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ABSTRACT

This paper focuses on concern with the generalization of tau approximants and their
corresponding error estimates for some class of ordinary differential equations (ODES)
characterized by m+s=3(.eform=1,s=2m=2,s=1andm =3,s =0) where m
and s are the order of differential equations and number of overdetermination, respectively. The
results obtained were validated with some numerical examples.

Keywords: Tau method, variant, approximant, error estimate, overdetermination.

INTRODUCTION
The tau method first introduced by Lanczos in 1938 has over time been developed into
different variants so as to either improve its accuracy, widen its scope of application or render it
amenable for easier use.In this direction, Lanczos (1956) developed a modification based on the
use of canonical polynomials and Ortiz (1969) proposed a recursive generation of these
polynomials to give some flexibility in the procedures involved. Ortiz (1974) discussed the
procedure in the frame work of graph theory. On the basis of these results, Ortiz (1974) showed

that the elements of the canonical polynomial sequence can be generated by means of a simple
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recursion relation which is self-starting and explicit. With the aid of a certain procedure which
Lanczos (1956) called "tau method", approximation of high accuracy could be obtained for a
number of functions used in scientific and engineering computations (See Luke (1969), Ortiz
(1974)). Adeniyi (1991) reported a generalized tau method based on the original formulation, the
first variant of the tau method, otherwise referred to as the differential form and which also
incorporated an error estimation of the tau method with extension to segmented or piece-wise tau

approximation and solution to nonlinear problems.

INTEGRAL FORMULATION OF THE TAU METHOD

The method was developed by Lanczos (1938) for the solution of m-th order problem:-

Ly(x) = Xm0 B()yD () = Yo fix”, a<x<b (1.1a)

Ly(x) = Zoam )y O (o) = pyi (1.1b)

where y™(x) is the derivatives of order y(x) and f(x), and P.(x) , r = 0(1)m , are
polynomials of given functions, where a, , x,, and p, are given real numbers .

The method seeks an approximant

yn(x) = Xiooarx” (1.2)
which satisfies the perturbed problem

Lyn(x) = Lo B-(0)y, ()P (x) = TPoo fix" + Hp(x) (1.3)
where,

Hy () = 27567 Tras—1 Tnomar+2(%) (1.4)

is the chebyshev polynomials in the interval [a,b] and ¢ are fixed tau parameters to be
determined together with the coefficients of y,, (x) where
S=max{N,-r:0<r<m}=0 (1.5)

is the number of overdetermination of (1.1) and

T, (x) = cos{x cos™?! (%)} =yr Cr(n)xr (1.6)

is the n-th shifted chebyshev polynomial in the interval [a,b].
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The integrated form of the tau method arose as an attempt to improve the accuracy of the
approximant y,, (x) of y(x), resulting from differential formulation whereby we integrate (1.1) to

obtain
L) = [ ™[ 2 B )y ()P ()dxdx ... dx (1.7)

= fff m I(Z;LO frxr + 27565_1 Tm+s—1Tn—m+r+2(x))dde e dx + Hn+m(x) (18)

The tau problem (1.8) often yields or gives more accurate approximation than the differential
form due to higher perturbation term H,,,,, (x)

Error Estimation for the Integral Form
The integrated error estimation is aim at improving the accuracy of the estimate of the
differential of the tau method. To this end, let [f[ ‘[ g(x)dxdx ...dx denotes the indefinite

integration | times applied to the function g(x) and let

L ={f[f™fL()dxdx ..dx (1.9)
The integral form of the error equation

Len(x) = —Hyp(x) (1.10)
is therefore

I (en()nsr = = [If ™ J Hy(x)dxdx ... dx (1.11)
which gives the perturbed error equation of (1.11) as

I (e (a1 = — I S BT Tt T (%) dXAX o dx + Gy () +
2 tmas—1 Tnomar+3(X) (1.12)
where,

Hp(x) = 2756 Tnas—1 Tnomar+1(X) (1.139)
and Hpym () = X756 Tnas—1 Tnomras (%) (1.13b)

and C,,_,(x) arises from constant of indefinite integration which is satisfied by (e, (x))n+1

given by
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Vin ()05 (X)) T—m
(en(X)psq = 2o nmia () (1.14)

(n—-m+1)
C(n—m+ 1)

with @,, replaced by @,,, we now insert (1.14) into (1.12) and equate the coefficients of powers
xnFmEsHL ynimis | yn-m for the determination of @,, of (e, (x)),.1.We then obtain

er= Ll (1.15)

22n—2m+1’

an estimate of ¢ .

Derivation of Tau Approximant by Integral Form

In this section, we shall consider the derivation of tau approximants of integral formulation of the

Lanczos Tau method for the class of problem (1.1) characterized by m+s = 3.

From (1.1) and (1.5) we have the following cases.

TheCaseM=1,S=2

From (1.1), the general case for m=1and s = 2 is given by:

Ly(x): = (Pyg + P11x + Pi2x? + Pi3x®)y(x)' +(Poo + Po1x + Popx?)y(x) = X7 frx” +
T1Tne3(%) + T Tnin (X)) + T3Thy () (2.1a)
y(0) = po (2.1b)
Thus, we have,

fOx(Pm + Pyt + Pppt? + Pyst®) y(t)' dt + f(:c(Poo + Post + Popt?)y(t)dt =

f;C(Z;}:O ﬁ‘tr)dt +Tn+3(x) + TZTn+2(x) + TSTn+1(x) (2'23)
Where,
Tors(x) = ZP3CI 07, Tppp(0) = ER22 €07, Ty (1) = S0 €0,
(2.2b)

Seeking an approximate solution of the form

Yo (%) = Xr—o arx” (2.3)
and substituting (2.3) into (2.2) we obtain

fox(Pm + Pyt + Pppt? + Pyst®)y,(b)' dt +f0x(P00 + Port + Poat 2y, (t)dt
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_f (X, [t dt+ 7 Zn+3 C(n+3) +
T, Zn+2 C(TH'Z)X + 175 Zn+1 C(n+1) (2.4)
Integrating the terms of (2.4) and collecting the like terms we have:

Poo+T1P. Py1+TP. Poo +7P-
n r n 00 11 r+1 n 01 12 r+2 n 02 13 r+3
Pio Xirzo arx" + Xr=o [ r+1 ] ar X"+ Xz [ T+2 ] arx + 2r=o [ T+3 ] arX

T+1
—14 Zn+3 C(Tl+3) -1, Zn+2 C(n+2) — T3 Zn+1 C(n+1) — PlOpO + Z?:Oﬁ' J:'T (25)

Equating the corresponding powers of x for n = 5 in (2.5) above, we obtain the

following tau system.

(8)

p 0 0 0 0 0 8)
P;z Pi 0 0 0 0 —G _C1(7) —C1(6)
Py PootPn Py 0 0 0 —c®  _m c®
7, 2 Pwt2Pu Py 0 0 ® 2
Poz —PM;-PH , 32P Poo+3Py4 Pi 0 _C?E ) —Cs _C3(6)
A=| 3 01+2P1; 4 Poo+4P P —c® )
O P02+P13 4 P01+3P12 % P00+150P11 4(-8) —C4 _C4(_6)
0 8 Poz P71 > Poatap, T g (g —C5(7) —c®
O 5 M 6 Py1+5P15 (8) (7)
0 0 6 Po2+4Py3 N —Ce —C _C(6)
0 0 - - 8) 6
0 0 0 7 Pp2+5P;3 _C7( _C(7) 0
0 0 0 0 8 c® 0
!
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Piopo

ao fO
f1

aq ;
az f_2
a3 3

t=|a| and b = & (2.6)

s fa
T s
Tz E
T3 (6)
0

Thecase m=2,s=1

From (1.1), the general case for m=2,s=1 is

fox f;( Pyo + Pait + Popt? + Post®)yy ()dtdu +f0x fou(Pm + Pyyt + Pt ?)yp () dtdu +

Jo I3 (Pog + Por)yn(O)dtdu = [ [“(ZPog fit™) dtdu + Hypm (%) (2.7a)
y0) = po, y(0) =p; (2.7b)  H, +
m(x) = 11 Try3(X) + 12Tz (x) + T3 Tppq (%) (2.8)

Inserting (2.3) into (2.7), we have
fox f;( Pyo + Pyit + Pyyt? + Pyst®)yy/ () dtdu +f0x f;L(Plo + Pyt + Pipt?)yp () dtdut

S5 (Poo + Port + Pyt Py (tdtdu = [T [¥(E_o frt7) dedu + 7, Z223 ¢ ¥xr +

2 1
T, XP2 T 4 gy Tl ¢ Dy 2.9)

Integrating the terms of (2.9) yields,

Pio+(r—1)P Poo+7P11+7(r—1)P
n r n 10 21 r+1 n 00 11 22 r+2
Py Zr:o ax + Zr:o [ r+1 ] arx + Zr:O [ (r+1)(r+2) arX +
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] a xr+3 _
r

n [P01+TP12+T(T—1)P23
r=0 (r+2)(r+3)

+1 ~(n+1)
T3 Xr2o Gy X7

= Pyopo + Pyop1 + (Pro — P21)po + X7

+3 A(043) 12 f(042)
T1 Z?zo Cr x" - T2 Z:'l=0 Cr x"

xT+2

(2.10)

This gives the following tau system for n = 5 by equating the corresponding coefficients of

powers of x in (2.10)

A=
0 0 0
P PZOP on O 0
10P_ z P Py 0
_0o 7 Plo + P21 on
g PotPn T3 Po + 2Py,
il 6 Poo + 2Py1 + 2P, 4
8 Py; + Py, 12 Poo +3P11 + 6P;;
0 12 Py + 2Py, + 2P,5 20
0 0 20 Poi+3P, +6Py

0 0 0 30
0 0 0 0
0 0 0

Qo

a;

a,

as

T=| 44 and b =

as

T

(%)

T3

Thecasem =3,s=0

oo oo

Py
Py + 3Py

5
Pyo + 4Py, + 12P,,

30

Py + 4Py, + 12P,;

42
0

P3P0

Pyopy + (P1o — P21)Po

From (1.1), for m =3,s =0 we have:

120

0 c®
0 ®
Cl
0 ®
0 -}
0 _ Cs(s)
PZO (8)
Po + 4Py, —C,
6 -c®
Pyo + 5P;; + 20P,, C(s)
Too TOM1 702 ¢
42 ®
Py, + 5P, +20P,; —C;
56 -c®

(2.11)

_ C(§6)
_ C1(6)
_ C2(6)
_ C3E6)
_ Cf')
_ C5(6)
_ C6(6)
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(P3g 4 P3yx + P3yx? 4 Pagx®)y""' (x) 4+ (Pyg + Pyyx 4 Pyyx®)y” (x)+

(P10 + P11x)y' () + Pooy(x) = Y=o frx"+Hpym (%) (2.12a)
y(0) = po , y'(0) =py, y"(0) = p, (2.12b)
which yields ,

t nr t
fox f;l Jo (P3o + P31w + P3ow? + P3zw®)yy, (w)dwdtdu+f0x fou Jo (Po + Poyw +
Py,w?) v (W)dwdtdu + [ [X [ (Pro + Piaw) ya(W)nssdwdtdu +

S [ Poo ynW)dwdtdu = [ [ [T frX7 + Hyypm (x) (2.13)

where H,,,.,,4+1(x) is as given in (2.8).Using the same procedure, we obtain the following tau
system:

3 ng) 3 567) 3 C(()e)—
Zy1 P3g 0 0 0 O —C(lg) —C(17) —C§6)
3 ng) 3 C§7) 3 C§6)

o
o

o
o
o
o

® ™ (6)
Zyi Zay Zas Py 0 0 —C7 =G5 —C3
A= 0 Zs; Zs3 Zsy Py O —CE}B) —Cf;) —Cff)

_ Cgs) _ Cg7) _ Cff)
(8) (7 (6)
Loy Zgs Zyg —Cy —Cs —Ce

0 0 0
000 0 Zgs Zgg —CP ¢ 0
0 0 O 0 0 Zy —Cég) 0 0
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P3P0
P3op1 + (P20 — 2P31)po
a P3o. (Pz_o _ ”3_1) (Pﬂ _Pa )
a(l’ 5 P2t S )Pt (5 T P32)po
a fo
2 6
a3 &
T=| Q4 and b = 24 (2.14)

as Q
o 5
T2 120
T3 Ja

210

I

336
where,

_ _ P1o—P21+P3; _ Poo _ PyotP3y _ P10
ZZl_PZO_ZPSI'ZSI_ JZ4-1_?JZSZ_ Z4-2__

2 2’ 6
_ PootP11 _ P2 _ P1otPy _ Poot+2Py1+2P;; _ PyotP3

ZSZ - 24 Z4-3 - TIZSI; - 12 ) Z63 - 60 '254- - 4

Zgy =D g o , Zgg = D2 7, = Prot3Putehs:
20 120 5 30
Zgs = v Log= T, Lgg= —————
210 6 42
Pyo+5P11+20P,,+60P33
Zos = 336

Thus, we obtained the following expressions for a; ;s and b;s i.e

gk = Pmo Vvk=1(1)(n+1) ,vVm
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Ay
(YL _ k! (T™)P,
Li=o (rk ) P 2R Vk=2D@m+2),vr=1(1Dn+1), Vm=123.
P1
2_ k! r-m+1 P _
k=0 ( k ) m 2+k1k’ Vk=31)0n+3),vr=110Dn+1),vm=2.3.
(r+ 1Dp,
Zgz k' r—-m+2 P _
k=0 ( k ) m 3+k.k’ Vk=4(Dn+4),vr=1(1Dn+ 1), vVm=3.
(r+2)p,
_< Zm_ k' r—1 P
k=0 ( k ) kk’ Vk=m+1DDn+m+1), r=11)mn+1), Vm
(r+m-— 1)pm
Zmz k' r—1 P
Eo k! (7)) e Vk=(m+s+DMn+m+2), r=11m+1),vm
(r+m)p_
Zm= k! r—1 P
Eo k! () e Vk=(m+s+DWn+m+s),r=11D0N+1), Vm
(r+m+1)p
ka=0 k! (r;l) Pk,k+s
Trmts— Dy Vk=(m+s+1)(1)n+m+s),vr=11)(n+ 1), Vm
and
.
0, Vr>k k=110, r=21)n+1)
Apr =
{
\ 0,

Vim+s+2)(1)n+m+s+1) ,r=1(1)n
Ak iz = -C,Eﬁmﬂ) , k=1(1D)(n+m+s+1)
Ak ntz = -C,Er_lzmﬂ_l) , k=11)(n+m+5s)
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Qnss = CO™D k= 1)@+ m+s— 1)

C(n+s—1)

Aren+mes+1 = ~ g4

, k=11)(n+s)and by Py, , Vm

b, - m— 1),{0(1 2:0(_1)TT!Pr+2,r + ag %:0(_1)rrlpr+1,r} Vm=2

1
bs - m{az 2:0(_1)r7’! Prysy+ oy Z%:o(_l)r I Pryo, +
%) Z%zo(_l)r rl Pr+1,r}

3bi — fi—m—l

—— , V m+4+1<i<2n—-s ,1<m<3
Hr:l(l_r)

Derivation of Error Estimation for Integral Form

In this section, we shall derive the error estimates for the cases characterized by
m+s = 3 and deduce the general error estimate that captures all the cases.
Thecasem=1,s=2

From (1.1), we have.

IL(en (X))

Post?) (e (X)), dt = -7, [} Zr2 ™ Ptrdt — 1, f) Srrd ¢ Ve dt +

ni1 fox(Pw + Pyt + Pipt? + Pist?) (er'z(x)) att fx(POO + Poit +

. T3f Zn+1 C(n+1)t‘r dt + 1f Zn+4 C(n+4’)x + Zf Zn+3 C(n+3) T

1f Zn+2 C(TH'Z) (3.1)

where,

BnTn (%) Bn Ty CVxT
(en(x))n+1 = = :

cm c
i, (en(@nsr = P2Ux™ 4 lox"™ 4 x4 4+ ) (3.2)
where,
ki = C(n) Jky = Cr(ln)1 , k, = 61511)2 e.tc. and
Jy (n(®nsq dt = "’—f{";’:z T (3.3)
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Substituting (3.2) and (3.3) into (3.1) and equating the corresponding coefficients

of
x4 X3 xn+2 and x™*! we have,
2 o) _ $np, 3.4
Ll = (3.4a)
(n+2)
s a(E4) | a A(H3) _ TaCryp Pra,
71 Cn+3 +T2Cn+3 T T aes k_1 (34b)
(n+2) (n+1)
o ~A(M+4) | A A(H+3) | A ~(m+2)  T1Chyy T2Chq1 _ Pag
T1 C‘l’l+2 + TZCn+2 + T3Cn+2 - nt2 - Tlr-ll-z = k_1 (34‘C)
n+2) (n+1) (n)
r AMHE) | A A(MH3) | A A(mH2)  TiCy T2Cp 13C, ) Pna,
Tl C‘l’l+1 +T2Cn+1 +T3Cn+1 - n+1 = n+1 = - —_ k1 (34‘d)
Solving the equations (3.4a)- (3.4d) by forward substitution and using well — known
g q y
. _ -1 _ )
relations C,ﬁ’” = 22n-1 C,Sz)l = —nC,(ln), ¢ = _n227-2 we have the following value
2 n-1
for ¢,.
C(n+3)c(n+z) C(n+z) K K2
¢ ={n+1 n+2  _tn 1Ty K373 (3.5)
Tt aeneEY ! Ry (ndDR,
With the following recursive form
g
(n+4) (n+4) (n+3)
— — Cniz R1 _ Chiz R1 Cpip 'R
Ri=X, R, =4 —=Gwn » Rs = A3 ——emy - 2(;+3) )
n+4 n+4 n+3
(n+4) (n+3) (n+2)
— Cnt1 R1_Cnia Rz Cnyq Rs
R4_ = 14_ :.(n+4) - :.(n+3) Z(n+z) (3'63)
n+4 n+3 n+2
and.
2' — [P02+(n+1)P13] A — [P01+(n+1)P12] +[P02+nP13]
1 (n+4) 72 (n+3) 1 (n+3) 20
P00+(n+1)P11] [P01+71P12] [P02+(7‘l—1)P13]
= _— +|— 4+ | == -2
A3 [ (n+2) 1 (n+2) 2 (n+2) Ks
_ P00+nP11] [P01+(n—1)P12] +[P02+(Tl—2)P13]
Ay = ProKy + [ (n+1) ke (n+1) Ks (n+2) K (3.60)
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Form=2,s=1
In this case we have from (1.1)

fox f:( Py + Pyyt + Pyyt? + Pzztg)(e;(t))nﬂdtdu +f0x fou(fox fou(Pw + Pyit +

P12t2)(en () nerdtdu+ |, [(Poo + Port)(en(t))nsrdtdu =

— [ J (Hy(Ddtdu + Hypypi (x) 3.7)
Pn(x=) " Tn—m+1(x) GnX Tn-1(%) _ PnX3Tn-1(%)
(en(x))n+1 = = (n—n»:l+11)n+1 = & (nril)l = nzznn_31 (38)
Cn—m+1 Cn—l
that is,
(en(x))n+1 = %{klxn-'-1 + kzxn + k3xn_1 + + + } (393)
1
and,

X ~U _ ﬁ klxn+3 kzxn+2 k3xn+1 .
fO fO ((en(t))n+1dtdu o k1 {(n+2)(n+3) + (n+1)(n+2) + nn+1) T4+ }

(3.9b)

Iy Jo C(en(®),,, dtdu = (en (s = Fokix™ +kpx™ + ksx" ™1+ 43 (3.90)

X rU , _ ﬁ klxn+2 kzxn+1 k3xn .
Iy Jo (en () pyrdtdu = kl{(n+z) toay Tt } (3.9d)

Continuing with the process by substituting (3.8), (3.9a) — (3.9d), collecting the like terms and
equating the corresponding coefficients of x™*4, x™*3  x™*2 and x™*1,we obtain the following
expression for ¢,

_ e oMY kK 310
d)n - { (n+3) ( . )
(n+2)(n+3)Cp .5 n(n+1)" Ry n(n+1)R,

Where R is obtained recursively as in (3.6a) and

2‘ _ [P01+(n+1)P12+n(n+1)P23]K /1 _ [P00+(n+1)P11+n(n+1)P22]K +[P01+HP12+H(H—1)P23]
1= (n+3)(n+4) a2 = (n+2)(n+3) 1 (n+2)(n+3) 20
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P10+TLP21 P00+nP11+n(n—1)P22 P01+(n—l)P12+(n—1)(n—2)P23
A =[P K K+ |
(n+2) (n+1)(n+2) (n+1)(n+2)

_ P10+(n—1)P21] [P00+(n—1)P11+(n—1)(n—2)P22] [P01+(n—2)P12+(n—2)(n—3)P23]
Ay = PpoKy + [ (n+1) 2t n(n+1)(n+2) Ky + n(n+1) Ky

(3.11)
kl = Cr(l‘iizl) y k2 = Cy(}"l’_l;l) y k3 = Cr(l‘l’_lgl) y k4 = Cr(lrijl_l) et.c
Form=3,s=0
The general form for m =3, s =0 from (1.1) is

t nr t
fox fou Jy (P30 + P3yw + P3w? + P3zsw?) ey, (w))n+1dwdtdu+f0x fou Jo (Pzo + Pyyw +

Pyyw?) (e W))nsrdwdtdu+ 7 [ [7(Pyo + P1yw) (ef(W))nssdwdtdu+

51 05 Poo (en (W) padwdtdu = -[° [ [ Hy(w)dwdtdu + By (X) (3.12)
where,

n\A— an—m —_ n 3Tn— —¥n 3Tn—
(en())ps1 = 22 CO%-":? =t xc@;Z)Z(x) = xzzn-szm (3.13a)

Hn(x) = T1Tp(x) + TZTn(x) + T3Tn—1(x) + 14T (x)

Hppmer = E1Tnas (0 + 1o 0 (0) + £3T 5 (6) + 4T, (1) (3.13b)
After substituting (3.13a) and (3.13b) into (3.12) and solving the resulting equations we
obtained the value

of ¢, as

d)n = { Cr(lri-;S) Cr(ln) C7(17i)2 } K174 K%'Es (314)

(n+1)(n+z)(n+3)c,(l’fg3) “(-Dnm+1)’ R, (n-Dn(n+1R,

where R is obtained recursively as in (3.6a) and
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A _ [P00+(n+1)P11 +n(n+1)P22+(n+1)n(n—1)P33
1=

(n+2)(n+3)(n+4) ] Ky

A _ [P10+nP21+n(n—1)P32] K |:P00+IIP11 +n(n—1)nP22+n(n—1)(n—2)P33] K
. (n+2)(n+3) 1 (n+1)(n+2)(n+3) 1

Ay = [P20+(n—1)P31] K [Pw+(n—1)P21+(n—1)(n—2)P32] K,+

(n+2) (n+1)(n+2)

[Poo+(n—1)P11+(n—1)(n—2)P22 +(n—-1)(n—2)(n—3)P33 +] K

n(n+1)(n+2) 3

_ Pyo+(n—1)P34 P1o+(n—2)Py1+(n—2)(n—3)P3;
Ay = PsoKy + [ (n+1) ]KZ +[ n(n+1) ]K3+
[Poo+(n—2)P11+(n—2)(n—3)P22 +(n—2)(n—3)(n—4)P33 +] K +
n(n-1)(n-2) 4
kl = ngzz) s kz = Cgigz) , k3 = Cr(lrizz) , k4 = Cr(ﬁgz) e.t.c (315)

Thus, we observed that the expression for the ¢,, was the same for the groupings. ie for m=1,s
=2, m=2,s=1,m=3,s=0(m+ s = 3). Consequently, from (3.5), (3.10) and (3.14) the
general expression for ¢,, is

(n+m+s) ~(n+s) (n+s) 2
d) _{ Cntm+s—2Cn+s _ Cnts—2 Kity KiTm4s Vm+s=3
nom (n+m+s) M (n+s+r-2)7 R M (n+s+7-2)R -
M (ts+r)C s r=1(M+5+7-2)" Rmist1 [IF2 (n+s+7=2)Rmts+1

Thus from (1.15), replacing ¢,, with ¢,, we have the following expression for &*

C(n+m+s) C(n+s) C(n+S)

* n+m+s—2“n+s n+s—2 71 KiTm+s
e= { - - Vvm+s=3
L’;l(n+s+r)CT(l7}_:n"g3) Te1(n+s+7-2)" Rmys+1 [IFL1(n+s+7=2)Rm+s+1

Numerical Examples
Here, we consider the application of the tau system and general error estimation formula
obtained for the class of ordinary differential equations characterized by m +s =3 to some
examples. The exact error is defined as
€ x= grslgsxl{ly(xk) —y.(x )1} 0<x <1, fork=0(1)100, {x;} = {0.01k}
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Example 1

A First Order Homogeneous Linear Variable Coefficient Problem
y'(x) —x%y(x) =0 4.2)
With the exact solution y(x) = exp(x;), 0<x<1y(0)=1 inthiscasem=1,=2,
Computed results are shown in table 4.1 below

Table 1: Error and Error Estimates for Example 1

Error  Degree(n) 2 3 4 6
€ 1.46.x 1076 2.18x 1077 1.48x 10710 4.13x 10712
e 2.40x 107° 5.23x 1077 4.60x 10710 2.34x 10711
Example 2

Third Order Non-Homogeneous Constant Coefficient Problem
Ly(x) = y"(x)+8y'(x) —6x2+9x+2 (4.2a)
y(0)=0, y'(0)=0,y"(0)

11

- (4.2b)

2 3 4
With the exact solution y(x) = —— + 2= %

, 0 <x < 1. For this problem m=3,s=0 .See
256 32 16
the numerical examples in table 4.2 below

Table 2: Error and Error Estimates for Example 2
Error  Degree(n) 2

3 4 6
€ 9.08x 107° 6.03x 107> 4.94x 107° 2.84x 1077
e 7.10x 1073 3.31x 107° 4.16x 107° 8.00x 1078

CONCLUSION

The Lanzcos (1956) error estimation procedure is applicable to the class of first order
linear ordinary differential equations with polynomial coefficients and whose solutions are given
in the interval [0, 1]. The procedure is restricted to first order differential system which is good

enough. The method of Fox can handle similar problems of order one and of higher orders
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other than one but is not general in scope of its application.The practical error estimation
procedure of Onumanyi and Ortiz (1982) gives very accurate estimates. This is due to the idea of
the Tau method. Though, the procedure is not economical considering the cost of
computing because it involves the inversion of a matrix of dimension of at least (m +
s) dimension.

The present error estimation technique shows a remarkable improvement over these
works done on the subject of error analysis of the Tau method as it leads to error estimation
formula with wider scope of application. Also, the estimate proposed here does not involve any
iteration for linear problems nor matrix inversion. This is desirable in handling non-linear
problems, where s, the number of overdetermination of the equation being considered, depend on
n, the degree of the Tau approximant being sought and for large value of n, (m + s) then becomes
very large. All these features are desirable and render the error estimation technique attractive for
use with software design for the Tau method.

The results obtained in the present work demonstrate the closeness between the exact
error of the tau method, thus error estimate of the tau method is effective and reliable. Our results

are validated with numerical examples.
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