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Abstract

In this research paper, we present the convergence and stability analysis of an implicit
Runge-Kutta Type Method (RKTM) for direct integration of first and second order ordinary
differential equation (ODE). In the process, we obtained the order and error constant, test for
consistency and convergence and plot the region of absolute stability.
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1. Introduction

One of the basic properties of an acceptable numerical method is that the solution generated
by the method converges and stable in some sense to the exact solution as the steplength 4
tends to zero. The stability properties of a numerical method help us to determine a good
approximation to the exact solution.

The initial value problem (IVP) for first order Ordinary Differential Equation is defined by

y'=fxy) y(xo) =y x€][ab] (M
The general s-stage Runge-Kutta method is defined by

Va1 = Yo + R3] =1 aijk; (2a)
where fori = 1,2 ..........s

ki = f(x + ch,yn + h 35 2 aijik)) (2b)

The real parameters ¢;, k;, a;; define the method. The method in Butcher array form can be
expressed as

c| B
bT
Where a;; = f

Definition 1: Consistency of Runge-Kutta Methods
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The first and second order Ordinary Differential Equation (ODE) methods are said to be

consistent if

@ (x,y(x),0) = f(x,y(x)) €)
@(x,y(x),y'(x),0) = f(x,y(x),y"(x)) “4)
holds respectively.

Note that consistency demands that )’} by = 1, and )] by = 2 for first and second order
2

respectively. Also Y5 b, is as shown in the Butcher array table.

a ‘J‘A
bT | b
A=aij=ﬁ2 Aza—ijzﬁ B = Be

Definition 2: Convergence of Runge —Kutta Methods

Ify' =f (x, y(x)) Yy =f (x, y(x), y’(x)) represents first and second order respectively,
then for such method consistency is necessary and sufficient for convergence. Hence the

methods are said to be convergent if and only if they are consistent (Adegboye, 2013).

3. Methodology
To determine the order and error constant

For ¢y, ¢;, ..., ¢ and ky, ky, ... kg in (2b) we shall let k; = f, implies ky = f. . k; =
fe,» k3 = fe, and kg = f .
The Block Hybrid RKTM when K = 1 is given as

Vit = Yo+ hGlo —iksﬂ,

VYns1 =Yn T+ hkz I} )
)

Where

48



ICCDMS 2021 - Book of Proceeding

kl = f(xn'Yn) \I
= FCtn +3h Yo + R {0y + 2k, = 25} )$ (6)

|

= F(x, + h, y, + h{Ok, + ky + 0k3}) )

Since k; = f,, implies ky = fo, ky = f,. ks = [, (7
From equation (2b)

6 =0c=5,6=1. (8)
Therefore ky = fo = fo, k = f% =fn+%, ks = fi = fu+1 )
Then equation (5) now becomes

3 1
Ynad = Yn ¥ h(;fn% — 2 fus))
(10)
Yn+1 = Yn T hfn.,_% J

Taylor series expansion of
y(n+28) = yo +2hy e + 2y ey + Eh gy e B sy

(n?

@+ k) = ym) + hy' () + 2y () + Ly () .+l y S (n) (12)
) )

f (n +%h) = f1 y'(n) +- hy”(n) +-2=y""(n) + -+ 2— Y y$(n) (13)

F+h) = fy =y'm) + hy" () + 2y ) + Ly ) + o+ L2 ysm) (14)

By substituting the taylor series expansion into equation (3.68), we have
3 1 5
Vit == (3f = funn) = k%P (15)
2 2
The method is of order 2 and the error constant is %.

Also,
— v — _ 1433
Yner = Yn = hfp 2= 2y (16)

The method is of order 2 and the error constant is 2—14

The second derivative when k = 1 is given as
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, 5 3
Vst = Yu + hyi + 2 (Oky +Zky == ks ).

! 12 3 1
Vo= v+ h(Oky + 2k, — 7 ks) k
’ (17)
’ 3 1
Vne1 = Yn + hyn + B2 (Oky +2ky — 23,
Yn+1 = Yn + h(0ky + k; + Ok3) ),

From equation (2b)

6 =0,c=7,c=1. (18)
Therefore
k1:fo:fnak2:f%:fn+§ak3:f1:fn+1 (19)

the equation now becomes
= ' 4 R2 5 -3
Vot = It Wt R (04 2 f =2 fon),

! ’ 3 1
Vit = Vht 1 (0fa +5f ez = 1)
} o)
’ 3 1
Yn+1 = Yn + hyp + h? (Ofn + an.,.% - an+1) ,

Vier =i+ h(0f + o1+ 0fies)

The taylor series expansion of

1 " 1 " (%h)z ) (%h)s s+2
f%=f(n+5h)= y +(Eh)y +Ty +"'.......-+_y (21)

s!

M?

" " h)S
fisfn+h)y=y"+hy" +=-y T

s!

ys+2 (22)

3.1 Figures and Tables

This is the table for the order and error constant for second derivative of k = 1block hybrid
RKTM
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Table 1: The Order and Error Constant for the second derivative for K=1 block hybrid
RKTM.

Method Order Error Constant
Y .1=Ynthy, 2 5
2 96
+ B2 (Ok P22 )
171672 16 3
A 3 1 2 1
Vs = Yo+ i+ 12 (Oky + 2y = ks o

4. Results and Discussion

From definition 1 and 2, that states the conditions for consistency and convergence of
Runge-Kutta methods

The methods (5) for the first derivative K = 1 as indicated in the Butcher Table

olo o o
1 0 3 -1
2 4 4
1/0 1 0

lo 1 o

are consistent since )3 by = 1, hence convergent.

Also the method (17) for the second derivative of K = 1 are consistent

0O |0 O 0|0 0 O
103—105—3
2 4 4 16 16
3 -1

0 — —

1 |0 1 0 4 4
01 0 3 -1
0 — —

4 4

. 1
since )5 b = > hence convergent.

The matrices for stability polynomial M =[g g] are given below

0

0 1
Whered=[0 2 = U= 1] B=[0 1 0] V=1]
01 0 1
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The characteristic polynomial and stability function are as follows respectively:

M(z) =V +zB(1 —zA)"'U (23)

_ —z—4—237]z+47)+7) 2 (24)
z%=3z+4

®(, z) = det(nl —m(z)) (23)

_ z?48z-1

T (22-32+4)2 (24)

Putting the characteristic polynomial and stability function in a MATLAB software shows the
region of absolute stability to be A stable.
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Figure 1: Stability region for K = 1 first and second order RKTM

5. Conclusion

For the Block Hybrid Runge-Kutta Type Method (BHRKTM) with step number k = 1, each
of the stages reformulated into linear multistep method and with the aid of Taylor series
expansion gave rise to the uniform order with their error constant. All the methods that
formed the block are of uniform order 2 with varying error constants. The procedures
highlighted step by step and results obtained tabulated helped to establish the consistency and
convergence of the methods. This helps to determine a standard method to adopt at any point
in time. The procedure adopted explained a simple approach that speeds up computation and
reduces computational effort in determining the order, error constant, consistency and
convergence a Runge- Kutta Type Method (RKTM). This will also serve as a guide for
researchers on how to determine the order, error constant and convergence of a Block Hybrid
Runge-Kutta Type Method (BHRKTM). It will also help to determine a good choice of the
method.
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