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I 

ABSTRACT 

To reduce the vibration of flexible rotor supported on Active Magnetic Bearing (AMB), Metal Rubber 

Ring (MRR) is introduced and set around the AMB, hereafter called Complex Bearing (CB). Dynamic 

characteristics and Parameters Optimization of the system supported by CBs are studied in this thesis by 

theoretical analysis, Experimental Modal Analysis (EMA) and actual operation of the system. The main 

contents are as follows: 

1) Presentation of the components and working principle of the CB-rotor system,          

highlighting structure of the CB. 

2) Analysis of demonstrative bearing-rotor system has been carried out to guarantee the whole 

modeling and analysis of the system is valid. The mathematic model of Free-Free rotor and 

CB are individually established in Patran and their natrual frequencies calculated by 

MD-Nastran.  

3) The mathematic model of CB-rotor system is also established and natural frequencies, 

modal damping, unbalance response and influence of CB performance parameters on 

dynamic characteristics of the system are investigated.  

4) An optimization method is adopted and a case study with four design variables was 

conducted by using Nastran solution 200.  

5) Dynamic characteristics of the CB-rotor system are investigated by EMA and actual 

operation of the system.  

The research results show that the first four modal damping ratios of the CB-rotor system are 

heavy and the system can get across the first two bending critical speeds safely. 

 

 

Keywords: AMB; MRR; Modal Parameter; Sensitivity Analysis; Optimization 
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NOMENCLATURE 

aA
 area of air gap ρ

 density 

C  damping  µ
n  unit length 

ac
 AMB damping γ

n  element displacement angle 

D damping matrix n  beam element 

E youngs modulus 0µ  permeability of air 

n
e

 mass eccentricity Ω  excitation frequency 

( , )F i x  bearing force ω  rotation frequency 

G gyroscopic matrice   

Gc(s) controller tranfer function   

Gp(s) amplfier tranfer function   

Gs(s) sensor tranfer function   

0i  bias current   

xi  control current   

p
J

 polar moment of inertia   

dJ
 diametral moment of inertia   

K stiffness matrix   

d
K

 derivative coefficient   

i
K

 integeral coefficient   

pK
 propotional coefficient,   

ik
 current stiffness   

sk
        position stiffness   

L inductor 

M mass matrix   

N number of turns of coil   

Tn, transformation matrice   

U control signal   

x  air gap.   
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Chapter 1 Introduction 

1.1    Historical Review and State of the Art 

Active Magnetic Bearing (AMB) is a mechatronic product.Its mechanical and electrical parts interact 

suitably to yield variable magnetic force capable of keeping a levitated body in intended position 

stably regardless of the external disturbances. AMB has enviable qualities, such as active control, 

contactless support, clean operating environment etc. These raised interest in researches on it’s 

applicability in industries [1].  

In 1842, British physicist S. Earnshaw proposed the concept of magnetic suspension. He proved 

theoretically that it was impossible to suspend an object stably in all six degrees of freedom just by 

action of permanent magnet alone[2]. In 1937, Kemper suggested that continuous adjustment of 

magnetic force through controllable electromagnet is the solution to unstable suspension [3]. It became 

the dominant idea of magnetic technology research. 

Modern magnetic technology began in 1957 with the proposal by Hispano-Suiza (French company) 

to use electromagnet and inductive sensor to compose active suspension system. This latter yielded 

the French patent. In 1969, the French army research laboratory used magnetic bearing to support 

satellite guide wheel. After that magnetic bearing found way into defense and aerospace fields. With 

the development of modern control theory, electronic, computer technologies and materials between 

late 70’s to early 80’s, AMB finally found applications in industrial equipment. The corresponding 

control method was developed from, Single-input and single-output (SISO Classical Control Theory) 

to Multi-input and multi-output (MIMO Modern Control Theory). With the development of high 

speed and light weight machines in early 90’s, it became evident that rigid rotors can no longer meet 

the actual demand, prompting researchers to start research on flexible rotor system supported by AMB 

[4].  

A large number of researches on magnetic bearing have been carried out and some products were 

brought into the industrial application. There are some famous research institutions and companies 

involved in these researches. Amongst them are: Virginia University, University of Maryland, 

Berkeley University, University of Texas at Austin, NASA, Tokyo University, Chiba University, 

SEIKO, MECOS company of Switzerland, REVOLVE company of Canada, S2M company of France, 

etc. Since 1988, the International Symposium on Magnetic Bearings (ISMB) had been held bianually.  
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1.2 Research Background 

AMBs, despite all the advantages, cannot be effectively applied into the actual flexible rotor system 

because the supporting damp is too light that the vibration of the rotor is not easy to be restrained 

especially when the system operates near or over the bending critical speeds. On the other hand, 

so-called non-collocation problem of sensor and electromagnet in radial AMB usually occurs due to 

limited space around the rotor and then it is always true that at least one undamped flexible mode shape 

will exhibit a node between a sensor-actuator pair. If this mode has a frequency within the bandwidth of 

the controller, then it poses special dynamics problems for the system. Both of these issues must be 

addressed either explicitly or implicitly in the design of AMB controller for a flexible rotor[5].  

So far, two methods are adopted to solve the above problems; modern control strategies and 

unbalance compensation. Decoupling vibration control approach for a flexible rotor system with 

symmetric mass and stiffness matrices was studied in [7]. In [8], reported case of an active control 

procedure for flexible rotors supported by magnetic bearings was presented. There controller however 

failed when gyroscopic effects were considered. In [9], an approach that designed a dedicate feedback 

control to completely remove the gyroscopic effects was proposed, which then makes decoupling of 

the governing equations possible. However, as reported in [10], the gyroscopic effects may serve to 

improve the system behaviour with large external damping. Pole placement techniques for 

synchronous vibration control of AMB-rotor system was reported in [11], while [12] conducted 

experiments on unbalance control of such system using adaptive control techniques. Detailed 

description of the electromagnetic actuator for active vibration control of a flexible rotor was 

presented in [13], and the synchronous vibrations of a rotor system were greatly reduced by the 

proposed algorithm based on the least-squares method. Report of design of feedback gain controller 

using PID and LQ control laws to control the rigid and flexible modes respectively of rotor-AMB 

system was presented in [14]. In the same vane, [15] achieved stable rotation up to speed of 10,000 

rpm with PID-stabilized flexible rotor by using LQG controller with modal weighting to suppress 

resonance. In a related case, [16] demonstrated, in test, that the dual usage of Analog Control plus 

Phase Bump Filter (PBF) could control high frequency vibration through 1.5 kHz. A model-based LQ 

controller with an optimal observer-based unbalance force rejection control was used in [17] to lower 

the vibration amplitude of a variable speed magnetically suspended rotor.  

These approaches, though improved the AMB flexible rotor system, had result to too complicate a 

control strategies that could prove unoperable to foremen in industries. 
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1.3 Motivation, Objectives and Methods 

It has been verified that combined support is better than single support in restraining rotor vibration. 

Hamburg first pointed out that vibration of rotor would be restrained effectively when ball bearing is 

fixed on elastic foundation[18]. Squeeze film damper (SFD) was also used to improve the performance 

of the Chinook helicopter drive supported by ball bearing [19].  

Metal Rubber (MR) is a new kind of material that has combine characteristics of selected metal 

(high and low temperature resistance, corrosion resistance) and flexibility of rubber with damping 

ratio of about 0.35[23]. The frequency dependent excitation forces acting on the MR generates heat 

partly due to compression and relaxation action of the MR element and partly due to friction on 

contact with other elements. The heat energy is then dissipated reducing the overall energy content of 

the system. 

Enlightened by the idea of combined support, our research team put forward a new combined 

support which is called Complexed Bearing (CB). CB comprises of Metal Rubber Ring (MRR) and 

AMB. MRR is carefully padded around AMB to increase the support flexibility. Our previous 

research on CB showed that MRR could increase the first bending modal damping of the system 

remarkably, but the parameters of AMB and MRR were not optimal[24].  

AMB and MRR elements can be modeled as spring and damper. The overall bearing property 

becomes a function of individual properties of the bearing elements, and varying these properties 

results to varied rotor response. The purpose of this thesis is to find the parameter combination of 

AMB and MRR for the best dynamic response. 

Frequency Response (FR) analysis of the system is performed by Finite Element Method (FEM) 

using MD Nastran and Patran. We are well informed that the most reliable way of obtaining accurate 

dynamic model describing the behavior of machines is through experimental procedure as it better 

reflects reality[25]. For that purpose, we will perform Experimental Modal Analysis (EMA) and actual 

operations of the system and used the result to validate the FEM model. 

1.4 Structure of the Thesis 

In chapter 2, the components of CB-rotor System are highlighted. The whole assemble is presented and 

the working principle of the system is explained with aids of detailed diagrams. 

In Chapter 3 The analysis tool, Nastran is introduced and used to perform Whirl frequency analysis, 

Critical speed as well as Unbalanced response analysis of the CB- rotor system.  

In chapter 4 Finite Element Sensitivity-based Optimization method for the CB-rotor system was 
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illustrated. Aiming at obtaining high damping ratios within the regions of bending critical speeds, a 

case study with five design variables was conducted using Nastran solution 200.  

Chapter 5 discusses tests. It begins with EMA and the ends with actual operation of the system. 

The descriptions of the test procedures are well outlined and the apparatus used for the various tests 

carefully identified.  

In chapter 6, main work and conclusions are presented and further research work which could be 

made for more effective optimization are mentioned. 
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Chapter 2 Basic Component of CB-Rotor System  

The system comprises of two units: Mechanical and Electronic unit. The Mechanical Unit consists of 

Rotor and CB subsystems.The CB itself has the AMB and MRR. 

The Electronic Unit include: Sensor, Controller and Power Amplifier.We will go ahead and explore 

definitions and features of these components. Most of the facts are extracted from [26].  

2.1 Sensor 

Sensors are used to dictate the movement of the rotor. Several sensor types are used in AMBs: 

inductive, eddy current, capacity and optical displacement sensors. Each has advantages in specific 

applications, but the general properties that need to be assessed are: Bandwidth, Electrical noise and 

Ma netic field rejection, Robustness to environment, Compatibility to canning in harsh service 

environments, Reliability, Cost [27] 

Since AMBs are actively controlled regarding to the sensor signal, the control performance 

strongly depends on the sensor performance.  

In this study eddy current sensor is utilized. It used the principle of electromagnetism: as the rotor 

approaches the sensor, the electromagnet field surrounding the sensor becomes stronger. 

The sensor transfer function is given by: 

BW
s

BW

Gain
( ) (V/m)G s

s

ω

ω

⋅
=

+
                      (2.1) 

where BWω
 
is the sensor bandwidth frequency. 

2.2 Controller 

The controller has its input as the rotor motion (may include the velocity and phase) and out puts 

voltage to the actuator. It processes the input signal through a carefully designed algorithm to determine 

the output signal-voltage. Mordern AMB systems nearly always use digital controllers. These 

controllers are described in terms of their: 

(1) Sampling rate .i.e. the frequency of measurement of the sensor signal and update the amplifier 

signal. 

 



Complexed Active Magnetic Bearing –Metal Rubber Ring Performance Parameters Optimization 

6 

(2) Delay i.e. time elapse between measurement as well as processing time. 

(3) Algorithm.  

The controller can be described in terms of frequency domain transfer functions within  ( )cG s : 

c c s{ } [ ( )]{ }V G s V=                             (2.2) 

where, Vc is output voltage of controller, Vs is output voltage of sensor, and Gc(s) is transfer 

function of controller, 

c 1,1 c 1,

c

c ,1 c

( ) ( )

( )

( ) ( )

n

n

G s G s

G s

G s G s

=

L

M O M

L

                         (2.3) 

The classic Proportional-Integral-Derivative (PID) algorithm is a common place to start when 

designing an AMB control system. A typical PID frequency response is written as: 

2

BWi
PID p d 2 2

BW BW

( ) ( )( ) (V/V)
2

K
G s K K s

s s s

ω

ξω ω
= + +

+ +
           (2.4) 

where, 
pK is propotional coefficient, iK is integeral coefficient, and dK  is derivative 

coefficient. 

2.3 Power Amplifier 

Current is induced in the coils of the electromagnets by power amplifiers. These amplifiers are designed 

to apply large voltages to the coils and to monitor resulting currents. The currents are typically 

compared to a request signal (provided by the AMB controller) and the voltage adjusts to try to force the 

current assume the request value –transconductance[28]. In understanding the behavior of AMB, it is 

petinent to recorgnise that the power amplifier can only apply a finite voltage, fixed by the power supply 

( maxV ) and that this limits how rapidly the AMB force can vary because of electromagnetic inductance. 

If the coil set driven by a power amplifier has inductance L and resistance R, then the coil voltage 

(applied by the power amplifier) is related to the coil current by: 

di dl
V RI L I

dt dt
= + +                         (2.5) 

The power amplifier is characterized by its gain, bandwidth, voltage limit, and maximum current. For 

a given electromagnetic set, the maximum current maxI  should be matched to the saturation current 

for the electromagnets sat I . Then the dynamic capacity of the AMB given above will be controlled by 

the maximum amplifier voltage ( maxV ) and the ratio between bias current and maximum control 

current. 
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The Amplifier frequency response characteristics, the transfer function, is given by 

2

BW
AMP 2 2

BW BW

Gain
( ) (A/V)

2
G s

s s

ω

ξω ω

⋅
=

+ +
                   (2.6) 

2.4 Rotor  

By rotor, we mean “shaft” and shrunk-on components like sleeves, varying cross-section area, 

impellers/bladed disks etc. The rotor is designed to meet required mechanical properties of rigidity, 

stiffness, resistance to corrosion etc. 

Figure 2.1 shows the schematic illustration of the rotor. Table 2.1 and 2.2 show the technical 

description and mass and inertia properties. 

 

 

 

 

 

Figure 2.1 Schematic illustration of the rotor 

 

Table 2.1 Size parameters of the rotor 

Description Value(mm) 

Left end to right end length, L  828 

Bearing center to center, l  ( a bl l l= + ) 704 

Left end to the rotor center of mass, c
l  416.4 

Left bearing center to rotor center of mass, 

a
l  

355.4 

Right bearing center to rotor center of mass,
 

bl  
348.6 

 

Table 2.2 Rotor mass and inertia properties 

Description Value 

Mass, m  7.5322 kg  

Polar Moment of inertia, pJ  0.0032
2

kg m⋅  

Diametral Moment of inertia, dJ  0.4624
2

kg m⋅  

Left bearing position  

 

Right bearing position  
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2.5 AMB 

The AMB with the activities of the controller generates force to suspend the rotor stabily and control its 

motion. It is called “active” because it can respond to change in position of the rotor.  

Two kinds of AMB can be identified depending on the direction of motion of the rotor they are 

used to control. They are: Radial AMB and Axial AMB. 

 

       

          Figure 2.2 Axial or thrust AMB              Figure 2.3 Radial AMB 

 

Figures 2.2 and 2.3 are the pictures of AMB designed by our research team. 

The main components of the AMB are; laminated iron core and the copper windings. Both 

constitute the bearing electromagment which together with the amplifier is called the Actuator. In 

addition, there is a network of wire to supply the actuating current. The iron core is laminated to 

reduce the effect of eddy current. High conducting material is required for the winding. 

 

Table 2.3 Radial AMB design properties  

Description Specification 

Bearing load 80.0N 

Bore diameter 40.0mm 

Bearing width 20.0mm 

Number of turns 33.0turns 

Bias current 2.5A 

Clearance 0.25mm 

Displacement Stiffness-coefficient. 5
3.2 10 N / m− ×  

Current Stiffness-coefficient 32N/A 
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2.6 Metal Rubber 

MR materials are made of pressed stainless steel wire of diameter range of 0.1-0.5mm having both loose 

and reticulate structures. They have dual qualities of rubber and metal, thus the name. The metal-rubber 

is tight-fitted onto the periphery of the AMB base to form a single unit of CB. The picture of the AMB 

designed by our research laboratory is shown in Figures 2.4 and 2.5 below. 

 

     

Figure 2.4 Complexed Bearing Unit           Figure 2.5 Metal Rubber Ring 

2.7 CB-Rotor System 

The Test CB-Rotor system is shown inFigure 2.6. Figure 2.7 shows the schematic diagram of the same 

system. The Rotor, driven by a high-power electric motor runs in a pre-determined position.  

The motion is controlled by joint actions of two Radial CB units (Rad 1 and Rad 2) and Thrust 

AMB. The Radial CB controls the radial motion while the axial motion of the rotor is controlled by 

the action of the Thrust AMB. Sensors are placed close to actuator and rotor to detect motions of the 

rotor.  

 

 

Figure 2.6 CB-rotor system 
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Figure 2.7 Schematic diagram of Complexed Bearing-rotor system 

2.8 Working Principle  

The Sensor picks the Displacement x of the supported rotor, and sends it to the Controller. The 

Controller processes the information and generates appropriate Control signal V. The position signal is 

transformed by the Power amplifier into Control current in the coil. The control current generates 

magnetic field in the actuating magnets, resulting in magnetic force in such away that the rotor remains 

in it hovering state. The control law of the feedback is responsible for the stability of the hovering as 

well as the stiffness and damping of such a suspension. Stiffness and damping can be varied within 

physical limit and can be adjusted to technical requirement. 

 

extF

bCbK

ext
F

x

i
k

( )
p

G S ( )
c

G S

( )sG S

( )X S
2

1

( )MS K+

0
0X =

pxI

Figure 2.8 AMB principle of operation  
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 For a pair of magnets, the force 
xF [N] represents the force difference between the positive and 

the negative directions and is given by 

2

0

2

0

( )

( )

xi i
F k

s x

+ +
=

−
                          (2.7) 

2

0

2

0

( )

( )

xi i
F k

s x

− −
=

+
                          (2.8) 

So that the resultant force on a single axis is  

( )

( )

( )

( )

2 2

2 2
cos

o x o x

o x o x

i i i i
F F F k

s x s x
α+ −

 + −
= − = − 

 − +
 

         (2.9) 

or 

i sx xF = k i +k x                             (2.10) 

Where, [ ]0 Ai is bias current, [ ]Axi  is control current, [ ]0 ms  is nominal air gap, [ ]mx  is 

air gaps, 
2

0 4
a

k N Aµ= , N is number of turns, aA  is area of air gap, 0µ  is permeability of 

air,
7

0 4 10 [H / m]µ π −= ×  and α  is the angle between the force direction and the middle of the 

actuator teeth (For eight actuator teeth, 22.5α = ° ). 

 

S
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Figure 2.9 Force-Current relationship 

 

As most simple approach, one might set up the desired control force F in such a way that the 

closed-loop behavior becomes similar to that of a mechanical spring-damper system. This results in an 

expression for the bearing force F with linear coefficients for equivalent stiffness, k and damping, 

c[29]: 
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eq eqF = - x - ck x                            (2.11) 

where the frequency dependent eqk  and eqc  is given by 

eq s i( ) Re[ ( )]k k k G jω ω= +                       (2.12) 

eq i

Im[ ( )]
( )

G j
c k

ω
ω

ω
=                          (2.13) 

(see Figure 2.8). The transfer function is giving by the expression, 

2

ext s i s c AMP

( ) 1
( )

( ) ( ) ( )

Y s
G j

F ms k k G s G s G s
ω = =

+ +
             (2.14) 

2.9 Chapter Summary 

This chapter is an introduction to AMB technology. The chapter discusses the components of CB, 

fundamental characteristics and working principle of the system. MRR characteristics are further 

discussed in details. The chapter ended with the description of whole CB-Rotor structure. 
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Chapter 3 Modeling and Dynamic Analysis of CB-Rotor System 

3.1 Introduction 

The dynamic response of a rotor-bearing system can be approximated by the set of linear differential 

equations obtained from the finite element representation. The system parameters including the 

geometry of the system, coefficients of bearing, inertia properties of rigid disk, and the distribution of 

the mass and stiffness of rotating assemblies all of which have significant influence on the dynamic 

characteristics of the rotor-bearing system. The representation of the shaft element as a series of beam 

elements is common in the application of the finite element method to rotor-bearing systems. Under a 

small deflection assumption, the linearized equation of motion for the shaft element can be used to 

model the shaft.  

The rotor considered in this work is flexible and has complex geometry. Thus the use of 

approximate models becomes imperative.  

At any time,   the radial displacement of the rotor relative to static deflection line is considered to 

be ( )x z,t  and ( )y z,t . The diagram of the discretized flexible rotor is shown in Figure 3.1 below. 

 

 

Figure 3.1 Finite Element Model of the flexible rotor system 

 

The flexible rotor is divided into a discrete number of elements,   where each node usually is 
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described by two translational and two rotational degrees of freedoms (DOF). The axial translational 

and rotational DOF are considered fixed. 

Each of these discrete models has the following properties; length 
n

l , bending stiffness 
n

EJ , 

mass per unit length µ
n

, mass eccentricity 
n

e  and angle of eccentricity γ
n

 as well as other 

parameters describing external and internal damping, additional inertia effect like the rotatory inertia 

and gyroscopic effects and self excitation mechanism. 

3.1.1 Equation of Motion (EOM) 

The equations of motion of a single element may be obtained by, for example from the law of 

conservation of momentum or Langrange’s equation and analysis can be done using transfer matrix 

method [30], FE Method [31, 32] and Lumped Parameter mothod. Nowadays, it is a common practice to use 

combinations of methods: as in FE method and Modal analysis, to obtain the stiffness matrix and the 

inertia matrice. 

We consider the virtual work of a beam element, n  with unknown displacement function 

( , )
n n n

x z t  and ( , )
n n n

y z t . The function can be expressed as an approximate function which has to 

fulfill special compatibility conditions within an element and at the boundaries. These approximations 

are; boundary displacement and selected deformation function for the inner area of the element. 

Figure 3.2 below shows the four approximate deformation functions H1, H2, H3, H4 with the 

corresponding boundary displacements and angle for the y direction.  

( , ) T

n n n n
x z t H X=                             (3.1) 

( , ) T

n n n n
y z t H Y=                             (3.2) 

{ , , , }T l l r r

n n n n n
X x xβ β=                           (3.3) 

{ , , , }T l l r r

n n n n n
Y y yα α=                           (3.4) 

1 2 3 4{ , , , }T

n n
H H H H H x=                         (3.5) 
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Figure 3.2 Approximate functions for element n 

 

The stiffness and mass matrices of the nth element can be derived by applying principle of virtual 

work, and written as, 

2 2

3

2

12 6 12 6

4 6 2

12 6

4

n n

n n nn
n

nn

n

l l

l l lEJ
k

ll

l

− 

 −
 =
 −
 

 

                         (3.6) 

2

2

156 22 54 13

4 13 3

156 22420

4

n n

n n nn n
n

n

n

l - l

l l ll
m

l

l

µ

 

 −
 =
 −
 

 

                       (3.7) 

The matrices are related to the boundary forces (moments) and displacement (angle) for the 

element n. for each nodal point marking the boundary of element, n, four global coordinates: 2 

translation and 2 rotation are define. 

We concentrate all the global coordinate to one general global vector X (x-plane only) so that we 

can represent local element coordinate Xn as a function of global coordinates as follows 

beam element           
n n

X T X=                                    (3.8) 

bearing element           
b b

X T X=                                    (3.9) 

In the above expression, Tn, Tb are transformation matrices showing how the beam and bearing 

elements are arranged in the overall coordinate system. 

The mass, damping, stiffness matrices and the unbalance excitation vector for the whole system 

along x-axis written in terms of overall coordinate system is shown below 

1

N
T

x n n n

n

M T M T
=

=                               (3.10) 

1

B
T

x b b bxx

b

D T T d
=

=                               (3.11) 
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1 1

N B
T T

x n n n b b bxx

n b

K T M T T T c
= =

= +                           (3.12) 

1

N
T

x n ne

n

f T f
=

=                                 (3.13) 

Based on principle of virtual work, the EOM is written as 

x x x x
M X + D X + K X = f&& &                            (3.14) 

y y y y
M Y + D Y + K Y = f&& &                             (3.15) 

for the x and y directions shown in equation 3.14 and 3.15. Assuming isotropy of elements (beam 

and bearing) properties, both equations are equal. For anisotropy of beam stiffness and bearing 

element coefficients Ky and Dy will differ along the main diagonal. 

Superposing equation 3.14 and 3.15, we obtain 

0 0 0

0 0 0

x x x x

y y y y

M D K fXX X

M D K fYY Y

            
+ + =            

           

&& &

&& &
           (3.16) 

For coupling, equation 3.24 can be rewritten as 

x xy x xy x xy x

yx y yx y yx y y

M M D D K K fXX X

M M D D K K fYY Y

            
+ + =            

           

&& &

&& &
         (3.17) 

Coupling can result due to effect like gyroscopic moments, steam excitation, internal damping etc. 

These equations can simply be written in the form 

Mz + Dz + Kz = f&& &                           (3.18) 

where  

 

 
 

=
x

z
y

                                (3.19) 

M is symmetric mass matrices ( 0xy yxM = M = ) and consist of the translatory and rotatory 

inertia terms from beam and disc elements;  D-Damping matrix has symmetric component for 

external and internal damping and may contain unsymmetrical gyroscopic terms. Gyroscopic 

moments of beam element and most importantly from discs with high moment of inertia result in 

skew-symmetric matrix i.e.  
TG G= − ; Stiffness Matrix K consist mainly of symmetric matrix part 

of the beam elements Additional skew symmetrical matrix have their origin from internal damping 

and steam excitation. Gyroscopic moment have an effect on the natural frequencies of the rotor.  
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3.1.2 FEM Analysis in MD Nastran 

The rotor-bearing system of modern rotating machines constitutes a complex dynamic system. Analysis 

procedure of rotordynamics in MD Nastran and Patran is shown as Figure 3.3. MD Nastran rotor 

dynamics product module provides a simple, fast and reliable method to performing the various 

analyses associated with rotor-bearing systems and other rotating components.  

 

Figure 3.3 Analysis flow in MD-Nastran and Patran 

 

Analysis of rotor in MD Nastran and Patran involve three main operations; Pre-processing,  

Processing and Post-Processing operations. In the pre-processing operation, the standard scalar 2-D 

line elements available in Patran interface is utilized in modeling the rotor. The analysis solution 

sequences for the processing operation includes; Sol-107 which performs complex mode analysis with 

asynchronous option (for the whirl modes and frequencies) and synchronous option (for the Critical 

speed). The analysis supported by MD Nastran includes  

1) Frequency Response Analysis (FRA): i.e. the Steady state response analysis due to unbalance and 

other forms of excitations. 

2) Linear and Non-Linear transient response analysis: to determine the response of the rotor system to 

imbalance during start-up. 

3) Stability Analysis. 

The result of the analysis is then sent back to Patran to perfom the Post-processing operation, 

which mainly has to do with result(s) processing through XDB files and visualizing the deformation 

plots and stress fringe plots and can be presented in the forms of reports. 
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The MSC Nastran time and frequency-domain equation solved by the dynamic solution sequences 

is;  

( )

( ) ( )

1 1
( ) 4 4

3 4 3 4

1

3 4
ω

        
+ + + + + + +Ω        

        

     
+ + Ω + + =    

    

&&& G

s s s r r r

cv Cgr Cger
s r

g gr
Mz t B K K B K K B Z t

W W WR WR

g
 K K K K K z t F

WR WR

 

(3.28) 

( )
( ) ( )

2 ( )

1 4 (1 )

1
4

ω ω

ω ω

ω ω

 − + + +Ω
 

+ + + +  
=  +       + Ω + +      

      

G

s r

s s r r

Cv Cgr Cge

r

M i B B B

ig K iK ig K i
u F

gr
K K K K

        (3.29) 

where, 

 M  is total mass matrix (CONMi, CMASSi, MATi) 

 sB  
 
— support viscous dampimg matrix (CVISC, CDAMPi)   

   
3

 
 
 

s

g
K

W
  —support viscous damping equivalent to structural damping (PARAM,G) 

   
1

4
4

 
 
 

s
K

W
 —support viscous damping equivalent to material structural Damping (GE on 

MATi) 

rB  —rotor viscous damping matrix (CVISC, CDAMPi) 

   
3

 
 
 

r

gr
K

WR
 —rotor viscous damping equivalent to structural damping (GR on RSPINT) 

   
1

4
4

 
 
 

r
K

WR
 —rotor viscous damping equivalent to material structural damping (GE on 

MATi) 

G
B   —gyroscopic force matrix (dependent on polar moment of inertia) 

sK   —support stiffness matrix 

rK   —rotor stiffness matrix 

4sK  —support material damping matrix (GE on MATi) 

4rK
 
—rotor material damping matrix (GE on MATi) 

Ω    —rotor spin rate 

CvK  —“circulation” matrix due to rB  
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Cgr

r rg K — “circulation” matrix due to r rg K
 

Cge

r
K —“circulation” matrix due to 4rK  

ω   —whirl frequency 

G, WR3, WR4 are user parameters 

SOL 107 (direct method) solves the critical speed using SYNC card. Here it substitutes ω =Ω  

in Equation 3.29. The resulting Equation 3.30 is solved forΩ : 

( )
( ) ( ) ( )

2 ( )

1 4 (1 )

4

 −Ω − + Ω + −
 

 + + + + + Ω = Ω
 
 + +
 

G Cv

s r

s s r r

Cgr Cge

r r

M iB i B B iK

ig K iK ig K i u F

iK g K K

     (3.30) 

Critical speeds can also be determined by the whirl frequency calculation, using the Campbell. 

Campbell diagram plots the eigenvalue versus the rotor speed. Eigenvalues with similar mode shapes 

are connected to form a series of line that represent changing natural frequencies. Critical speeds are 

determined by assessing which eigenvalues are identical to the rotor speed. This is done by drawing 

line ω =Ω , natural frequency = rotor spin). The intersection of this line with the eigenvalue lines 

(1×  revolution line) are the critical speeds. 

3.1.3 Demonstrative Example  

a) MODEL: The rotor is modeled as 8 rigid beam elements connected at nodes. The disc is located 

at the 7th grid point. The concentrated masses of the beams and disc are modeled as lumped masses. 

The rotor ends are attached to the support bearings through Rigid Body Element (RBE) 2 element. 

This is to ensure separation of the mass damping or stiffness of the rotor from that of the bearing or 

support structure. The bearing itself is modeled using CELAS1 (grounded spring) elements and 

connects to the ground. Connections of the rotor to the ground or support element may cause incorrect 

determination of the gyroscopic terms. The rotor considered in this example is shown in Figure 3.4 

below. 
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Figure 3.4 Rotor model 

 

The shaft is made of a single material of elastic modulus 112.11 10 Pa× and a poison ratio of 0.3. 

The other parameters are presented in the Table 3.1 

  

Table 3.1 Detailed model parameters of the example rotor-bearing system 

S/N MASS (kg) IP(kg ⋅m2) ID(kg ⋅m2) L(m) I(×10-8m4) E(×1011Pa)  

1 0.06464801 0 0 0.025 1.64896 2.11 

2 0.117669114 0 0 0.044 1.03510 2.11 

3 0.106042199 0 0 0.044 1.03510 2.11 

4 0.106042199 0 0 0.044 1.03510 2.11 

5 0.106042199 0 0 0.044 1.03510 2.11 

6 0.109657274 0 0 0.047 1.03510 2.11 

7 0.778567374 31.32 10−×  26.76 10−×  0.030 1.03510 2.11 

8 0.136478961 0 0 0.032 3.09761 2.11 

9 0.100328211 0 0 0 0 0 

where, IP- Polar moment of inertia, ID- Diametrial moment of inertia,  I- Area moment of inertia, 

E- Elastic Modulus. 

b) ANALYSIS: The system was analyzed for whirl frequencies and mode shape using the 

Complex Eigenvalue SOLution-107 with direct formulation. Complex LANCZOS method was 

invoked in solving the abstracted matrix leading to the eigenvalues. The solution was run at 0, 100, 

300, and 500 Hz asynchronously, and the real and imaginary roots were determined. 

c) RESULTS 

WHIRL MODES AND FREQUENCIES: The first four whirl mode of the rotor system is shown in 

Table 3.2. 
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Table 3.2 Whirl frequencies and mode 

Frequency 

(Hz) 

Backward Forward 

Mode 1 Mode 2 Mode 3 Mode 4 Mode 1 Mode 2 Mode 3 Mode 4 

0 401.11 655.59 1198.5 2112.4 401.11 655.59 1198.5 2112.4 

100 397.38 683.47 1184.2 2107.4 404.51 672.84 1213.8 2117.4 

300 388.07 605.61 1159.1 2098 410.21 706.86 1247.9 2128.0 

500 376.54 576.01 1138.0 2089.2 414.72 738.89 1286.0 2139.1 

700 362.53 550.88 1120.4 2081.0 418.35 767.83 1327.2 2150.7 

900 346.32 530.66 1105.6 2073.4 421.31 793.15 1370.1 2162.6 

 

CRITICAL SPEED: The analysis was run at synchronous frequency of 0 to 500 Hz.The result of 

this analysis is the critical frequency of the system. The result of the analysis is shown in Table 3.3. 

 

Table 3.3 Critical speed 

Frequ

ency 

(Hz) 

Forward Backward 

Mode 1 Mode2 Mode 3 Mode 4 Mode 1 Mode 2 Mode 3 Mode 

4 

0-500 383.55 576.01 1093.6 2039.1 412.88 778.16 1494.1 2243.9 

 

d) VERIFICATION OF RESULT: The theoretical Critical frequency obtained by using Campbell 

diagram (Figure 3.4 below) showed strong correlation with that computed using MD Nastran, thus 

validation the accuracy of the analysis. 
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The result of the analysis from Nastran compared with theoretical Campbell result is presented in 

Table 3.4. 

Table 3.4 Comparison of theoretical and MD-Nastran model critical speed analysis result 

Mode Direction Theory MD-Nastran 

1 
Backward 383.55 383.55 

Forward 412.88 412.88 

2 
Backward 567.05 567.03 

Forward 778.16 778.12 

f) RESULTS: The analysis of Rotor-bearing system had been carried out succefully using MD 

Nastran solver. The modeling of the system was accomplished using interface tools in Patran program. 

The system was analyzed for Critical speed and Whirl modes and Frequencies. The result of the 

Critical speed computed by Nastran showed strong correlation with theorical values computed using 

Campbell diagram. 

3.2 FE Modeling and Analysis of CB-Rotor System in Nastran 

3.2.1 CB Model and Analysis 

The annotate diagram of the CB structure is shown in Figure 3.6 and contains the housing, MRR, AMB 

and AMB seat.  

 

Figure 3.5 Campbell diagram 
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Figure 3.6 Schematic illustration of CB structure 

 

We first developed a 3D finite-element model of MR in free-free condition using HEX element 

and having 8 nodes. Adopting properties model of equivalent viscous damping and linear stiffness [33], 

the MR is modeled as circularly distributed BUSH element with lumped mass at each of the nodes. 

The forces are axially oriented so that tortion can be neglected without much ado. Also, bolts and 

holes are neglected in the model but the mass contribution is well noted. The total mass of the whole 

bearing structure is 3.5kg. Other parameters of the MR are; mass 0.857kg, relative density of 

31.8 10× kg/m3, poisson ratio 0.02 structural damping 0.1. 

The modulus of elasticity and the density shown in Table 3.1 are based on the material properties. 

Figure 3.7 shows the FE model of metal rubber (a and b) and the housing structure. 

 

Table 3.5 Material properties used in analyses of annulus structure 

Name Material 
Elastic Modulus 

(MPa) 
Poisson ratio 

Density 

(kg/m3) 

Housing 

structure 

Aluminum 

alloy 

48.0 10×  0.3 
32.7 10×  

AMB 

base&Thin 

metal flap 

Carbon 

steel 

42.1 10×  0.3 
37.8 10×  
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Figure 3.7 Metal Rubber model 

 

Using the method described by [21], the MR is modeled as BUSH element with viscous damping 

and linear stiffness. The parameters of the MR were obtained using sensitivity-based updating method 

and obtained as stiffness 6
4.86 10 N / m×  by running Complex Eigenvalue analysis using the FE 

model. The first three mode shapes are shown in Figure3.8. These are the bending vibration (a) and 

two translation modes (b) and (c) along the vertical and horizontal directions respectively.  

      

Figure 3.8 Mode shape of the CB by FEA 

 

Table 3.6 compares the result of Complex Eigenvalue analysis of the CB structure from FEM and 

EMA. 

Table 3.6 Comparison of frequency and damping result of EMA and FEM  

Mode EMA FEM 

 
Frequency 

(Hz) 

Damping 

ratio (%) 

Frequency 

(Hz) 

Damping 

ratio(%) 

1 1537.60 0.93 1567.20 0.69 

2 2871.69 3.67 2957.18 5.33 
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3 2896.75 4.65 3027.05 5.62 

3.2.2 CB-Rotor Model  

Figure 3.9 shows the material used in manufacturing various parts of the rotor. Figure 3.10 shows the 

FEM model of the rotor. 

 

 

Figure 3.9 Rotor and material make-up 

 

Figure 3.10 Rotor FE model 

 

The rotor comprises of 828mm long iron shaft with copper and iron cover sleeves at some selected 

cross-sections as shown in Figure 3.9. The material properties of the composite shaft are listed in 

Table 3.7. 

 

 

 

Table 3.7 Material properties of the rotor 

 Material Density 3(kg / m )  E.M (GPa) Poisson ratio 

1 Copper 8430 100.00 0.324 

2 Silicon steel 7650 200.00 0.270 

3 Pure iron 7860 214.70 0.293 

4 Alloy steel 7920 184.00 0.240 

In Table 3.7, E.M. means Elastic Modulus. 

 

A built-in electric motor sits at a location half way between the two bearings, and supplies the 
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rotational torque. The total weight of the composite rotor is 7.35kg. The shaft is discretized into108 

Timoshenko beam element between 109 nodes. The sleeves are modeled as shell elements, rigidly 

connected together and to the rotor at points of interception using BUSH element. Both radial AMB 

supports are assumed to be symmetrical and isotropic (i.e. KXX = KYY). Assuming a linear model for 

both radial and axial AMB, bush element with stiffness and damping values can be used to model 

them. We designate AMB and MR physical parameters of stiffness and damping as ka, ca and km, cm. 

Then, ka and ca  are 5
4.9 10 N/m× , 2

3.61 10 Ns / m× respectively as approximated by the PID 

controller. From experience, we fixed km and cm values at 5
6.11 10 N / m×  and 2

1.46 10 Ns / m×  

respectively. 

3.3 Analysis Result 

3.3.1 Rotor Free-Free 

The bearing stiffness and damping are set to low values in order to simulate a free-free condition. At 

this state, there is no force on the rotor due to the bearing. Complex Eigenvalue analysis solution 

sequence 107 is exercised using direct method and the eigenvalues and eigenvectors extracted using 

complex LANCZOS method at a rotation speed of 400 Hz (2513.27 rad/s). The Free-Free analysis is 

necessary for the placement of the sensors 

The first and second bending frequencies were found at 102.25 Hz and 263.17 Hz respectively. 

3.3.2 CB-Rotor System 

With the rotor in static suspension under the actions of both CB, Complex Eigenvalue analysis Sol 107 

was exercised to determine the natural frequencies and damping of the CB-rotor system. The results of 

the analysis were compared with the EMA test result as shown in Table 3.8. 

 

 Table 3.8 Natural frequency and damping ratio comparison of FEA and EMA 

Test Response 1st Bending 2nd Bending 

FEA 
Frequency (Hz) 54.71 222.77 

Damping ratio (%) 13.13 10.70 

EMA 
Frequency (Hz) 57.31 225.79 

Damping ratio (%) 16.11 11.05 
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There is good correlation between the analysis and the test results. With a high confidence level, 

we compare the dynamic characteristics of CB and AMB systems as presented in Table 3.9. 

 

Table 3.9 CB versus AMB for Natural frequency and damping 

Bearing Condition Response 1st Bending 2nd Bending 

CB 
Frequency (Hz) 54.714 222.77 

Damping ratio (%) 13.130 10.70 

AMB 
Frequency (Hz) 58.300 219.80 

Damping ratio (%) 12.200 09.35 

 

Again we see that system on CB has better damping at both bending modes frequencies than does 

system on only AMB. 

3.3.3 Unbalance Response Analysis 

Here, an unbalanced static load of 
61.0 10 kg−×  was placed on bearing nodes 9 and 100. The system is 

rotated at high speed so that the unbalance masses excite flexible mode vibrations. The unbalanced plot 

is shown in Figure 3.11. 
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3.3.4 Case Study 

OBJECTIVE: to determine the likely range/direction for effective optimal search.  

An unbalance of 
61.0 10 kg−× is placed at the bearing nodes 9 and 100. The system was rotated 

from 0 to 500Hz. Vibration amplitude at node 9 due to unbalance excitation is measured at same 

Figure 3.11 Unbalance response of the CB-rotor system 
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frequency. The stiffness and damping parameters of the AMB, from experience were set at 355190 

N/m and 1801.3Ns/m respectively. Initial MRR stiffness and damping were assumed to be 

6
1.0 10 N/m×  and 3

1.0 10 Ns/m×  respectively.  

In this work, we wish to find the ranges of stiffness and damping at which the area under the curve 

is minimal, and exploit the information in setting the limits of optimal performance.This will be 

approached in two main steps and four sub-steps. 

Case 1: Constant AMB parameter (Stiffness: 355190 N/m, Damping: 1801.3Ns/m). 

(1a) High MRR stiffness; (1b) Low MRR stiffness; (1c) High MRR damping; (1d) Low MRR 

damping. 

Case 2: Constant MRR Parameter (Stiffness: 6
1.0 10 N/m× , Damping: 3

1.0 10 Ns/m× ). 

(2a) High AMB stiffness; (2b) Low AMB stiffness; (2c) High AMB damping; (2d) Low AMB 

damping 

Note: High /low is with respect to initial bearing parameters. 

Figure 3.12 shows the effect of varied MRR stiffness on the dynamic response at constant MRR 

damping and AMB parameters. In the range of second bending critical speed, high MRR stiffness 

(dotted lines) gave a better dynamic response.  
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Figure 3.12 Effect of high and low MRR stiffness on dynamics response 

However, under flexible mode condition, Low MRR stiffness gives a good dynamics response 

(long dash line). 
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Figure 3.13 shows the variation of MRR damping at constant MRR stiffness value. 
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Figure 3.13 Effect of high and low MRR damping on dynamic responds 

 

Within the range of 2nd bending critical speed, increased damping of MRR has better dynamic 

response. 

Figure 3.14 shows the effect of varied AMB stiffness on the dynamic response of the system. 
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Figure 3.14 Effect of high and low AMB stiffness on dynamic responds 

 

It is seen here that within the range of first bending critical speed, high AMB stiffness has a good 

effect on the system. However at high frequency, low AMB stiffness has good effect. 

Finally, the damping characteristics of AMB are compared in Figure 3.15. 
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Figure 3.15 Constant MRR parameters at high and low AMB damping 

3.4 Chapter Summary 

The mathematic model of free-free rotor and Complex Bearing are established respectively and 

corresponding natrual frequencies are calculated by Nastran. On this basis, the mathematic 

model of CB-rotor system is established and natural frequencies, modal damping, unbalance 

response and influence of CB performance parameters on dynamic characteristics of the system 

are investigated. The main results are: 

(1) High MRR stiffness is helpful to restrain the vibration of the rotor operating at the first bending 

critical speed, while causes much higher vibration of the rotor operating at the second bending 

critical speed. 

(2) Suitable MRR damping is helpful in restraining the vibration of the rotor operating at the first 

bending critical speed, while has less influence on the vibration of the rotor operating at the 

second bending critical speed.  

(3) The vibration of the rotor decreases with increasing AMB stiffness when the rotor is running at 

the first and second bending critical speed. 

(4) The vibration of the rotor decreases with increasing AMB damping when the rotor is running at 

the first and second bending critical speed. 
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Chapter 4 Sensitivity Based Parameter Optimization of CB-Rotor 

System 

4.1 Introduction 

Optimization refers to the search for a structural design that is, in some sense, optimal, or “the best,” 

while varying the structure’s parameters.  

4.1.1 Definition 

Analysis model: this is the mathematical idealization of the physical system in order to obtain 

estimates of certain response quantities. The goal here is to obtain accurate prediction of the 

responses which can be expected from the real structure. 

Design Model: this is an idealized statement of changes which might be made to the structure 

to improve its performance. 

Design Objective: this is function stating the desired response(s) the designer wishes the new 

or modified design to have.  

Design Constraints: these are certain bounds on responses which should not be exceeded while 

varying the design. 

Design Variables are set of parameters of the model used to express what is meant by a 

suitable variation. Limits on the range of design variables are called “side constraint”. 

Design Space is the mathematical region over which the design variable, objective and side 

constraints are not violated or exceeded. 

Optimum: This is a sensation used to describe how a product compared in a predetermined 

desired scale. 

Optimization Problem: This refers to series of mathematical equations relating the design 

objective as a function of design variables. This could be a single- or multi- purpose problem or/ 

and linear or non-linear function of the design variables. 

The general overview of optimization is depicted in Figure 4.1. Structural analysis of the 

initial design is performed to determine parameters which will drive the optimization. 

Non-sensitive parameters are screened out. With these parameters that will likely drive the design, 

the approximate model is formulated. Further analysis is done using this approximate design 
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model until a pre-determined convergency criterion is met. 

 

Figure 4.1 MD Nastran implementation of structural optimization 

4.1.2 The numerical search process 

The numerical search process can be summarized as follows; for a given point in the design space, 

we determine the gradients of the objective function and the constraints and use this information 

to determine a search direction. We then proceed in this direction for as far as we can go, 

whereupon we investigate to see if we are at an optimum point. If we are not, we repeat the 

process until we can make no further improvement in our objective without violating any of the 

constraints. 

The algorithm can be written as follows; 

1) Estimate the start of the design 
0

X  and set the iteration counter k=0. Select a convergence 

parameter, say  0ε < . 

2) Calculate the gradient of ( )F X at 
k

X  as ( )k k
c F X=∀ . 

3) Calculate the vector norm
kc , if 

kc  ε<  then stop, otherwise continue. 

4) Let search direction at the current point 
k

X  be 
k

d  =
k

-c . 

5) Calculate a step size that minimizes ( )k k
F X +αd . 

6) Then update the design as
1k k kX X dα+ = +  and then 1k k= + . 

7) Go to step 2 or iteration 2. 
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4.2 Sensitivity based optimization procedure  

Finite element sensitivity based optimization is a valid tool to modify a dynamic model. The sensitivity 

of such structure’s characteristics such as critical speed, damping ratio etc is usually computed and used 

by the algorithm that searches for the optimum objective function. Modal Assurance Criterion is usually 

used to compare mode shapes and pairing between two models. 

If the design parameter of initial FEM is p , then First Order Taylor Expansion about the 

function f
 

on 
0

p  can be written as,  

0( ) ( )
p p

f p f p S p= + ∆                            (4.5) 

where, the residual of function 

{ }0
( ) ( ) ( )

p p
f p f p f p∆ = −                           (4.6) 

and p∆
 

indicates parameter variation, S  is sensitivity matrix and is given by, 
0

|
p

p p

f
S

p
=

∂
=
∂

. 

So sensitivity based optimization could be considered as the following optimization problem: 

{ }
2

2
min ( ) , ( ) ( )p p f pε ε = ∆                         (4.7) 

. .s t VLB p VUB≤ ≤                                  (4.8) 

where p  denote design parameter vector, VLB and VUB denote the lower and upper 

boundary conditions , respectively, S pε = ∆  and p S ε+∆ = . p∆  indicates parameter 

variation; S
+

 is the generalized inverse about sensitivity matrix S . 

Optimization using structural parameters based on sensitivity analysis is an iterative process. 

Its main steps can be shown as: 1) Select proper parameters 0
p  for initial finite element model; 

2) Provide the residual error ε  form vibration testing and initial finite element model; 3) 

Calculate the eigenvalue sensitivity matrix with respect to 0
p ; 4) Compute the parameter 

variation p∆ ; 5) Return step 1 to calculate new parameters and to execute all steps until meeting 

the convergence criterion. It is very important for sensitivity analysis and estimation of correct 

residual error in optimization. 

4.3    Illustrative Example 

MODEL DESCRIPTION 

The model is a cantilever beam with a circular cross-section shown in Figure 4.2. The goal of this 

analysis is to match the analytically computed mode shapes to the test mode shapes. 
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Figure 4.2 Description of the canti lever beam model 

The beam has a length of 0.254 m, a diameter of 0.1016 m, poisson ratio of 0.3 and Elastic 

modulus of 68.95 GPa.  

OPTIMIZATION STATEMENT 

Objective Function: Minimize the RMS error between the first analytical mode shape (bending 

mode) and the first test bending mode. 

Constraint: The RMS error between the third analytical mode shape (axial vibration mode) and the 

corresponding third test mode (lateral translation) must be less than 0.002. 

 

Table 4.1 Lateral displacement (T3) and axial displacement (T1)  

Grid number Mode 1 Mode 3 

Coordinate Value Coordinate Value 

3 T3 0.0406 T1 0.2167 

6 T3 0.2602 T1 0.6278 

9 T3 0.6834 T1 0.9370 

Frequency (Hz) 61.912 578.28 

 

The design variable is the radius of the 3 elements closest to the root of the beam. 

MODELING 

The canti-lever beam is modeled using 9 c-bar elements constrained in all the 6 DOF at grid 1 and 

in 2 and 6 (TY and RZ) in the rest of the grid points. The material properties are shown in the 

diagram. 

Given tridiagonalization method was used in the Real Eigenvalue analysis to extract the 

eigenvalues normalized to unit value of the largest component in the analysis set. 

The radius of the three elements closest to the fixed end is used as the design variable. The other 

seven elements near the free end have the same invariant radius. 
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The transverse displacements in z-direction for mode 1 (bending mode) and the longitudinal 

displacement for the mode 3 (extension mode) are chosen as test data.  

OPTIMIZATION 

For simplicity we present the results as follow 

11 1m
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g1 gm

ij

a a

X a

a a

 

 
= =
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where AX , EX  and XE  are the analytical, experimental and error matrices,
ijε ,ij ija e and are 

elements , subscript i, j (i=1 to g, j=1 to m) are the grid positions and mode respectively.   

{ }A E ijX X X= − =E E                         (4.12) 

    
ij ij ij

e a= −E                               (4.13) 

In this work, we are interested in j = 1, 3 .i.e.T3 displacement for bending mode 1 and T1 

displacement for longitudinal mode 3) at grid points i=3, 6 and 9. 

So we have,  

31 33
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91 93

a a

X a a

a a

 
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1 3( , )=XE E E                                   (4.17) 
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evaluated from (4.16), the Euclidean norm of the error  1,  3=i is to be minimized. 

Mathematically the optimization problem can be presented as follows 

Min
2

1 2
(R)E ,                              (4.19) 

Subject to, 

2

3 2
0.002(R) ≤E                              (4.20 

RESULTS/DISCUSSION 

The job was executed in MSC.Nastran SOL 200. 

In Nastran, design objective is defined in CASE CONTROL section by the DESOBJ. Design 

variable is defined in the BULK DATA section by DESVAR and design constraint is defined in the 

BULK DATA section by DCONSTR. 

As a start, the optimizer performs analysis to determine the current state of the responses. The 

result of such initial analysis is shown below. 

 

 

Figure 4.3 Nastran extract; Modal shape data 

 

From the analysis result displayed by Nastran we can extract the necessary information to show 

how optimization is performed. T3 and T1 at grids 3, 6 and 9(highlighted in red and blue respectively) 

are displayed in matrix form below. 
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0.0662 0.3090

0.3428 0.7071

0.7274 0.9511

AX

 

 =
 

  

0.0406 0.2167

 X 0.2602 0.6278

0.6834 0.9370

E

 

 =
 

  

 , thus  

0.0256 0.0923

X 0.0826 0.0793

0.0440 0.0141

 

 =
 

  

E  

The above result of 
XE  can be split into 

1

0.0256

0.0826

0.0440

 

 
=  

 
 

E , and 3

0.0923

0.0793

0.0141

 

 
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 
 

E  

The objective function
2

1 2
( )E R is then computed from the above two error as follows; 

2 2 2 0.0256 0.0826 0.0440= + +   0.0970=  

2 2 2 0.0923 0.0793 0.0141= + +  0.1225=  

This is exactly the same with the response computed by Nastran (highlighted in yellow). 

As can be seen from the result, the constraint is badly violated. The first task of the optimizer is to 

return the design to the feasible region using modified method of feasible direction. This method 

establishes a search direction tangential to the constraint about being violated (critical constraints). 

Once this had been achieved, it proceeds to minimization of the objective function. 

Note: Since we have only one design (decision) variable the sensitivity matrix is 1 8 (ie 6 from 

grid 3, 6 and 9 responses for mode 1 and 3, and 2 from the DRESP2 that specifies the objective 

function and constraint).i.e. 

 
3 81 2( ) , , ,...,

y yy y
F X

x x x x

∂ ∂∂ ∂
∇ =

∂ ∂ ∂ ∂
                    (4.21) 

The sensitivity computed by Nastran is shown in the Figure 4.4. 
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Figure 4.4 Nastran extract; sensitivity result against design cycle 

 

Figure 4.5 shows the variation of the design variable i.e. the radius with the optimization cycle (a) 

and (b) decrease of the Euclidean norm (error) with design cycle. 
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Figure 4.5 (a) Variation of design variable (a) and objective function (b) with design cycle 

4.4 Case Study 

The description and modeling of the rotor have been treated in section 3.2.2. The responses for 

optimization are the natural frequencies and damping ratio. It is desired the damping be increased so 

that the system can operate beyond bending critical speed occurring at 250 Hz. The responses of 

interest will be based on complex modal analysis. 

Neglecting the excitation force, single value decomposition of (3.18) results to the right, iu  and 

left, iv  eigenvectors of i-th eigenvalue iλ  given below;  

{ }2
( ( ) ) 0

T T T

i i d iM C G K uλ λ+ + + =                    (4.21) 

{ }2( ( ) ) 0T T T

i i d iM C G K vλ λ+ + + =                    (4.22) 

i i iλ α ω= ±                                 (4.23) 

where D matrice in (3.18), has been replaced by damping matrice Cd and gyroscopic matrice G. 

 The idea behind the optimization is that the modal parameters (damping coefficient, 
i

α  and 

frequency iω ) of a mode, i can conveniently be adjusted to assume a preassigned value. This is the job 



Nanjing University of Aeronautics and Astronautics Master Degree Thesis 

39 

of optimization algorithm. 

Maximize: 

1

( )
N

i i i i

i

f p A Bξ ω
=

= +                            (4.24) 

. .s t  

1 0 1,...,
j

j

j k
ω

ϖ
− ≤ =                         (4.25) 

1

max

: 1 0k

m
g

m
+ − ≤                             (4.26) 

1,...,l u

i i i
p p p i n≤ ≤ =                          (4.27) 

where, iA  and iB  are weighting factors associated with each modal damping iξ  and 

frequency iω  respectively, iϖ  is the desired modal frequencies for each mode. k  is the total 

number of modes of interest, m and 
max

m  are the overall mass and maximum allowable mass of the 

structure, respectively.  

For the rotor structure under study, the natural choices for the design variables ip
 
in (4.24) are 

the bearing parameters; the stiffness and damping of the AMB (ka, ca), the stiffness and damping of 

MRR (km, cm) and the mass of the AMB (ma). 

The complex eigenvalue design sensitivity can be derived by differentiating (4.21) and (4.22) with 

respect to design variable. The approximation for the variation in the k-th complex eigenvalue [9] is 

given by: 

{ } [ ]( ) [ ] [ ]{ }

{ } [ ] [ ]( ){ }

2 ( )

2 ( )

T

i i d i i

i T

i i i d i

v M C G K u

p v M C G u

λ λλ
λ

λ

− ∆ ∆ + + ∆∂
∆ = =

∂ + +
             (4.28) 

where, Pi, i = 1, 2, … n, are vector of the design variables. 

These analyses are carried out in MSC/MD Nastran Finite Element Software.  

Table 4.2 Pre-optimization CB parameter values 

Design 

Variable 

Value Initial Lower 

bound 

Upper 

bound 

ak  (N/m) 355190.0 1 0.2 10 

ac  (Ns/m) 1801.3 1 0.2 10 

mk (N/m) 100000.0 1 0.2 10 
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ac  (Ns/m) 10000.0 1 0.2 10 

Sequential Quadratic Programming (SQP) was used by Nastran optimizer to estimate the value of 

the objective function between iterations. The modes of interest are the 1st and 2nd bending modes 

designated as mode 1 and mode 2 respectively. The optimization results are shown in Table 4.3 and 

Table 4.4 for modes 1 and mode 2 respectively. The pre-optimization modal natural frequency and 

damping ratio are 95.61Hz and 8.36 % respectively for mode 1. Those for mode 2 are 255.92 Hz and 

5.68% respectively. Convergence was achieved in 19th iterative cycles of the re-design process and 

the optimum was found at 106.65 Hz, 43.18% for mode 1 and 254.24 Hz, 8.40% for mode 2. 

 Table 4.3 Summary of optimization result for mode 1  

Cycle Damping Frequency(Hz) Damping ratio 

1 25.1273 95.61876 0.083647

2 28.4658 103.7104 0.087368

3 36.7618 105.7505 0.110653

4 47.8812 106.3667 0.143288

5 56.4744 106.2608 0.169172

6 73.2539 106.8693 0.218186

7 97.6147 106.9608 0.290497

8 105.619 107.4983 0.312743

9 114.760 106.7455 0.342209

10 119.193 107.2534 0.353743

11 122.338 106.9425 0.364135

12 127.703 106.6638 0.381094

13 130.107 106.9846 0.387105

14 131.899 106.6216 0.393773

15 134.899 106.6517 0.402615

16 137.537 106.5908 0.410722

17 138.499 106.8087 0.412753

18 141.762 106.6530 0.423093

19 144.689 106.6507 0.431840
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Figure 4.6 Plot of frequency (a) and damping ratio (b) against design cycle for mode 

Table 4.4 Summary of optimization result for mode 2  

C

ycle 
Damping Frequency(Hz) Damping ratio 

1 45.6792 255.92 0.056814 

2 65.1264 256.16 0.080928 

3 93.0148 254.41 0.116376 

4 106.985 247.78 0.137438 

5 73.2967 249.67 0.093448 

6 74.6930 250.18 0.095034 

7 75.2053 250.84 0.095433 

8 67.8952 252.75 0.085507 

9 71.1291 252.75 0.089581 

10 67.3129 253.54 0.084507 

11 66.2855 253.75 0.083149 

12 67.5772 253.76 0.084767 

13 64.6881 253.83 0.081119 

14 66.1459 253.82 0.082951 

15 66.4044 253.92 0.083243 

16 67.0703 253.93 0.084075 

17 65.9264 253.97 0.082627 

18 67.0163 254.11 0.083947 

19 67.0772 254.25 0.083979 
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Figure 4.7 Plot of frequency (c) and damping ratio (d) against design cycle for mode 2 

The unbalance plot for the system before (dotted) and after (solid) optimization are shown in 

Figure 4.8. 
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Figure 4.8 Comparison of unbalance response plot of system before and after optimization. 

4.5 Chapter Summary 

In this chapter, finite element sensitivity based optimization method for the CB-rotor system was 

illustrated. Aiming at obtaining high damping ratios within the regions of bending critical speeds, a 

case study with 4 design variables was conducted using Nastran solution 200. Both the example and real 

case study proved the proposed optimization method as valid. The first bending mode damping ratio 

changes from 0.08 to 0.43, while the second bending mode damping ratio changes from 0.05 to 0.08.  
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Chapter 5 Experimental Research of the System 

The natural, frequencies, damping ratios and response levels predicted by analytical models are 

generally not satisfactory unless validated by experimentally obtained data. For this purpose, we 

usually employ two kinds of tests; Experimental Modal Analysis (EMA) and actual operation of the 

system. 

5.1 Experimental Modal Analysis  

In EMA, we seek to extract the vibration modes (i.e. natural frequencies, mode shapes, and damping 

coefficients) of a structure from its response to excitation input. Through this information we can tell 

the dynamic behavior of the structure. 

5.1.1 Apparatus in EMA 

Main apparatus for EMA test are; 

1) CA-YA-186 Accelerometer with axial sensitivity of 100mV/g.  

2) 5110 Impact hammer. Sensitivity of 3.73mV/N.  

3) Agilent 35670A Dynamic Signal Analyzer (DSA). 

4) N-Modal Modal Identification Software. 

The procedure for EMA is shown in Figure 5.1. Vibration is induced into the test structure using 

the Impact hammer. The hammer is equipped with load cell which records the magnitude of the force 

on impact and send the information to the Agilent 35670A Digital Signal Analyzer. With the 

placement of CA-YA-186 accelerometer at a pre-determined location, the vibration displacements is 

sensed and relayed to the DSA. Care was taken to ensure that the accelerometer be not placed at the 

node location. The DSA processes this information by dividing the displacement vector by the force to 

derive them in necessary results. This is depicted in Figure 5.1. 
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Figure 5.1 Modal analysis schematic diagram 

 

Figure 5.2 shows the experimental Test environment: 1) Mechanical unit. 2) Electronics unit. 3) 

Recording and measurement unit. 

 

Figure 5.2 Laboratory test environment 

5.1.2 EMA for Free-Free Rotor  

This test is necessary for the design of bearings and placement of sensors.The apparatus are arranged as 

shown in the Figure 5.3 and 5.4. The specimen rotor is marked out on 17 choosen locations as shown in 

Figure 5.4. These are the input (excitation) and output (displacement) locations. It is then rested on an 

inflated tube to ensure an almost no-stiffness support condition.  
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Figure 5.3 Rotor-only EMA test set-up 

  

Figure 5.4 17-Excitation position of free-free rotor 

Modal frequencies and modal shapes are shown in Table 5.1 and Figure 5.5. Table 5.1 shows that, 

the results of EMA for free-free rotor are in good agreement with theoretical analysis results. 

 

Table 5.1 Rotor-only modal frequencies and shapes 

Mode 

number 
1 2 3 4 

Frequency(Hz) 97.81 249.01 493.66 810 02 

1 2 43

97.81Hz 249.01Hz 493.66 Hz 810.02 Hz

  

Figure 5.5 Rotor free-free mode shapes and frequencies 
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5.1.3 EM A for CB-Rotor system 

In this test, the rotor is supported on CB so that the influence of the bearing stiffness and damping on the 

system dynamic can be realized.  

The procedure for CB-Rotor EMA is described using the flow diagram as shown in Figure 5.6. 

m np d
adjustK and K

1

1

1

T e s t

m

n

=

=

=

1Test Test= +

Test m n= + Test finish

p dm and n are number of valuesof K and K repectively

 

Figure 5.6 Flow chart illustration of the Procedure for EMA test 

a) Mark out the input and output locations N. 

b) Place the accelerometer at a choosen location using plasticin. Care should be taken to avoid 

the node. 

c) Set the stiffness and damping through the controller. 

d) Start the system to levitate the rotor. 

e) Apply excitation at the first location as marked in a).This should be done as swiftly as 
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possible to ensure no-time lapse. 

f) Capture the reading displayed on DSA. 

g) Repeat step e) to f) for the next input locationfor all the marked locations. 

h) Repeat step c) to g) for all the possible set of AMB parameter. 

i) Stop test. 

Locations of the input and out put points are shown as Table 5.2 and Figure 5.7. 

Table 5.2 Rotor input/out put points 

Number Axial location cm  Location of Accelerometer 

1 0 no 

2 11.5 no 

3 16 no 

4 20.5 no 

5 34.5 no 

6 41.5 yes 

7 47 no 

8 51.5 no 

9 60.5 no 

10 64 yes 

11 68 no 

12 78.5 no 

 

 

Figure 5.7 Excitation and response position of CB-rotor system 

 

The Analyzer double-integrates the acceleration signal which it uses to, in conjuction with the 

excitation force information generate either the compliance or the dynamic stiffness data. This data is 

inputed into N-Modal software to generate relevant plots. 

The rotor is stably suspended by the action of the CB. The parameters of the controller are given in 

Table 5.3 below. 
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Table 5.3 Control parameters of AMB 

pK  iK  dK  d ( )T s  

2.55 16.61 
36.9 10−×  

51.12 10−×  

 

By the excitation tests, the curves of the driving point frequency response function in the 6th and 

10th positions are shown in Figure 5.8. Also the curves of the cross-point frequency response function 

between the 6th position and the 10th position are shown in Figure 5.9. 

 

 

 

 

 

 

 

 

 

 

Figure 5.8 Driving point frequency response plot of CB-rotor EMA test 

 

 

 

 

 

 

 

 

 

 

 

Figure 5.9 Cross-point frequency response plot of CB-rotor EMA test 
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Similarly, the first five mode shapes can be obtained, as shown in Figure 5.10. The values of the 

first five mode frequencies and the corresponding modal damping ratios of the system are shown in 

Table 5.4.  

478.66 (2.20%)Hz

[ ]1 [ ]2 [ ]3 [ ]4 [ ]5

26.21 (3.42%)Hz 38.57 (6.21%)Hz 57.31 (16.11%)Hz 225.79 (11.05%)Hz

 

Figure 5.10 Modal frequencies and shapes from CB-rotor EMA test 

 

Table 5.4 First five mode frequencies 

Mode number 1 2 3 4 5 

Frequency(Hz) 26.21 38.57 57.31 225.79 478.66 

Damping ratio 

(%) 
3.42 6.21 16.11 11.05 2.20 

The EMA of CB-rotor system shows that, the first four modal damping ratios values are high. This 

is helpful for the system to get across the first two bending critical speeds safely. 

5.2. Actual Operation of the system 

In actual operation of the system, the rotor, stably suspended by the action of the CB and driven by high 

power built-in motor runs from 0 to 16800rpm. The vibration of the rotor due to unbalance rotation is 

sensed by eddy current displacement sensors. Sensitivity of the sensor is 16666.67V/m. The vibration 

signal picked by the sensor collocated firmly with the actuator of the right CB is transmitted to the 

Agilent 35670A DSA for processing.  

The control parameters are shown in Table 5.5, and the resultant stiffnesses and Damping are 

shown in Table 5.6. 
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Table 5.5 Control parameter of AMB 

pK  
iK  dK  d (s)T  

2.55 16.61 36.9 10−×  
51.12 10−×  

 

Table 5.6 AMB equivalent stiffness and damping 

Stiffness(N/m)
 

Damping(N.s/m)
 

53.55 10×  
31.80 10×  

 

The vibrations of the rotor are plotted against rotational speed as shown in Figure 5.11. 
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Figure 5.11 System’s actual operation unbalance response 

 

Fig.5.11 shows that the CB-rotor system can pass through the first two bending critical speeds 

safely. 

5.3 Chapter Summary 

Dynamic characteristics of the system supported by the complex bearings are studied by Experimental 

Modal Analysis and actual operation of the system. The results show that the first four modal damping 

ratios of the system are heavy, and the system can get across the first two bending critical speeds 

safely. 
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 Chapter 6 Conclusion and Future Work 

6.1 Main Work and Conclusion 

Dynamic characteristics and Parameters Optimization of the system supported on Complex Bearing are 

studied in this thesis by theoretical analysis, Experimental Modal Analysis and actual operation. The 

main work and conclusions are as follows; 

1) Critical speed analysis of demonstrative bearing-rotor system has been carried out by MD 

Nastran, and the results showed strong correlation with values obtained by Campbell 

diagram. 

2) The mathematic model of free-free rotor and Complex Bearing are established respectively 

and corresponding natrual frequencies are calculated by Nastran.  

3) The mathematic model of CB-rotor system is also established and used to analyze natural 

frequency, modal damping, unbalance response. The influences of CB performance 

parameters on dynamic characteristics of the system are investigated. The results showed that, 

both MRR and AMB stiffness and damping are sensitive to the unbalance responses of the 

system and have complicate relationship to dynamic characteristics of the system.  

4) Aiming at obtaining high critical speeds and large damping ratios, a case study with five 

design variables was conducted by using Nastran solution 200. The results show that the 

proposed optimization method was valid, the first bending mode damping ratio changes from 

0.08 to 0.43, while the second bending mode damping ratio changes from 0.05 to 0.08.  

5) Dynamic characteristics of the CB-rotor system are investigated by Experimental Modal 

Analysis and actual operation of the system. The results are in good agreement with 

theoretical analysis results and show that the first four modal damping ratios of the system are 

heavy, and the system can get across the first two bending critical speeds safely. 

6.2 Future Work 

1) The design parameters used in the thesis do not include the positions of the CB bearings. Of 

course, the position of the bearing plays important role in control. Next levels of modal 

parameter optimization have to consider inclusion of dimension and the position parameter. 

2) In this thesis, only two bearings were used. In fact, a flexible rotor may require more bearings 

to make the whole system have good dynamic characteristics.  
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