations

2.2 Model Assumptions

The population of the susceptible human (.S 4 ) Increases through the recruitment of individuals into the population at a rate
Ay , as recovered and quarantine humans become susceptible at a rate p, and py respectively. The population decreases as
susceptible human move into the infectious compartment (/) via interaction between the susceptible human (Sy) and

infected vector (/) atarate f3, and natural death of human at a rate 7
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move into the recovered class (R ) and- Sf” : :n o
c
Natural death rate y and death due to the in e
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d p, respectively,

artment via
tible vector S, move into the infected vector comp
P
i al death at a rate u . .
tion between the susceptible vector ang Infected human at a rate By and natt?lr) AR W
o bers of the susceptible vec il
: A creases due to

eptible vector and infected human at a rate g, and de
sc

pulation of the infected vector Sy
o ]::-tmcnt via interaction between the su
comp;

ctor. _
e ggﬁ: ‘]’eand the assumptions stated above, we
From

INcreases ag

have the following differential equations;

1)
5O 4, +BRy )+ RO, 0 =+ Bl ()8, (1) (
dt
(2)
) _ Puly ()Sg ()= (i + 4y + 8+ )1, (1)
dt 5
M:}']H O)+&0y (1) = (u+ )Ry ()
" 4
L) 51 0 —(u+ 1y + B +£)0y (1)
a9 o
20—t Bty @5, .
%(EL,BVIH(I)SV &)= sy ()
g Model
3 Mathematical Analysis of the ds,(t) _av( _, (M
Eﬁiilibrium Points 5 dRy () i 55 ST |
Migasic: . dSy(t) diy () =_d_Qﬂ_(_)_:—'dT_ d; _ x; and Iy = 5. Then
equ:hbnum, P > de ey Ry =0, S ©
=%, On
WWBVCnience, Lets, =x, I H_—OJ : o
Hx, FRxy = (u+ Byxe)x = |
(10
ﬁff"sxl~(‘u+#l+5+},)x220 (ll)
2
‘z+ex4-(y+P2)x3 =0 o
6xzh(ﬂ+,u2 +}:} +g)x4 =0
4.

+[”V“"r:)’fs =l

ics Vi 1"’"1 3 (
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!\ ﬂlzxzxs “Hyxg =0 (1 3)
| From equation (13)
Byxaxs = uy x, (14)

v = B (15)
Hy
Substitute equation (15) into equation (9)
' Xy Xg X
m_(ﬂ+ﬂ] +§+r)x2 =0

(16)
My
Hy

U +8+y) Jx, =0

(17)
ﬂnirxsxl -(#+;1|+5+y)=0 or x2=0 (18)
v
Supposex, =0
x2 =0
Substitute into equations (9), (10), (11), (12) and (13)
Byxex; =0 (19)
Xy —(u+P)x; =0 20
—(u+py + B +€)x, =0 on
Ay = puxs =0 -
-ty xg =0 o
From equation (22)
0
= —Hy (24)
x, =0 25)
From equation (22)
Ay = pxs o6
71
IS = _’_
g (27)
From equation (20)
0
S e m R +e) o
x,‘ = 0
i i (29)
Now, substitute equation (29) into equation (19)
~(u+P)x; =0
(30)
=0
X3
N ubstitute equations (19), (29) and (31) into equation (8) ‘ (1)
oW, §
A” o= }JI| - 0
(32)
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e 5 33)
Anal i (
Stability YO8 of.D I1sease Free Equilib
" ccall that the system of the equation of the mode rlum (DFE)
“;3+P’X3 +Bxy—(p+ Byxg)x =0 €l at equilibrium jg
TR
ﬂﬂxﬁxld(,wp, +0+y)x, =0 (34)
y_ng,;—(ﬂ""Pz)xs =0 (35)
J“-(,u+#:"'PI +&)x, =0 (36)
4]__(ﬂ+ﬂyx2)x5 =0 (37)
fyaXs — Hy X6 = 0 (8)
(39)
The Jacobian matrix at disease free equilibrium is given by J ( -A"—,o ,0,0 ,_A"_ ,0) =
’—F 0 Py P 0 - A By |
H
0 ~@+pu+r+m) 0 o o Aubu
u
0 Y —(u+ps) € 0 0
0 o 0 —(u+pp+p+e) 0 0
0 0 0 0 0 —p
0 4 By 0 0 0 -
H
The characteristics equation becomes L
Fasd o ps P . ’
i“i —a,-A 0 0 0 %
|
:0 ¥ —oy—A ¢
1
: - 0 0
i ) 0 S
| w2 0
!0 — 0 ; 6
A ; -1
Th % 0
¢ determinant j )
i s _(utt Pt M 4
(,u 41)("'(64"{1'1-?4““')—/12)('(#+p2)~/‘,/3)( (it Ly
T Is-;%)(—ﬂy —/16) :0
-
blies _ -(p+!‘z+ﬂl+£)(4l)

::u’ b =Gt pry+ ), Ao =t P2
U Jm_p

‘verian A
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Since all the eigen-values are al] negatives, it means the diseases free equilibrium state is stable.

2.5 Stability analysis of the Endemic Equilibrium State (EES)
The characteristics equation becomes

['—a, e ¢ P ” 0 -,
% —a; -4 0 0 0 a,
% r —ag - A € 0 0
. 4 0 —ay =4 0 0
r T% 0 0 -ag-2 0
o % 0 0 ag  —py A

Tgle characteristics equations obtained from the Jacobian determinant with the Eigen value 4
A+ O+ oy 0y +05-+05+ 1)1 +((@ +y +-+ 0y +14, )5 0ty + 4+04 + )%

Hay +oy+ 14)00 +(thy +ay Yy — oy, + a4, ) A° (g + 14+ + )y +(ay +04+ 14 )%

Hety )04~ 04ty + Y +(0+ 04 + 14, Yty + (1t +0t, )~y + gt Yty +(@ + 14)0%

T+ Oy )0 (0405 + 4y ) + 1yt~ ity — iy (BF + BY) A +(0 + 04 + )%

H +a)0 —05 (B + By —atan Vot + (14 +0ty ot — g + 0oty +(-yty +5314)0% (42)
(@ — ), ~ s8R, + (-0 +ay 4y )t + (ot ~ i)ty ~ BB ) + (0t + 14 )

0405 )ty ~ayuR ey — 0001 04 (8R + BY)pty ~ cyctycig +SBENA +(1r +a0)ex

040 0 14y )04 + (0 +aty 14y )0 — 05 (BR 0 ), +(—aycty + 14 )0y —aty(BY 0y )

~(BF +By) 1y +8BE)an)a +(((~0y0 +an44 Yoy + 0ty (e, — oy )ty — 2y aty040% —

(3R 1y — 40,06 +(~0 00,0504 ~ 05 (Bt ~,0404))ct —SB Eos iy )A+(~o0n + aty iy oy

+04005 )0 — 038R 1y )0 ~ 8B E sy (SE + oY)~ ay oy ay (o — ) = 0

_Aub, e Ap,  _Ap,

A
Where o, = b1 By 0 3 s Oy H,
Y M Hy H,

Bolarin, Olayiwola, Bolarin and Shehy, Wi

‘
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W

We can now apply the result of Bellman and Cooke’s theorem of stability [17], H (Z) =P (z, e*) where P (z.¥

polynomial with principal term.
Suppose H (y) = F (y) +1G(y) (43)

If all zeros of H (y) have negatives real parts, then zeros of F (y) and G(y) are real, simple and alternate and

F (0) G (0) - F" (0) G (0) >0 for all y belongs to real numbers (44)

Conversely, all zeros of H (z) will be in the left hand plane provided that it is in either of the following conditions

All zeros of F (y) and G (y) are real, simple and the inequality (44) is satisfied for at least one y
2. All the zeros of F (y) are real and for each zero the relation (43) is satisfied
3. All the zeros of G (y) are real and for each zero, the relation (43) is satisfied.

Let the equation (43) take the form
28+ (o + oy +aj +0y +5 + 1) +((0f +0y+ 0o+ 0+ 14,)05 Hety + 44+ ra)g
et +05+ 44D +(th +)0 — 0 + i) H(0 + 1+ o)y +og +a+ 14 )
Htd +05)5 — 040 + a4 ) +( 05 + 1400 +(1 +00)01 ~ 0405 + a4 )y +(o + 44, ey
0+ 14, )%+ + 0 4,8+ (05~ )~ (R + BYE +(((0 + a5+ 14, )i
H(1)= 4y +0y )y —a5 (8B + By —0400))as +({(14: +05 )0 — 0y +0544. )0 +(~y00 + a4, )y "
+04 (0 — 0 Yo, — BB ) +(~040 + O )05 + 0 ~ G ) ~ s8RV +((~eyan + a4 ey (
04t~ )ty — YR )ty ~ 00004~ (B + Yy ~ 00 +8BENA” +(((14, +a)ey
040+ 4, Yoy +(~0y0t +aty 4 )04 — 05 (BF — a0 ) H-040% + 044 )y — oy (By—ane )y,
@B+ By, +8BE)ar Jas + (- + 14104 + 4@ = Jon )y ~eq oy —
(B4 ~ 0506 ) +(~040n 0% By ~ 0406 )0 ~8BEas s )+ (e +a s N
Oy by —asdB 4 o ~ BB (BE+g1)) ~ 0,0 (05— ) =0

1.

J.
iy
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Now set A = iw in to equation (45) and -

1 ]
i i Ny +P( Y the result of Bellman and Cooke’s theorem [17]
(0 o+ 1 o 4 + 4+ + )
Hop 441400 (14 + )y — 0 +a 4, ) —i(
N ki~ Mg i(((e5 +14) +¢ +ag)ag +(ay +05 + 14 )%
+antd Yoy +~( a4 ) - +anty oy o + 44/

ﬁai o 8;1402 9% 4~ 88+ By (@ 4+ 14

iy +@)% ~5(@R + By-ay05)), vy ~ay0, +anu ot + -y +on s, )
H(iw) = (@ ~06)2 ~8R)ay +(~gyq, oI + a0y ~ o)y ~ 3R )y +(—g + oyt ok (%)

+04(3 =)o ~5¥R )0y ~ g 058 +By)u, —ayona +SBEWW +i(((14 +a0 )4

0400+ Oy )4 + (04 + o Yoy 5 400+t +aty 4, Yoy — 05 (B~ 0y )t

A@R+E)y +85 By Yo +(~ay e )04 +04 (0 0 Yoty — 00 —

o (8RH ~ 04006 +(~aganaay ~ BBy ~0n0,0 )y 8B Eony g Y+ (- + 04 o

+2004)0 ~068h 14, Yo — 0, 8P Eyy, (SE +05Y)) ~anoyaon0y(as ~ay) =0
Resolving in to real and imaginary parts we have
H (iw) = F (W) +iG (w)

-w® +((a) +aq + @y +ag + yuy )as + (@7 + 1y + Q) +ag)ay

Hay +ay + pp)ag + (uy + ag)a; — @40y +aquy, )Wt -
(a7 +ay + uy)ag + (#y +ap)a, - a3 (8F + Py - a,a, Nas
Hy +ag)ay ~asa; +ayuy Yoy + (~a40, +ay ) )

Fw)= +a4(a; - ag)a; —a38R)ag + (~a,a, + o py Yoy + ay(ay —ag)a, (47)
-8R )ag + ((—a4a, +aqu, Ja, +ay(a; —ag)a, - ayyR)a,
~40,06a, — a3 (3R + Pyy)py — ay0,04 + 5P, E))w?
4’(((—0‘4“2 +agly )ay + a0nay)a — ay8P py Yag
~0;0BE py (8E + agY)) — ara 4090 (s —a3) =0
(G +0+04+0 05+ 14 )W ~(@ +44 +4+00)0% +ey +0q + 14 Yy
Hedy +0n)oy —ayan +05 14 Yo + (@t +04 + 14)0 +(thy +04)0 — 0405 +05 14 Yo+t + 14, Yoy
G (w) = ~4% + 04 )0t +(~040 +0 4, )04 +04(05 )0 ~ 5 BR +By)W +{((t4r+ o)y 48)
0400+ 14 Yo+~ + 014, )04 — 06 (R — 00 ) +(-0ys +o44 )y —n(By—anay ey
(@R +By)uy, +3BE)a Jos H((—0ym, +0nty )04 +04(0 ~06)00 )0 ~ 0405040 —
05 (@R, — 00005 ) +(~0406040 — 0 (Bt —0,0406))0 ~0B Eoa 4 )w
E_ifferentiating equation (47) and (48) with respect to w and setting w = 0 we have )
0)=0
) (14 +00 )0y 0ty +00 14, )04 +(~000 +0514 )0 — 048R ~0400))g
G (0)= 40, +0u 14 )y —aty(By—n0 )0 —(ER + BY)Hy +8BE)ay ) (50)
H((~o0n +n 4, Yo +0ty (08— Y )ty ~ 040500~ (8 4y 0060 ))g
Hoauon040 —on(Pypty —p00,06))00 ~SBEasi)
Alo set w =0 in to equations (47) and (48)
F(0)= (s + gy ), + @40,05)0 — A0 1y )t (51
“OOPE py (BE + agY)) — Ar @@ X9 Qg (a3 —a;)=0
G(0)=g : (52)
Since
F0=0 ,F@) %0, ¢ (0) #0and G (0)=0 (53)
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Hence, F (0) G' (0) - F'(0) G (0) # 0.
Therefore, the nonzero equilibrium state is stable

3.0  Conclusion A

' ol e Dicease Free Equilibrium State (DFE) .
A Mathematical model for Lassa fever was developed in this study. The Disease q ) was foun a
be stable. ol |
and the result indicates it will be stable. These results spy,, thyt |
‘ ‘ 1

The Endemic Equilibrium State (EE) was analyzed _ ‘ .
at is obtainable in the rey) worlg e |

is i : - : : ity with wh
disease will continue to experience peaks and troughs which are in con formity W

|

A » > |
o missionaries stationed in West Africa. B Wy Hey |
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